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Abstract

The present thesis consists of four parts. The first part, Chapter 2, is on repre-
senting Brownian martingales. We gave a necessary and sufficient condition for a
Brownian martingale to be expanded to an integration of more simple processes
in a certain setting. This can be new tool to analyze Brownian martingales. The
second part, Chapter 3, is on derivatives of expectations of some kind of affine
processes with respect to the initial value of the process. We showed that the
derivative can be written by the expectations of the process and another affine
process whose parameter is different from the original one. This result is obtained
by solving a certain ordinal differential equation associated with the process. The
third part, Chapter 4, is on stochastic equation of negative integer-indexed process.
We define a new class of such equation, Tanaka—Yor equation, and showed the ex-
istence of its weak solution. This can be applied to justify the “symmetrization”
of stochastic differential equation (SDE) with C?-class boundary. The fourth part,
Chapter 5, is on periods of quantum walks on cycle graphs and relation between
absolute zeta functions and them. We focused on Hadamard walks and Grover
walks with 3 states on cycle graphs. We gave a unified proof for their periods.
This method can be applied to other cases. Moreover, we calculated absolute zeta
functions of zeta functions of them explicitly when the walk has finite period.
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Chapter 1

Introduction

First of all, we use the following notations throughout this thesis: (2, F, P) is a
fixed probability space equipped with standard Brownian motion W. Depending
on the section, it may be 1-dimensional or may be multidimensional.

1.1 On a certain martingale representation and
the related infinite dimensional moment prob-
lem

On this topic, W is considered to be 1-dimensional. Let FV = (F}V),c01] be the
filtration generated by W. That is,

FV i=o(W;0<s<t), tel0,1].
Furthermore, let M? be defined as
M2 = {(Xt)eep, | Xo =1, Xy isin L? for all t € [0,1], and X is F"-martingale}.

In this case, for g € L?[0, 1], we can say that

S9 = exp (/Otg(s) dw, — %/Ot G(s) ds)

is a typical element of M3?. In this thesis, we refer to such a martingale as the
exponential martingale with respect to g.

The celebrated 1t0’s martingale representation theorem states that for every
X € M7 there exists an F"-adapted process f with || f]|120,1jx0) < 0o such that

Xt:1+/tf(s)dWS, teo,1].
0

The proof of the martingale representation theorem often uses the fact that the
set {S9 | g € L?[0,1]} is total in M? (see e.g. [1]); for a given X € M? and € > 0,

7



we can choose g1, , g, and c1,--- , ¢, € R such that

[x -3 cse

<e
L2(Qx[0,1])

Now, the question arises whether it is possible to express any element of M?
as an equality using an infinite number of exponential martingales with respect to
g, and when such expression is possible. Precisely, the problem setting could be
given as follows:

For an element X of M?, find a necessary and sufficient condition for the exis-
tence of a probability space (0, G, Q) and a family of L?[0, 1]-functions (g(, 0))sco
such that the following equation hold:

Xt:/Sf("e)Q(de), teo,1]. (1.1)
©

This thesis partially answers to this question using results from an infinite-
dimensional version of the so-called moment problem.

Now, let us briefly review the history of the moment problem. The most
classical moment problem is the one concerning measures on the real line, which
was proposed by Stieltjes in 1894-1895: For a given sequence of real numbers
(147)2,, find an necessary and sufficient condition for the existence of a Borel
measure \ such that for all i,

/ T \(dz) = p;.
0

This problem was posed and simultaneously answered by Stieltjes [2, 3].

The case where we replace [0, 00) with (—o0, 00) is known as Hamburger’s mo-
ment problem, and the case where we replace it with [0, 1] is known as Hausdorff’s
moment problem. These problems were solved by Hamburger and Hausdorff, re-
spectively [4, 5, 6]. Then, in 1935-1936, Haviland considered the problem in a
multidimensional setting and gave a necessary and sufficient condition that can
be applied for the problem in which the support of the measure is restricted to
any closed set [7, 8]. Especially, this is a representation that can also describe the
solution of the three aforementioned problems in a unified manner.

The above history is described, for example, in the book [9].

Subsequently, in 2015, the problem was extended to countably infinite dimen-
sions by Alpay et al. [10]. The result is that Haviland’s conditions can be directly
applied to the countably infinite dimensional case. This will be discussed in detail
in Section 2.1, where we also explain the necessary details, including w-dimensional
moment problems, for the proof of our results. In Section 2.2, we present the main
result and its proof, which is based on the results by Alpay et al. In Section 2.3, we
provide some illustrative examples. Here, w represents the smallest limit ordinal,
not an element of the sample space.

This chapter is based on the author’s paper [11].
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1.2 Derivatives of expectations of diffusion affine
processes

Affine process is a class of continuous-time stochastic processes. This is an impor-
tant class and includes the Cox—Ingersoll-Ross (CIR) model, which is a cerebrated
model of interest rate. In this thesis, we derived some formulas concerning such
processes. For example, for a certain type of affine processes whose initial value is
x X% t >0, and a function f: [0,00) — R with suitable integrability, we repre-
sent 0, F[f(X}7)] by E[f(X})] and the expectation of another affine process whose
parameter is different from that of the original process.

Here, “the derivative of an expectation of stochastic process with respect to its
initial value” is called delta in mathematical finance, and it plays an important
role in both theory and practice. In such area, our formulas could help to speed
up numerical computations. (Although this is not discussed in this thesis.)

Furthermore, although our results are mainly for 1-dimensional processes, we
introduce an extension for a very simple multidimensional case.

1.3 Tanaka—Yor equation

Let Z<, be the set of all nonpositive integers. This study is on an equation of
stochastic process indexed by Z<,. In 1975, Tsirelson introduced a special case of
such processes to show that an example of SDE which has no strong solution [12].
Then, Yor generalized this equation and classify them by existence and uniqueness
of its solution [13]. Moreover, Akahori et al. generalized this equation more and
showed that it can be classified in the same way in the generalized setting [14].
We studied a modified version of the equation in [14] motivated to prove the law-
uniqueness of a type of SDE. This is related to a problem in mathematical finance
area, and the connection is explained in subsubsection 4.1.1.

1.4 Absolute zeta functions and periodicity of
quantum walks on cycles

This subsection is partly taken from a previous research paper [15] by Konno.
This work is a continuation of [15, 16]. Quantum walks are considered to be
the corresponding model for random walks in quantum systems. Quantum walks
play important roles in various fields such as mathematics, quantum physics, and
quantum information processing. Concerning Quantum walks, see [17, 18, 19, 20,
21], and as for RW, see [22, 23], for instance. On the other hand, absolute zeta
functions are zeta functions over F, where F'; can be viewed as a kind of limit of F,,
as p — 1. Here ¥, = Z/pZ stands for the field of p elements for a prime number
p. This thesis presents a connection between quantum walks and absolute zeta
functions. Concerning absolute zeta functions, see [24, 25, 26, 27, 28, 29, 30, 31].
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In this thesis, first we deal with periods of quantum walks on cycles, especially
Hadamard walks and Grover walks with 3 state, which are well-studied models
among quantum walks. Afterwards, we consider a zeta function (y,, (u) determined
by Ug which is a time evolution matrix of such a quantum walk on G, where G.
Then we prove that (y, (u) is an absolute automorphic form of weight —2m. Also,
we consider an absolute zeta function (¢, _(s) for our zeta function (y,(u). As an
example, we calculate (¢, (s) for the cycle graph C,, with n vertices and n edges,
and show that it is expressed as the multiple gamma function of order 2 via the
multiple Hurwitz zeta function of order 2. Finally, we obtained the functional
equation for Cog (s) with the multiple sine function of order 2. The present thesis
is the first step of the study on a relation between quantum walks and absolute
zeta functions.
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Chapter 2

On a certain martingale
representation and the related
infinite dimensional moment
problem

2.1 Preliminaries

Consider countably many indeterminate Xy, Xi,.... We call a product of a real
number and these indeterminates

N
C]‘_[_)(’ZmC (CER,NEZzo,mkEZZO,k:O,...7N)
k=0

an w-variate monomial. Furthermore, we call a sum of finitely many w-variate
monomials an w-variate polynomial. Here, w represents the smallest limit ordinal,
not an element of the sample space.

Let (i € R | 4: w — Z>o, Y 1(j) < o0) be a family of real numbers. Here,
we call such ¢ an indexr and define lent := max{k € Z>, | ¢(k) # 0} < oo for
i # (0,0,...) and len (0,0,...) := —1. For such a family, we can consider a
mapping 4 whose domain is all w-variate polynomials. Firstly, define the value for
w-variate monomials by the following:

N

M(CH X]an) = C:u(mo,ml ..... mp,0,0,...)

k=0

and then the domain is extended to the entire w-variate polynomials so that the
mapping is additive.

Next, we define the property K-positivity for such a family. Let K be a subset
of R¥, the whole of real sequences. We call such a family of numbers is K-positive
if u(p) > 0 as long as w-variate polynomial p satisfies for all § € K, p(0) > 0.
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Theorem 2.1 (w-dimensional moment problem [10]). Let K C R¥ be closed and
(i € R | 2:w — Zsp, > 1(j) < 00) be a given family of real numbers so that
Lo0,.) = 1. There exists a Borel measure X\ on R* such that, for all %,

lenz

/ Hx;(j))\(da:) = 14
w =0

holds and supp(\) C K is satisfied if and only if the family is K -positive.

2.2 Main theorem

To state the main theorem, we explain its settings in order.

First of all, we use A instead of @) for the measure we seek just for visual
convenience.

For each natural number n, let A, := {(s1,...,8,) € [0,1]" | 1 < --- < s, }.
For simplicity, we consider only a measure \ which satisfies

(frew|Sr-s)) -

j=0
Consider a one-dimensional L?*-martingale X. We can find a sequence of functions
(fn) for X, f,: A, — R for each n, such that

o t Sn—1
Xt:1+2/-~/ Fals1, . s0)dWy, ---dW,,, te0,1]
n=1"0 0

(see e.g. [1]). This kind of expression is what is known as chaos expansion.
Moreover, the process SY for g € L?0,1], which is defined in section 1 can be
expressed as bellow:

0 t S2
szl—l—Z/---/ g(s1) -+ g(sp)dWs, ---dW , te€]0,1].
n=1v0 0

Now, let (e;)jez., be a Complete Orthonormal System (CONS) of L*[0, 1]. Then
((S15- -+ 8n) = ejy(81) .- €y (sn) | 7: {1,...,n} — Zxq) isa CONS of L*([0, 1]")
for each n. To expand f, with respect to this CONS, we extend the domain of
fn to [0,1]" by symmetric way. Then the extended function f, is expanded into a
sum:

falsisosa) = > fieimy(s1) - e (sa)-

Here, thanks to the symmetry, f; = fjor for all o € &,, (symmetric group of degree

12



Take R¥ as © and assume that the form of g is

0) = Zejej(s)

Then it holds that

/ / / 9(51,0) - g0, 0) AW, - - - AW, A(d6)

_/// Zejej(sl).--gejej(sn) AW, -+ dW,, \(d6)

/ / / 051y Oinyei1)(s1) - - €jny(Sn) AW, -+ - AW, A(dO)

_ / / Z / Bicty -+ O30 A(dB) €501 (1) -~ €0y (50) AW, -+~ AW,
0 0 J:{1 0 ©

Now, in Theorem 2.1, take f; as jin(j) and we get a measure A which satisfies

len n(g

/@ 0;0 A(dO) /6 INdO) = pings) = 15

k=0

Thus, we got necessary and sufficient condition for the moment problem for
the Wiener spaces in the case © = R¥ and g(s,0) = Y 0;e;(s) for some CONS of
L2[0,1] (e;);-

Theorem 2.2. Let (Xy)cjo,1) be a square integrable martingale with Xo = 1 and
(ej)32, be a CONS of L?[0,1]. Then the necessary and sufficient condition to exist
a Borel measure X on R¥ which satisfies

/\({GER‘” i@?:oo}) =0

j=0
X, = SION(dB), teo,1],

Rw

such that

where g(s,0) =372 0;e;(s) is that the map p defined as above is R”-positive.

2.3 Example

Ezxample 2.3. If the number of terms in the chaos expansion is finite except 0 and
1, then there is no A as stated in Theorem 2.2.
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Proof. Suppose there exists a measure A as described in Theorem 2.2 for X with
a finite number of chaos expansion terms. We aim to show that in such a case, A
would be equal to d(,,..) (where ¢, denotes the Dirac measure with mass at a).

Firstly, if the number of chaos expansion terms of X is finite, then there exists
a sufficiently large N such that fony = 0. Consequently, all coefficients obtained
from the expansion, such as fi,.0) (With 0 appearing 2N times), fa1,..1) (Wwith
1 appearing 2N times), and so on, are all equal to zero. Therefore, the desired
measure \ must satisfy

. 03V A(df) = 0

for all j € Z>,.

Now, let us assume A # (o
into subsets as follows:

y and seek a contradiction. First, we divide R¥

gooe

o0

{H[%/Qn, (a; +1)/2"] | a; €Z,j € Z20}

J=0

If A\ # 0(p,.), then for at least one [[}[a;/2", (a; + 1)/2"], the measure of
[152ola; /27, (a;+1)/2"]\ {(0,0,...)} should not be zero. Let us denote this set as
A. Furthermore, by choosing a sufficiently large n, we can ensure that A does not
contain (0,0,...). Also, for each j, of a;/2" and (a; + 1)/2" of A, let m; be the
one whose absolute value is smaller. Then, with such a choice of A, at least one
m; must be nonzero. Let B(A) denote the collection of all Borel sets contained in
A, and define m := (mg, myq,...).
Now, consider the measure

Noi=)\— )\(A))\ rB(A) —l—)\(A)(Sm

For j" such that mj # 0, we have
2N 2N 2N

and this leads to a contradiction. O
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Chapter 3

Derivatives of expectations of
diffusion affine processes

3.1 Preliminaries and previous results

First of all, the Bessel processes of dimension n is a 1-dimensional process of
distance between the origin and an n-dimensional Brownian motion. Formally,
the process can be defined as follows:

n

R:=|> (B®)

k=1

where B = (BW, ... B™) is an n-dimensional Brownian motion. Then, R? sat-
isfies the following SDE:

d(R?) = 2R, dW, + n dt,

Where dW; = (1/R;)>_r_, B®¥ dB%) is a 1-dimensional Brownian motion. In-
spired this equation, consider the following SDE for real parameter > 0:

By a well-known theorem, it is easily seen that this SDE has unique strong solution
for each initial value x € [0,00) and the solution satisfies X > 0 a.s. Thus,
hereafter we write

dXtIQ\/Xtth+5dt

instead of (3.1). This solution is called the squared Bessel process of dimension 0
and we write X%® for such a process with initial value x.

Then, we obtained the following formulas on the derivative of its expectation
with respect to the initial value and a kind of integration by parts. Before to state
the results, we introduce a condition for decreasing property of functions.
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Condition 3.1. For ¢ > 0 and measurable f: [0,00) — R, we write “f satisfies
DC(t)” if there exist positive real numbers M and C and € € (0,1/(2t)) such that
if y > M, then |f(y)| < Ce.

Remark 3.2. If f satisfies DC(t), f(X") is integrable for any § > 0 and 2 > 0.
This can be checked easily by considering the explicit form of the transition density
of X*.

Theorem 3.3. Let 6 > 0 and t > 0. For a continuous function f, suppose f
satisfies DC(t). Then the following formula holds:

€T ]' x xT
%E[F(XP)] = o (B[F(X77)] = B[f(X7)]).
Theorem 3.4. Let § >2, x>0, andt > 0. For f € C', suppose f and [ satisfy
DC(t). Then the following formula holds:

1

BIFOX)] = - (BLACXE)] - E[F6E2)),

Furthermore, combining these two formulas, we got the following interesting
corollary.

Corollary 3.5. Let § > 0 andt > 0. For f € C', suppose f and f' satisfy DC(t).
Then the following formula holds:

O.E[f(XP7)] = E[f'(X) "))

Note that Altman obtained a formula similar to the one in Theorem 3.3 in 2018
(33].

Here, squared Bessel processes can be considered as a special kind of affine
processes. It can be defined as follows:

Definition 3.6. A d-dimensional Markov process (X, (P,),) is called affine, if for
evry t > 0, the characteristic function E,[exp(i(-, X;))]: R? — C has exponential-
affine dependence on x. That is, there exist functions g, h: [0,00) x R¢ — C such
that E,[exp(i(-, X;))] has the following form:

E.[exp(i(0, X;))] = exp(g(t,0) + zh(t,0)).
Here, (6, ) :== S°0_, Opay.

Note that this definition can be more generalized. See [34] for example.
Now, for parameters a > 0 and 3,b € R, consider the following 1-dimensional
SDE:
Xi = Vol X7 dW, + (BX] +b)dt, Xi== (3.2)

This has unique strong solution for each x > 0 and by the same argument as in
the case of squared Bessel process, the solution is nonnegative almost surely. So
we write

XF = \/aX7 dW, + (BXF +b)dt, Xi=ux (3.3)

16



instead of (3.2). It is known that the family (X*), is affine process (See e.g. [34]).
Thus we call the solutions of SDE (3.3) diffusion affine process with parameter
(cr, B,b). Also, this is an extension of squared Bessel processes, that is, squared
Bessel process of dimension 0 is the diffusion affine process with parameter (4,0, ¢).
In the following sections, we extend the formulas such as in Theorem 3.3 and so
on for diffusion affine processes.

3.2 Derivatives of expectations of diffusion affine
processes

In this section, we consider 1-dimensional diffusion affine processes. It is known
that the function A in the characteristic function exp(g(t, #) + xh(t, 8)) correspond-
ing to the SDE (3.3) satisfies the following ordinary differential equation (See [34]
for example):

Oih(t,0) = ah(t,0)* + Bh(t,0), Rh(0,6) = i, (3.4)
and g is given by the integral of h:

g(t,0) = /O bh(s.0) ds.

In this case, we can solve the differential equation (3.4) explicitly, and the solution
is

210
h(t,l) = —
(t,9) 2 — aift
for § =0 and
23ePtif)
h(t,0) pe

T 28— (Pt — 1)aif
for 8 # 0. Moreover,

20 2
t,0)=—1L
9(t,) 8 it
for =0 and
2% 28
Y
9(t. ) o %8 28 — (et — 1)aib
for 5 # 0.

Now, our first theorem is on the derivative of E[f(X})] with respect to the
initial value x.
Theorem 3.7. Suppose 2b > «. Let t > 0 be a fized real number and let X*
and X* be diffusion affine processes with parameters (o, 8,b) and (o, 5,b + «/2)

respectively, and their initial values are x > 0. Then, for [ € L0, 00) such that
F(X7F) and f(X}) are integrable, it holds that

2

@(E[f(fff)] — E[f(X7)]), s-0
QE[F(X)] = 4 g5 N
ater — 1) EUXN] = BIFXD]). A #0.
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Proof. First, consider the case where 8 = 0. We will use Lévy’s inversion formula,
so we check the integrability of the characteristic functions. Now ¢,,; and ¢,
denote the characteristic functions of X7 and X¥ respectively. Then we have the
following inequality:

|2 t(0)] = [exp(g(t, 0) + h(t, )|

(2b 2 216 )'
= |exp Log — t+x :

— bt 2 — aibt

_ 2 25/@ 2(6|x
= ]2 = citt| P2 = aitt]
() ()
= —— exp| ———
4+ (ath)? 44 (ath)?
22b/a 2
< - -
= (atf6] eXp(at)
In addition to this, the integral of |¢, ;| on any compact subset is finite since |¢, (|
is R~valued continuous function. Therefore, if the parameter («, b) satisfies 2b > «,
we have [ [02¢(0)|df < oo. Now, we are assuming 2b > a and (a, b+a/2) satisfies
2(b+ a/2) > a since b, which is grater than «/2, is positive. Thus ¢, ; and @,
are both integrable, and by Lévy’s inversion formula, X and X} has continuous
density function ¢,; and G,; (say). Now, we can start calculation. One hand,

for the left hand side of the formula, rewrite the expectation using the densitiy
function:

O, Ef(XF)| = 0, / ) doay) dy

=0, /f ( /%(Q)e—ieyde)dy.

Here, we can focus on the differential coefficient at = £. In this case, we have

1055 [ om0 a0)| < il [ e (e 1)

on a certain neighborhood of ¢ and f is integrable, we can interchange the deriva-
tive and the integral. Then we can continue to calculate as follows:

o [ 105 [ et a8}ty =5 [ 1) (0 [ asto)as )ay

Again, we know

s @ < 2 oo Z(e+1)
- = (ath)2/a at

18



and we can interchange the derivative and the integral. Therefore, we have

- /R 10 (az /R pra(B)e d@)dy
— | f(y)( /| ax%,tw)e”yd@)dy

= i/ f(y)/ 0 exp(g(t,0) + xh(t,0))e " dody

/ fly / (t,0) exp(g(t, 0) + xh(t,0))e " dody.

On the other hand, we can calculate the right hand side of the formula as follows:

B[f(X2)] - E[f(X?)] = /R £ (9)ioa ) dy — /R F()a(y) dy

/ 105 [ et as)ay— [ 50 (5= [ ouat®))e v anay

=5 [ 1) [ (Gasl®) = pustO)e ™ dpiy
/f /exp (t,9)—|—:vﬁ(t,9))—exp(g(t,@)—i—wh(t,&)))e’wydﬁdy

Thus, our aim is to show the following identity:

h(t,0) exp(g(t,0) + h(t,0)) = %(m (3(2,0) + wh(t,0)) ~explg(t,0) + wh(t,0))).

(%)

Now, since we have the explicit form of ¢ and h, we know the left hand side is

equal to
20 2 2b/a 2i0
exp| x
2 — aift \ 2 — it P\"S " qior )

and the right hand side can be deform as follows:

%(exp (a(2.0) + 2h(1.6)) — explg(t.0) + 2h(.6))

2 2 2bta/2) o 2i6 2 2/ 2i6
= — ex X — ex i
ot |\ 2= qior P\ T Lot 92— bt PATS T Lot

B 9 9 2(b+a/2)/a 9 2b/« 229
at |\ 2 — «aift 2 — it R . aift )

19
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Also, we see that

9 2(b+a/2)/a 9 2b/a 9 2b/a+1 9 2b/a
(2—ai9t> a (Q—ai9t> - (Q—ai9t> a (2—ai9t)
2 N\ 2
- (Q—ai0t> <2—ai9t_1)

2\ aibe
-\ 2 — «ibt 2 — aibt

Combining these calculation, we have the desired identity (%).

For the case where § # 0, we can show that the formula holds by similar way,
so we only check the different points. First, the integrability of ¢, , can be checked
as follows:

et (0)] = |exp(g(t, 0) + xh(t,0)))

. 20 Lo 23 N 2350
PUA 28 (P~ 1)aif T 28 — (et — 1)aif

_ 28 2/ 28e%6|x
= <|26 — (P = 1>aw|> eXp(uﬁ Iy e 1>aw|)

B (\/462 T <<e26t - 1>ae>2>zw (ww wﬂf - 1>ae>2)

22b/a 21.
< .
= ([P = 1]al])2/ e"p(w - 1|a)

Therefore, also in this case, |p,.| and |p, .| are integrable on R. Moreover, what
we have to check is that the following identity holds:

25 2(b40/2)/a 26 2b/
(25 — (Pt — 1)ai9) a (25 — (Pt — 1)ai9)

et —1) 23ePtif 23 2/
 2Beft 23 — (ePt — 1)aif (25 — (et — 1)042'9) '

This can be checked as follows:

2/3 (b+a/2)/c
(2ﬁ — (eft — 1)ai0>

2b/a
26 — eﬂt -1 a26’>

2b/a+1 25 2b/a
26 — eﬂt — 1)aif ( — (eft — 1)0z29)

3

( )

(=) (=)
( ) w

e (6Bt — 1) i
26 — eﬁt — 1aif — (eft — )i’
This completes all of the proof. n

20



Moreover, corresponding to Theorem 3.4 can also be obtained.

Theorem 3.8. Suppose b > «. Let t > 0 be a fived real number and let X7*
and X7 be diffusion affine processes with parameters (c, 8,b) and (o, B,b — a/2)
respectively, and their initial values are x > 0. Then, for f € C10,00) such that
[ and f" are in L'[0,00) and f'(X?), f(X7F), and f(X?) are integrable, it holds
that )
—(BL/(XD)] = ELF(X7)]), B =0,
PUODI= "y

m( FXD] = BIf(XP)), B#0.

Proof. We checked integrability of some functions, so we can interchange the order
of integration in the following deformation. Also, we use the following property of

Fourier transform:
| rwe vy =io [ sy
R R

B0 = [ 0)anal)dy
R
- / Pz ([ o) ao )y
/ 'y /exp g(t,0) +zh(t,0))e " dody
- / —ify
- /R/Rf (y)e " dy exp(g(t,0) + xh(t,0)) do
_ b 2'6/ f(y)e ™ dy exp(g(t,0) + zh(t,0)) do
T JR R
= iﬁ /R ) /R i exp(g(t,0) + zh(t,0))e " dody
In addition to this, we have already obtained the following identity:
E[f(X”” — BIf(X?)]
/ fly / exp(g(t,0) + zh(t,0)) — exp <§(t, 0) + wh(t, 9)))e—i9y dfdy

Note that the parameters should satisfy the conditon 2(b — «/2)/a > 1. However
this is equivalent to b > «, so this condition holds under our assumption. Then,
combining the above two deformation, the remainder we have to show is that the
following identities hold:

i0 exp(g(t,0) + zh(t, 0)) = %(exp(g(t, 0) + xh(t,0)) — exp <§(t, 0) + zhl(t, 9)))
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for =0, and

i0exp(g(t,0) + zh(t, 0)) = exp(g(t, 0) + wh(t,0))—exp (g(t, 0) + zhit, e)))

a1}

for g # 0.

Moreover, since h is equal to h in our assumption, the identities we have to
derive is the following:

0expl9(t,0)) = =(explo(t, ) — exp(i(t,0))

for =0, and

Bexp9(t.0)) =~ (xp(a(t.0)) — exp(a(t.6))

For the case where § = 0, we have the following deformation:

explo(t0) ~ exp(3(1.0) = = )”’/“_( ) )zw—am/a

2 — ailt 2 — «aift

9 2/ 9 2b/a—1
B <2—0ﬂ'«9t) a (2—ai0t>
9 2/ 9 -1
(o) (- (Zm) )
2\ 2 — qift
_ , 1—
<2 - om%) ( 2 )
B 2 /e gt
B (2 — ai@t) 2
For the case where = 0, we have the following deformation:
2b/a 23 2(b—a/2)/a
a (25 — (Bt — 1)m9>
2b/a 23 2b/a—1
a (25 — (eft — 1)ai«9>

)
)
T 1>aw)2b/a (1= (z=e- 1>aw>_l)
)
)

exp(g(t, 0)) — exp(g(t, 0)) =

23 Qb/al 28 — (Pt — 1)aif
it ( - 28 )

This completes all of the proof. n
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Also, combining these two theorems, we have corresponding to Corollary 3.5.

Corollary 3.9. Suppose 2b > «. Lett > 0 be a fized real number and let X*
and X% be diffusion affine processes with parameters (o, 8,b) and (e, B,b+ /2)
respectively, and their initial values are x > 0. Then, for f € C'[0,00) such that
f and f" are in L'0,00) and f'(X¥), f(X?), and f(XF) are integrable, it holds
that

0, E[f(X7)] = " Blf'(X7)).

Proof. Apply Theorem 3.3 directly, and Theorem 3.4 for processes with param-
eters (a, 8,0+ «/2) and («, 3,b). Here, we have to check the condition for the
parameters, 2(b + a/2) > «, but this is equivalent to 2b > « and this is exactly
our current assumption. ]

Remark 3.10. The class Diffusion affine process contains CIR model, which is a
cereblated model of interest rate. The model is given by the following SDE:

dry = k(0 — ry) dt + o/ AW,

Here, k,0 > 0, and ¢ > 0 are parameters, which correspond to the speed of
adjustment to the mean, the mean, and the volatility. In view of its importance
in application, we rewrite the above results using the symbols of the CIR model.

Corollary 3.11. Suppose 2k0 > o%. Let t > 0 be a fized real number and let r

and 7 be CIR processes whose parameters are (o2, —k,0) and (0%, —k,0+ 02/ (2k))
respectively, and their initial values are the same positive number. Then, for f €
L0, 00) such that f(ry) and f(r;) are integrable, it holds that

OB (r)] = —5 2 (B - ELf ().

Corollary 3.12. Suppose kO > 2. Lett > 0 be a fized real number and let v and
7 be CIR whose parameters are (02, —k,0) and (02, —k, kO — 02 /(2k)) respectively,
and their initial values are the same positive number. Then, for f € C*0,00) such
that f and f' are in L'0,00) and f'(ry), f(r¢), and f(7;) are integrable, it holds
that

BLF (0] = =33 (BU )] = LG,

Corollary 3.13. Suppose 2k0 > o*. Let t > 0 be a fized real number and let r
and 7 be CIR processes whose parameters are (0%, —k,0) and (02, —k, 0+ 0%/(2k))
respectively, and their initial values are the same positive number. Then, for
f € CY0,00) such that f and f' are in L'[0,00) and f'(7), f(re), and f(7)
are integrable, it holds that

0:B[f(re)] = e M E[f'(71)].
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3.3 An extension to very easy multidimensional
case

Consider the following d-dimensional SDE:
dX} = a(X])dW, + (BX] + b)dt, Xy ==,

where W is a d-dimensional standard Brownian motion and a: R — R? x R% is

defined by
a((xp)k=1,..d)i; = 0ij\/ ailzil, 1<, <d, (*)

with; > 0,7 =1,...,d, §is adiagonal matrix of order d, and b = (b;);=1
Also, we assume the initial value x = (;);=1,._
case, all of components ((X%)q,...,(X")y) are independent, so X% is essentially
a combination of 1-dimensional diffusion affine processes. Therefore, this SDE
admits a strong solution whose conponents are all nonnegative almost surely, and
we obtain the following theorems and corollary as a consequence of the theorem
in the previous section. Note that we write e; for the i-th vector of the standard
basis of R™.

77777

Theorem 3.14. Let k be in {1,...,d}. Suppose 2b, > ay. Lett > 0 be a fized
real number and let X* and X* are the solutions of SDE (x) whose parameters
are ((i)i=1,..a, 5,0) and ((®;)i=1,. a, 5,0+ (ar/2)ex) respectively, and their initial
values are x € (0,00)%. Then, for f € LY([0,00)%) such that f(X¥) and f(X7F) are
integrable, it holds that

2
O./kt

(ELf(X)] = ELF(XD)]), Brk = 0,

2Bk
g (ePrrt — 1)

On Ef(X7)] = )
(BIF(XP)] = E[f(XD)]), Brx #0.

Theorem 3.15. Let k be in {1,...,d}. Suppose by, > ay. Lett > 0 be a fized

real number and let X* and X* are the solutions of SDE () whose parameters are
((0)iz1,...d, B, b) and ((ov;)i=1,.. 4, B,b— (ax/2)ey) respectively, and their initial val-

ues are x € (0,00)%. Then, for f € L([0,00)%) such that f(y1,. . Ys—1," Yrs1,---,Yd) €
C'0,00) for each yi,...,Yk—1,Ykt1,---,Ya € [0,00) and 9, f € L'([0,00)?), and

Oy f(XE), F(XF), and f(XF) are integrable, it holds that

2 (BLF(xE)] - BLA(XD). Boe =0,

B0 = e

ag(ebrrt — 1)

(ELf (X)) = EIF(X)]),  Brw #0.

Corollary 3.16. Let k be in {1,...,d}. Suppose 2b; > «;, i = 1,...,d. Let
t > 0 be a fized real number and let X* and X* are the solutions of SDE (x)
whose parameters are ((o;)i=1,. 4, 5,0) and (()i=1.. .4, 08,0 — (ax/2)er) respec-
tively, and their initial values are x € (0,00)%. Then, for f € L'([0,00)%) such
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that f(y,. . Yk—1, " Yrt1, - - - ¥a) € CH0,00) for each yr, ..., Yr—1,Yks1,---+Yd €
[0,00) and 9, f € L'([0,00)%), and 0, f(X]), f(X}), and f(X[) are integrable, it
holds that

2 (LX) - BLAED). Bor =0,

Oékt

CIOWICT R S ~
W(E[f()(f)] — E[f(XP)]), Brx #0.

Proof of Theorem 3.14. We will prove for the case where 8 = 0. The proof for
the other case is almost the same so we omit it.

For simplicity, consider only the case where k = 1. First of all, writing £, for
the law of random variable Z, we can deform the left hand side as follows because
(X7)1 and ((X7)2, ..., (X})aq) are independent:

0B XD] = 00 [ 1 )Exc(d)

77777

8x1/ /f(y)%l,t(yl)dylﬁ((xg)z ..... (Xf)d)(d(ym---,yd))
Ri-1 JR

[l
EQD
T
<%
N
R
~
—
Neagd
S—
I
R
=
Py
Q,
Ny
=
S—
I
o
8
g
=
8
<
—
Q
—
Ny
N
=
[~
S—
S—

Here, considering the differential coefficient at xy = &, it holds that

) 22b/a 2
L) [ coasan| < [ ioian [ Zoaes( 2 )

on a certain neighborhood of x; and the right hand side

22b/a )
(Y2, -+ Ya) /R | f(y)|dy: /R WCMGXP<E(51 + 1))

is integrable. Thus we can interchange the order of derivative and integral. Then
we have

1 b,
= / O,y / f(y) (2— / et wxl,t(@d@) Ay L((xp),..(x7)0) ([d(Y2s - - -, Ya))
Rd-1 R T R
= / aI1E[f(<X£E)17 Yo, - - 7yd>]£((th)2:-~,(Xf)d)(d(y2> R 7yd))
Rd—l

Here, (X7); is a one-dimensional diffusion affine process with parameter (a1, 51,1, b1)
and initial value x;. Therefore, we get

O B (XE) 1, - 9a)] = —— (ELF (X0, v2s - 9)] — B (X))

Ozlt
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by Theorem 3.7, where (X7); is a diffusion affine process with parameter (ay, 81,1, b1+
ay/2). Furthermore, combining the fact that

(because ((X%)a, ..., (X*)g) and ((X%)s, ..., (X%)4) are solutions of the same SDE),
we obtain the desied result. O

We can prove Theorem 3.15 in the same way as above and can prove Corollary
3.16 in the same way as in the proof of Corollary 3.9, so we omit the proofs.
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Chapter 4

Tanaka—Yor equations

4.1 Previous researches

4.1.1 Symmetrization of SDEs

Consider pricing of options. Let X be the price of underlying asset, 7" > 0 be the
maturity, and f be the payoff function. Then the price of knock-in barrier option
with lower barrier K can be expressed by the following expectation:

E[Xrlsm), 7:=1inf{t > 0: X; < K}.

This expectation includes the difficulty that it is path-dependent. To address this
difficulty, Imamura et al. proposed a method called symmetrization [35]. First of
all, they assumed that X satisfies the following SDE:

dXt = O'(Xt)th + /L(Xt)dt, (41)

where W is one-dimensional Brownian motion and they imposed appropriate con-
ditions on o and . Then they defined the new coefficients ¢ and i as follows:

o Jo(x), x> K,
o) = oc(2K —z), =<K,

o (),
fi(z) : {—u(2K

x> K,
z), z<K.

Moreover, they consider the following SDE:

They named this SDE the symmetrization of the SDE (4.1). In this setting, they
proved the following formula [35]:

Theorem 4.1. Under appropriate conditions regarding to o and p, it holds that

Elf(Xe)len)] = Blf (X0)1 (g5 00] = EIf QK = X)L, <k
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They pointed out that the right-hand side is a combination of the prices of plain
vanilla options and claimed that this formula makes it much easier to calculate
the price of barrier options. This is because the expected value on the right-hand
side is not path-dependent. In fact, the numerical experiments in their paper
suggest that their method can be used to calculate the prices of barrier options
very efficiently.

Moreover, Akahori et al. extended this method to the multidimensional case
[36]. In this case, the barrier is a hyperplane in the Euclidean space. This is
straightforward extension of one-dimensional case.

Furthermore, Hishida et al. extended it one more step in [37]. They considered
it in Euclidean space, but assumed the boundary to be a C*?-class surface. We will
explain this in a little more detail. Let W be a d’-dimensional Brownian motion
and consider a d-dimensional SDE

dX, = o(X,)dW, + p(X,)dt. (4.2)

Now, the barrier is {z € R?: g(z) = 0} where g: RY — R is a C?-class function.
Then the price of the barrier option whose payoff function is f can be expressed
as follows:

Elf(Xr)lrsn), 7 :=inf{t > 0: g(X;) < 0}.

Then, they focused on the process Z = ¢(X). By applying It6’s formula and
combine it with the original SDE (4.2), we can get a (d + 1)-dimensional SDE. If
we consider that (XM, ..., X@ ¢(X)) is the price of new underlying asset, the
barrier is hyperplain {z € R: x4y = 0}. Thus we can apply multidimensional
symmetrization of Akahori et al. Here, the symmetrized SDE can be discribed as
follows:

dXt = O'(Xt)th + /L(Xodt,
dZ, = sgn(Zt)dZt.

Therefore, we obtain an expression of the price of the barrier option in terms of
expectations that are not path-dependent:

E[f (X)) = ELf (X)L 2,50)] — Elf(X0)12, o).

They also showed the results of their numerical calculations in their paper, and
the results suggested that their method was more efficient than the conventional
method.

This is a great theorem, but currently we need to assume that Z and —Z have
the same distribution for any weak solution Z of the last SDE. We believe that
this theorem would be much more useful if we could remove this assumption, and
it is our goal to show this. To restate what needs to be shown is as follows.

Question 4.2. Let Z be a continuous semimartingale and consider the following
SDE:

dY; = sgn(Y;)dZ,.
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Prove that Y and —Y have the same distribution for any weak solution Y of the
SDE.

Obviously, it is enough to show the law-uniqueness of the SDE. This chapter
is the first step toward this goal.

4.1.2 Tsirelson—Yor equations

Yor investigated the following R-valued and Z<p-indexed stochastic equation in
[13]:
Mk = &k + {Mk-1}, k € Z<, (4.3)

where £ is a known independent noise and {x} represents the fractional part of
x. We assume that the distribution of the noise & is pg. This equation has it
origin in Tsirelson’s paper [12]. In the paper, Tsirelson showed an example of
SDE which has no strong solution using such a discrete-time stochastic equation.
For this equation, the notion of solution is defined as follows:

Definition 4.3. Let Q be R%<0 and P be a Borel probability measure on Q. If P
satisfies the following conditions, P is called a solution of the equation (4.3):

Let i ((wi)i) = Wiy & =16 — {mer }, Ty == o(m, 1 < k), Ty == 0(&,1 < k), and
write py for the given law (of &).

e The law of & is py, for all k& € Z<.
e ¢ is independent of F;! , for all k € Z<,.

Moreover, if F;' = .7-",5 up to P-null set for all k& € Z<, the solution P is called
strong.

First, Yor proved that equation (4.3) always has at least one solution. Further-
more, they classified the equation depends on p = () in the view point of its
solutions. More precisely, he showed the following trichotomy:

1. The equation has only one solution and it is non-strong.
2. The equation has at least two solutions and has at least one strong solution.
3. The equation has at least two solutions and has no strong solution.

In [14], Akahori et al. generalized Yor’s study. Their setting is as follows:
(S,8) is a Polish space. (G, *,G) is a compact group acting to S and write g(-) for
the action. §: S — G is a measurable map. (&)rez., is an independent known
noise. Also, they assume two conditions. B

Assumption 4.4.
1. g(-) is an automorphism on S for each g € G.

2. gx0(s) =60(g(s)) forall s € S, g € G.
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In this setting, they studied the following equation and they called this equation
a Tsirelson—Yor equation:

M = 0(Mk—1) (&), k € Z<o. (4.4)

Of courese, this includes Yor’s equation (4.3). Then, the notion of a solution to
such a equation is defined by the same way as in Yor’s case. In this case, Akahori
et al. proved that Tsirelson—Yor equation (4.4) always has at least one solution,
first. Furthermore, they showed that the same trichotomy as in Yor’s study [13]
holds in their generalized setting:

1. The equation has only one solution and it is non-strong.
2. The equation has at least two solutions and has at least one strong solution.
3. The equation has at least two solutions and has no strong solution.

We want to mimic this result and to utilize the result to justify the multidi-
mensional symmetrization with C2-class boundary.

4.2 Main result

In our setting, (S,-,S) is a Polish topological group, (G, *,G) is a compact group,
.S x G — S is a group action such that

Y(-,9): S — S are group-automorphism for all g € G, (4.5)

and 0: S — G is a measurable map. We may write g(s) instead of (s, g) for
g € G and s € S and also may write ab instead of a - b for a,b € S. Moreover, we
assume “g and 6 are commute” for all g € GG, in the following sense:

g*0(s) = 0(g(s))

for all s € S and g € G.

Now t — f(s,t) :=1(t,0(s)) - s is bijective for each s € S thanks to (4.5), and
we can define a map f~': S x S — S by f7!:=mo (m, ), where 7; is the
projection to the i-th component of the Cartesian product. Here, f~1(s, f(s,u)) =
u holds for all s,u € S and g € G.

In this thesis, we consider the following equation and we call it Tanaka—Yor
equation.

me = f(m—1,&), k€ Z<. (4.6)

We call this equation Tanaka—Yor equation. Note that this is not a generalization of
Tsirelson—Yor equations but an analogue. That is, the class Tanaka—Yor equations
dose not include the class Tsirelson—Yor equations. Then, the solution to the
equation (4.6) is defined in the same way as for Tsirelson—Yor equations. Moreover,
for consistency, we assume the following two conditions:
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Assumption 4.5. 1. For each k, py is “G-invariant”:

[ ot = [ sy

S

for all g € G and arbitrary bounded measurable function h: S — R.

2. If the joint distribution of (Cx)rez<, 15 Qpez_, 1k, then the law of (;¢1 -+ -y
converges to some probability law v; for each j € Z <.

Lemma 4.6. Let Y be a random variable whose law s G-invariant, ¢: S — S be
a map which is “commuting” with 1 in the following sense:

forall g € G, Ly-a.a. x. Then ¢(Y) is also G-invariant.

Proof. Let h: S — R be a bounded measurable function. Then

Elh(g(6(Y)))] = E[h(6(9(Y)))] (4.7)
= Efh(o(Y))] (4.8)
holds for all g € G. m

Theorem 4.7. For any Tanaka—Yor equation, at least one solution exists. More-
over, under any solution P, 0(ny.) is independent of (§;) ez, for any k € Z<o. In
particular, P is not strong.

k € Z<y. To construct the measure P, let ¥ be a random variable valued in S
whose law is v, and &, €11, - . . € be random variables valued in S whose joint law
IS g @ pr1 ® - - - @ pp. Then define a finite sequence of random variables (nf) k<3 <0
inductively by

My o= f(nl, &) (4.9)

Now set P the joint law of (n¥ nk ... nk).

Then the solution P we want is the Kolmogorov extension of the probability
measures (FPy)rez.,. Here, we have to verify the consistency to guarantee that we
can extend the measures. That is, we have to verify the equality

Pk(S X B) = Pk+1(B)

of (nf,y,...n) and (gif},...ng™"). Furthermore, it is enough to show that the

law of nf ; is equal to that of n,ljﬂ This is because both sequences (1} )+2<j<o0

and (77‘?+1>k+2§jgo are defined by the same inductive formula (4.9), and 7}, and

n,ljﬁ are independent of &9, ..., & respectively.
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Then let us check the equality of the laws of 1y 41 and n',jﬂ For arbitrary

bounded measurable function h;: S — R;7 = 1,2, we have

E[hl(e(ﬁllz)(fk+1))h2(nil§)] = E[E[hl(e(ﬁlli)(fk+1))|771]§]h2(771’2)]
= E[E[h (&) i) ha ()]
= E[hy (&) ha ()]
= Elhy(&ks1)] Elha(ng)]
= E[h1(0(n) (&rs1)) | Elh2 ()]

This shows 0(nF)(&r11) is independent of n¥ and distributed as py.1. Thus, the
law of nf 4118 Vky1, which is the same as that of n,’jﬁ

Next, let us confirm the independence of 6(ny) and {;}jez., for any k € Z .
First, notice that the map ¢,: y — f(y, ) is “commuting with 1 ” in the sense in

Lemma 4.6 not depending on z. In fact, we have

and if Y is G-invariant, then ¢,(Y") is also G-invariant by Lemma 4.6. Thus, for
arbitrary bounded measurable functions h;: G — R and hy: S — R, letting U be
a uniform random variable which is independent of &,

Elhi(0(nx))h2(Ek)] = E[h1(0(¢e, (k1)) ha ()]
Elh1(0(¢e, (Mk-1))) | Eklha(&r)]

[
[
[h1(U)ha ()]
[
[

hi(U)]Ehs(&r)]
ha(0(ne)) | Eha(&5)]-

Therefore, 6(ny,) is independent of & for all k € Z<y. This argument can be applied
for

E
E
E
E

1’1 T2 = ¢$2 o ¢CE1
and further

l
¢x1 ) §:¢$ZO-~-O¢$1

.....

for any [ as well, since they are all G-invariant. Consequently, 6(7y) is independent
of {&: 1 < k}. This proves what we desired. O
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Remark 4.8. Recall that the SDE in Question 4.2 in subsection 4.1 is as follows:
dY; = sgn(Yy)dZ;.

Now, take a sequence of real numbers (tk)kEZSO which satisfies 0 < --- < t_; < tq
and limy_,_ t, = 0, and discretize the above SDE:

Xy, = Sgn<th—1)(}/tk - }/zkfl) + Xty ke Z<.

Then, this is a Tanaka—Yor equation where S = R, G = {£1} = Z/2Z, 0 = sgn,
M = Xsp» & = Yy, — Yy, and the action of the group is ordinal multiplication.
Although we showed only existence of solutions of Tanaka—Yor equation, if we can
show the uniqueness of solutions of the equation, it could be applied to the proof
of law-uniqueness of the original SDE.
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Chapter 5

Absolute zeta functions and
periodicity of quantum walks on
cycles

5.1 Preliminaries

5.1.1 Absolute Zeta Functions

This section is taken from a previous research paper [16] by Akahori et al.

In this section, we briefly review the framework on the absolute zeta functions,
which can be considered as zeta function over Fy, and absolute automorphic forms
(see [26, 27, 28, 29, 30] and references therein, for example).

Let f(x) be a function f : R — C U {oco}. We say that f is an absolute
automorphic form of weight D if f satisfies

f (1) — CuPf(x)

T

with C' € {—1,1} and D € Z. The absolute Hurwitz zeta function Zs(w,s) is
defined by

Zy(w.9) = s [ @) loga)

where I'(z) is the gamma function (see [38], for instance). Then taking u = €', we
see that Z;(w, s) can be rewritten as the Mellin transform:

Z5(w, 5) = ﬁ /0 T et et et (5.1)

Moreover, the absolute zeta function (f(s) is defined by
Cr(s) = ex iZ (w 3)‘
f N P ow f ’ w=0 .
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Here we introduce the multiple Hurwitz zeta function of orderr, (,.(s,z, (w1, ...,w:)),

the multiple gamma function of order r, I'.(z, (w1, ...,w,)), and the multiple sine

function of order r, S.(z, (w1, ...,w,)), respectively (see [26, 27, 29|, for example):

Gls, o, (Wi, w) = Y e Y (mwr 4+ mpwy +2) 7 (5.2)
n1=0 n,=0

Lo (onse o) = exp (3G o(onnenensn)] ). 53

S, (wr, .. wr)) = Dol (wr, .o ywe) P Do(wr + - 4wy — 2, (w1, wy)) Y
(5.4)

Now we present the following key result derived from Theorem 4.2 and its proof
in Korokawa [27] (see also Theorem 1 in Kurokawa and Tanaka [29]):

Theorem 5.1. If f has the form

) (gjm(l) —1)--- (gjm(a) -1
f(l') = ;L'l/ (l»n(l) — 1) — (:L,n(b) — 1) (*)

for some l € Z, a,b € Z~o, m(i),n(j) € Z=o (i =1,...,a,j = 1,...,b), then the
following holds:

Zy(w,s)= > (=D (w, s — deg(f) +m(I),n),

Ic{1,....a}
)= I Tols = deg(f) +m(1),m) 0",
I1c{1,...,a}

where

n = (n(1),...,n(j)), D=£+Zm(z)—2n(y>,
C=(-1)"" e= T[] Suls—deg(f)+m(I), n)
Ic{1,....a}

5.1.2 Cycle graphs and Quantum walks on it

For N > 2, undirected cycle graph with N wvertices is an undirected graph which
have N vertices and every vertices have exactly 2 edges. We write this graph by
Cy. Formally, Cy is defined as follows:

Definition 5.2. The set of vertices of Cy is {0, 1,..., N — 1} and the set of edges
of Cyis {{k,k+1} | k=0,..., N — 1} with identifying N and 0.
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We write V(Cy) for the set of vertices of Cy.

A quantum walk is the time-evolving sequence of states consisting of position
and chirality. Formally, a state is a vector which is an element of a tensor product
of two Hilbert spaces over C, Hp and H¢. In this thesis, Hp is span{|z) | = €
V(Cy)} and Hc is span{|«) , |—)} for Hadamard walks, and span{|«+),|-),|—)}
for Grover walks with 3 states. Note that the elements of “span” are considered
to be the orthonormal basis of each space. Then, each state can be represented as
follows:

Z |z) ® s, s € He.

Usually, we assume that the initial state W, satisfies | ¥Uy|| = 1. Moreover, we
consider the case where the time evolution operator U is decomposed as U = SC.
Here, S is called shift operator and defined by the following formulas:

S(lz) @ [<)) = [z = 1) ® [+,
S(lz) @ =) =lr+ 1) ®|=),
S(lz) @) = [z) @]) .

Furthermore, C' is called coin operator and defined by the following:

Ci= 3 fael @A

er(CN)

for some unitary operator A on Heo. We call this operator A the local coin operator.
In this case, S and C are both unitary, and then U is also unitary. Now, the time
evolution is defined as usual:

U,y = U,

Of course, we have ¥,, = U"W,. We are interested in this time-evolution operator
U. In each of the following subsections, matrix representations of U are shown.
Moreover, we introduce the term period of quantum walk.

Definition 5.3. For a quantum walk whose time-evolution operater is U, the
period of the quantum walk is defined the following minimum:

min{n > 1| U" = 1}.
If the set in the above formula is empty, then the period is defined to be oo.
Of course, if T" is the period of a quantum walk, it hold that
Ur =V,

for any initial state Wy.
Also, we define the zeta function of a quantum walk on a cycle graph:
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Definition 5.4. For a quantum walk on a cycle graph whose time-evolution op-
erator is U, the zeta function of the quantum walk ¢ is defined as follows:

C(u) == det(I —ul) ",
where [ is the identity operator.

This definition can be seen in Konno-Sato theorem and this is suggested by
graph zeta functions. [39]

5.1.3 Cyclotomic polynomials

Also, we treat polynomial rings and cyclotomic polynomials in this chapter.
Definition 5.5. Z[z|, Q[z], R[z], C[z]| denote the polynomial rings with integer
coefficients, rational coefficients, real coefficients, and complex coefficients respec-
tively.

Then cyclotomic polynomials are defined as follows:
Definition 5.6. For n € Z-,, cyclotonomic polynomial ®,,(x) is defined as follows:

B, (x) = 1<k11_1 (x - exp<27:k>).

ged(k,n)=1

Note that &, (x) € Z|x] for all n.
Now, the following proposition is the key of this chapter.

Proposition 5.7 (See e.g. [40]). If all of the roots of a monic polynomial with
rational coefficients f(x) are roots of unity, then f(x) € Z[z].

Here, monic means “the nonzero coefficient of highest degree is equal to 1,”
and root of unity means a complex number z which satisfies

2" =1

for some n € Z~o. This proposition is a consequence of the fact that the minimal
polynomial over Q of any root of unity is cyclotonomic polynomial, in particular,
integer coefficient polynomial.

In this thesis, this proposition is used as follows. First, note that for any square
matrix A and positive integer n, if A is an eigenvalue of A, then A" is an eigenvalue
of A™. Therefore, if A has a complex number which is not root of unity as its
eigenvalue, then every A" has a complex number which is not equal to 1 as its
eigenvalue. This implies that A™ is not the identity matrix.
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5.2 Hadmard walks

Hadamard walks are a well-studied class of quantum walks. There are two types
of Hadamard walks: M type and F type. They are characterized by local coin
operators as usual. The definition of these walks by coin operators are as follows:

Definition 5.8. An M-type Hadamard walk and an F-type Hadamard walk on Cy
is an quantum walk whose local coin operators are as follows respectively:

e <<1—| (T| e <<1—| <T|
gym L HF _ 1 (&
i ] Y LS ]

In this thesis, we focus on Hadamard walks of F' type. Uﬁ’F denotes the time-
evolution operator of an F-type Hadamard walk on Cy. With respect to the
ordered basis of Hp @ He ((0] @ (], (0| @ (=], (1] @ (+|,..., (N = 1| ® (—]),
the matrix representation of Uy~ is as follows:

] ]

ARE 0

and ) _
OL O --- O R

R O L O O O

gnr_ [0 RO 000

N e 0)

O O O . O L

L 0O 0 O 0]

for N > 3, where O represents the zero matrix and R and L are defined as follows:

]

Note that L and R can be represented as

o 10 HF _00 H,F
b= [t N

Furthermore, let fﬁ’F be the characteristic polynomial of U ]I\}I’F, that is,
() = det(:cIQN - U§F>

By definition, the factorization of fi*(x) is obtained as follows.

Proposition 5.9. For N > 2, it holds that

) = I:I(x2 —V2cos(2rk/N)z 4 1).

k=0
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5.2.1 Periods of F-type Hadamard walks

The periods of M-type Hadamard walks are already known by Dukes and Konno
et al. [41, 42] The result is as follows:

Theorem 5.10. Let T]SI’M be the period of M-type Hadamard walk on Cn(N > 2).
Then the following holds:

2 (N=2),
THM _ 8, (N =4),
M=
24, (N =8),
0o, (otherwise).

In this thesis, we point out that the same approach as for M type is effective for
F type and give the proof below. Now, let T’ ]IV{ " be the period of F-type Hadamard
walk on Cy (N > 2).

Theorem 5.11. The periods of F-type Hadamard walk on Cyn (N > 2) are as
follows:

8, (N =2),
THF _ 8, (N = 4)
N =
24, (N =38),
00, (otherwise).
Proof. First, by Proposition 5.9, we know that
i (z) = @g(x), (5.5)
F0 () = ®a(2) s (),
[ () = @3(2) Pu () D(2) Dy () (5.7)

hold. Thus, Ty =8, T/"F =8, and T"" = 24 hold.

Then, if N has odd prime as its factor, the same argument in [42] can be
applied. Therefore, the remainder is the case where N is a power of 2 which is
greater than 24

Let N = 2". First, we consider the case where n = 4. We know

2465 1567
: 220 4 > 218

901
2 + 40021 + 0 2% 4+ 10020 + 342t + 822 + 1

901
fﬁF(aj) = 2% + 8% 4 342% 4 10027 + T$24 + 40927 +
1567 ,, 2465
— + —

84810
+ x + 5 1

holds. Thus fﬂp(x) is monic and in Qx| but not in Z[x]. Then, by Proposition
5.7, f;F(m) have a root which is not a root of unity. Therefore, we get TQIZ’F = 0.
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For n > 4, fI;ILF(:U) has ng(x) as a factor. More explicitly, by Proposition
5.9,

2n—1
() = H (22 — V2cos(2mk/2™) x4 1)
k=0
= [ *—v2cos@rk/2mz+1) [ (°—v2cos(2rk/2")z+1)
0<k<2n—1 0<k<2n—1
2”74|k‘ 27L74H€
241
= H (2% — \/§COS(27T 272" 4+ 1) H (22 — V2 cos(2mk/2™) x4+ 1)
1=0 0<k<2"—1
2n—4yk
= f;fF(z) H (22 — V2cos(2mk/2™) z + 1).
0<k<2"—1
2"~k

Therefore, also fi" () has a root which is not a root of unity, and then, we know
that T/" = oo holds. O

5.2.2 Absolute zeta functions of zeta functions of Hadamard
walks

Denote the zata functions of M-type and F-type Hadamard walk on Cy by Cg];[M, CgNF
respectively (N > 2). From the discussion so far, we can conclude the following
about these functions. Especially, we can get an explicit expression of absolute
zeta functions of these zeta functions.

Theorem 5.12. We have the following explicit expression of absolute zeta func-
tions and their functional equation.

M type: N =2
ZCgZM( 8) = (o (w,3+4, (2,2)),
ngéM (8) = FQ (8 + 47 (27 2)) )
chéM(_é‘L - S) =5 (S + 4, (2a 2)) <Cg2’M(s)'
N =141
Z<g4M(w S) Z (_]‘)ul C3 (w78+8+4|j|)7(27278))7
Ic{1}
Carr(s) = [T Tas+8+ a1, 2,2,8) "
‘ Ic{1}
G (=8 —s) = (I Ss(s+8+411,(2.2,8)" m)QHM()
Ic{1}
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o
o 1c{1,...5}
G ( [T Tr(s+16+m(1),(2.2,2,2,812,12) 0",
® 1c{1,...5}
G (16 — s [T Se(s+16+m(D),(2.2,2,2,812,12) V" ‘)CCHM( ).
® Ic{1,..,5}
F type: N =
ch,F(w,s) =( (w,s+4,8)) = ¢ (w,s+8,(8))
()
CH’F(S) - 58 : n_i’
AT
ST
chéF( 4 —s)=—cot <§) CCgQ,F(s)
N=4
ch,F(’UJ?S) = Z (_1)|I| <2 (U},S +8+ 2|]|)7 (4’ 8))7
‘ Ic{1,2}
—_1)I
Carr(s) = T Tals+8+201), (4.8) ",
Ic{1,2}
—1)HI
(Cg,p(—S—s):< T] Se(s+8+21],(4,8) 1>1)¢<g,p(s).
* I1c{1,2} :
N =38
Zonr(w,s) = > (=) ¢ (w, s+ 16+ m(I), (4,6,6,8)),
s Ic{1,...,4}
Car(s)= ] Tals+164+m(D), (4,6,6,8)) V"
Ic{l,...,4}
(-l
(e (=16 = 5) Ic{ll_[ 4}54 (s +16 4+ m(I), (4,6,6,8)) Ctr (o

Proof. The proofs are almost the same for each CgNM and CgNF Thus we check
only for Cg;M- First, by the definition,

-1

M () = det (18 - uUf’M>

Now, by Proposition 5.9, we know

2_12 8_1
det(gsfg—Uf’M>:<31j 564)_(:61 )
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By substituting x = 1/u, we get
((L/w)? = D*((1/u)® — 1)
(L/u)* =1 7
(w = 12 — 1)
ut —1 '

1
det(—lg - Uf’M>
u

det (18 - uUfM)

Therefore, we conclude

HM () _ ut—1
S () = e T =1y

Here, we know that Céi’M is an absolute automorphic form of weight —8. Then,
by Theorem 5.1, we obtain the desired result.
Note that the explicit forms of the zeta functions are as follows:

H.M o 1
Coy (u) = A=
ut —1
(u? = 1)%(u® — 1)
HM (Y (u* = 1)°(u® = 1)
CCs ( ) (u2 _ 1)4(u8 _ 1)(u12 _ 1)2’

M (u) =

11
¢ ) = =—.
HF . (U2 - 1)2
CC4 (U) - (U4 _ 1)(U8 — 1)7

u2 -1 4
CgSF(u) = : 6 )2 8 :
(u* — 1)(ub — 1)2(ud — 1)
Moreover, all of them are absolute automorphic forms of weight —4, —8, —16, —4,
—8, and —16 respectively. O

5.3 Grover walks

Grover walks are another well-studied class of quantum walks. There are two
types of Grover walks as in the case of Hadamard walks: M type and F type.
They are characterized by local coin operators as usual. In this thesis we focus
on the 3-states model. The definition of these walks by local coin operators are as
follows:

Definition 5.13. An M-type Grover walk with 3 states and an F-type Grover
walk with 3 states on Cy are quantum walks whose coin operators are as follows
respectively:

(= ] (=l (=1 (=]

el 22 el 2 -l
AGsM:5 (2 -1 2|, AG3’F:§ (12 -1 2
(=l 2 2 -1 (—=[|-1 2 2
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Uﬁ"”M and US&F denote the time-evolution opeartors of M-type and F-type
Grover walk on Cly, respectively. With respect to the ordered basis of H ((0|® (+—|,
0] @ (-],0] @ (=], (1] @ {+]|,...,(N — 1| ® (—]), the matrix representation of
UM and US*F is as follows:

S L&) + R

G3,X __ _
U2 - L(X) + R(X) S ) X = M,F
and

s L& 0 ... O RXM]

RX g X O O @)
O RWY S O O

Uyt = o ,  X=MF

: O . .. .. O
O O O S Lo

L0 O O O R%X S

for N > 3, where O represents the zero matrix and S, LX), and RX) are defined
as follows:

000 000
S:=10 1 0] A%M = |0 1 0| A%T,
000 000
100 000
LYY= 10 0 o A%X,  RXM =10 0 0| A%X, X =DM,F.
000 00 1

Furthermore, let fﬁS’M and fﬁ‘””F be the characteristic polynomials of UﬁS’M

and UﬁB’F, that is,
gg’M($) = det (I’IgN — Uﬁ37M>, ]C\?S’F(Zlf) = det <$[3N — U537F>

Here, the following factorization is known. See [43] for example.

Proposition 5.14. For N > 2, it holds that
N-1
2 2rk
GaMg) = (z — 1)V kl_[o (x2 + 3 (2 + cos (%)) x + 1),
N-1
2 21k
Gl () = (@ - 1)V ’!;[0 (xQ ~3 (2 + cos (%)) x + 1).

5.3.1 Periods of Grover walks with 3 states

The periods of Grover walks with 3 states ware clarified by Kajiwara et al. in [44]
as follows:
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Theorem 5.15. Let TﬁS’M be the period of M-type Grover walk with 3 states on
Cy (N >2). Then
TGN = {6’ (N =3),

00, (otherwise)

holds.
Furthermore, Let TﬁS’F be the period of F-type Grover walk with 3 states on

Cy (N >2). Then
ranr _ {4, (N =3),

oo, (otherwise)

holds.

In this thesis, we point out that the same approach as in the proof in the
previous subsection works for this theorem. The proof of this approach is given
below.

Proof. First, we show it for M type.
For N = 3, we know it holds that

30N (2) = @1 (0) Do () 0y ()

by Proposition 5.14. The result is a direct consequence of this factorization.
For N = 2, by Proposition 5.14 again, we know it holds that
2 4 2
G3,M 6 5 4 2
’ = -z’ -z — = — -+ 1.
) 0 () = 2 + g —T - 3—32 + 3 +
Thus, f*M(z) is monic and in Q[z] but not in Z[z]. Therefore, by Proposition
5.7, f9M () has a root which is not a root of unity, and this implies 75" = oo
holds.
For the case where N > 4 is not a multiple of 3, we know it holds that

VM (2) = ]ﬁl(:cg + %(1 + 2008(%))%2 - %(1 + 2008(%))% = 1)

1

by Proposition 5.14 again. Then the coefficient of 2*"~! can be calculated as

follows:

i

+ cos(ﬁ)

ol

é
co| 2 ool 2

ol

g

Therefore, f5* (x) is not in Z[z], and f$* () is monic and in Q[x] by definition.
Thus, by Proposition 5.7, we know TES’M = 00
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For the case where N > 4 is a multiple of 3 but is not a power of 3, we can take
a prime factor p of N such that p # 3. Then like the above-mentioned proof in the
previous subsection, we can show that fo*" (z) has fF#M(x) as its factor. Here,
we already know that pr3 M () has a root which is not a root of unity. Thus, also
M (1) has a root which is not a root of unity, and we get T*™" = oc.
Finally, for the case where N > 4 is a power of 3, it is enough to examine
M (1) because forM () has fG3M( ) as its factor. By Proposition 5.14, we
have

9G,M(x) = 2T 4 3% %[L]ZL . Ex% n @x” n 9752 o . 6376x20

9 9 9 g1 sl

3331 4, 15059 11686 ,, 8728 .4 23752 . 4316

I TE T T VI TR TR T

4316, 23752 4, 8728, L1686 ,, 15050 , 3331

27 81 81 81 81 81

6376 . 5752 , 62 . 214 , 128 ,

- - B 3z -1

8137 811: 9:1:+9:c+9x T
Thus, f&*™(z) is monic and in Q[z] but not in Z[z]. Therefore, by Proposition
5.7, fy G, M( ) has a root which is not a root of unity, and this implies TG3 M= oo

Then the same method can be used to prove the case of F type. Note that we
can obtain the following expansion of ng 3’F(x):

25 24 26 23 2 22 46 21

S (@) = 27 4 327 + 32 + 97 + 9% 9% + %
@xm—@xlg—kﬁxls—ix” 353 16_ﬁx15_§x14
81 27 81 27 81 81 27
212 4, 116, 353 ,, 1 o 125 4 50 |
o7t TRt Tt Tt Tt Tt

106 46 2 26 25
ng + 8—1$6 — §x5 + 53:4 + 3‘%3 +32° + 37 + 1.

]

5.3.2 Absolute zeta functions of zeta functions of Grover
walks with 3 states

Theorem 5.16. We have the following explicit expression of absolute zeta func-
tions and their functional equation.

M type:

Z o (w,5) = — S (=DM G (w,s+9+11],(2,2,3,3)),

3 Ic{1}

Ceg(s) = I Tats+9+110,(2,2,3,3) 0",
Ic{1}
Com(=9—5)7t = ( TT Sus+9+111,(2,2.3,3) ‘”“)g(g,M(s).

3 3

Ic{1}
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F type:

ZG3 F(w S) - Z (—1)“" <3 (w73+9+ |I’a(27474))7

Ic{1}
Corr(9)= T T (s+9+ 1], (2,4,4) V"""
Ic{1}
LR
Corr (=0 =) = (T Sals+9+ 111, 2.4,0) V" ) Caur(s)
Ic{1}

Proof. The proof is almost the same as that of Theorem 5.12. Note that the
explicit forms of the zeta functions are as follows:

G3,.M u—1
C ( ) (u2 _ 1)2<u3 _ 1)2’
Gs,F u—1
Se (W) = (u?2 —1)(u* — 1)
Moreover, both of them are absolute automorphic forms of weight —9. m
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