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WILD CANTOR ACTIONS

JESUS ALVAREZ LOPEZ, RAMON BARRAL L1JO, OLGA LUKINA, AND HIRAKU NOZAWA

ABSTRACT. The discriminant group of a minimal equicontinuous action of a group G on a Cantor set X is the
subgroup of the closure of the action in the group of homeomorphisms of X, consisting of homeomorphisms
which fix a given point. The stabilizer and the centralizer groups associated to the action are obtained
as direct limits of sequences of subgroups of the discriminant group with certain properties. Minimal
equicontinuous group actions on Cantor sets admit a classification by the properties of the stabilizer and
centralizer direct limit groups.

In this paper, we construct new families of examples of minimal equicontinuous actions on Cantor sets,
which illustrate certain aspects of this classification. These examples are constructed as actions on rooted
trees. The acting groups are countable subgroups of the product or of the wreath product of groups. We
discuss applications of our results to the study of attractors of dynamical systems and of minimal sets of
foliations.

1. INTRODUCTION

Let X be a Cantor set, that is, a compact totally disconnected perfect metric space with metric D, and let
G be a finitely generated group. Let ® : G — Homeo(X) be an action of G on X. We also denote such an
action by (X, G, ®), and use the shortcut g -z := ®(g)(x). We assume that the action (X, G, ®) is minimal,
that is, for every z € X the orbit G-o = {g-x | g € G} is dense in X, and that (X, G, ®) is equicontinuous,
that is, for every € > 0 there is 6 > 0 such that for every g € G and every z,y € X with D(z,y) < § we have

D(g-x,g-y) <e.

Examples of equicontinuous actions on Cantor sets are abundant in mathematics. For instance, actions of
self-similar groups on the boundaries of regular rooted trees are equicontinuous . Also, arboreal
representations of absolute Galois groups of number fields give rise to such actions , see for a
further discussion of arboreal representations. In continuum dynamics, equicontinuous actions on Cantor
sets arise as actions of the fundamental group of a closed manifold on the fibre of a weak solenoid over this
manifold . A weak solenoid is the inverse limit of an infinite sequence of finite-to-one covering spaces
of a closed manifold M. A weak solenoid is a fibre bundle over M with a Cantor set fibre, so it is a flat
bundle and an example of a foliated space with totally disconnected transversals.

In foliation theory, foliated spaces which are transversely Cantor sets, also called laminations, arise as minimal
sets of smooth foliated manifolds. Very little is known about minimal sets of foliations of codimension and
leaf dimension 2 and higher. It was shown in that a lamination with equicontinuous transverse dynamics
is homeomorphic to a weak solenoid, and so the holonomy pseudogroup of such a lamination is induced by a
group action. Embeddings of certain weak solenoids over tori as minimal sets of foliations were constructed
in [16], and some sufficient conditions for a lamination to admit an embedding as a minimal set were studied
in . Even when a lamination has equicontinuous dynamics, it is in general not known when it admits
an embedding as a minimal set of a foliation, except for the toral case discussed above. One of the reasons
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for that may be that Cantor sets, being totally disconnected, are extremely flexible, and the actions of non-
abelian groups on Cantor sets exhibit a wide variety of phenomena, which are still not fully understood. To
answer the embedding question, one must better understand the behavior of the actions considered, and this
is one of the motivations of our study of the classification of equicontinuous group actions on Cantor sets.
Some, but most likely not all of the phenomena exhibited by minimal equicontinuous actions on Cantor sets
can also be observed for equicontinuous minimal actions on connected topological spaces [113].

Algebraic invariants which classify equicontinuous minimal Cantor actions were introduced in the works of
the third author joint with Dyer and Hurder [11}/20,21]. We describe this classification in more detail below.
A natural question is then whether all possibilities given by the classification are realised in actual examples.
Papers [11,/20,21] provide constructions of several classes of actions illustrating some of the aspects of this
classification, but the examples constructed do not capture the more subtle aspects of the classification
scheme. In this paper, we give the constructions of new classes of equicontinuous minimal Cantor actions,
using techniques from theory of group actions on rooted trees, to show that all possibilities occurring in the
classification in [11}/20,21] are realised.

While our methods for constructing actions are standard, it is the careful choices made in the constructions
that are critical for the resulting dynamical properties of the actions. These choices sometimes reveal
unexpected connections, for instance, with number-theoretical problems. For example in Remark we
observe that the solution of the bounded gaps conjecture by Zhang can be applied to obtain many new
classes of actions on rooted trees with exotic dynamical properties. In Example [I.8 we observe that action
of wreath products of cyclic groups, which are among the family of actions studied in Theorem arise
in number theory and arithmetic dynamics as arboreal representations of absolute Galois groups of number
fields into the automorphism groups of rooted trees.

We now give a brief sketch of the classification by algebraic invariants in order to state our main results.

Let (X, G, ®) be a minimal equicontinuous action of a countably generated group G on a Cantor set X.
Throughout the paper we assume that the action of G on X is effective, that is, g- o = = for all x € X
implies ¢ = id. Then the closure E(G) := ®(G) C Homeo(X) in the uniform topology is a profinite
group identified with the Ellis group of the action (X,G, ®) [4,[12l|13]. Elements of E(G) can be thought
of as sequences g = (g;), g; € G for i« > 0, and the image ®(G) is a dense subgroup of E(G). If the
action (X, G, ®) is effective, then ®(G) is identified with G. In any case, the action ® induces an action
® : E(G) — Homeo(X), which is transitive since (X, G, ®) is assumed to be minimal.

Let x be a point in X, and denote by
E(G)e ={g € E(G) | g -z ==z}

the isotropy group of the action of F(G) at € X. Then X = F(G)/E(G), is a homogeneous space for the
action of E(G).

Since E(G) is a profinite group, its identity element admits a fundamental system {174}@20, Vo = E(G), of
open neighborhoods, such that each V, is a normal subgroup of E(G) of finite index [28, Theorem 2.1.3].
Then for each £ > 0 the subgroup Vi is a clopen normal subgroup of F(G), and the product U, = E(G), Vi
is a clopen subgroup of E(G). Recall that a clopen subset V' C X is a closed and open subset. The quotient
space Uy = U/ E(G), is a clopen neighborhood of z in X. The isotropy group E(G), is a normal subgroup
of E(G) if and only if it is trivial [10], so if E(G), is non-trivial, then U, is not a group. We define an
increasing chain of subgroups of E(G), by

K(®) = {Ki}eso, K ={h € B(G). |hGE(G)s =GE(G)s, foralge T, (11)

that is, K, consists of all elements in E(G), which act as the identity on the clopen set Uy. Next, define the
adjoint action of the isotropy group E(G), on E(G) by

Ad(h)(G) = hgh™*, for h € B(G), and § € E(G).
2



We have E(G). = (>0 U, |21]. Since E(G), C Uy, the adjoint action of E(G), preserves the clopen

subgroups ﬁg for £ > 0. Thus we can define an increasing chain of subgroups by
2(®) = {Zi}es0, Ze={h € B(G). | Ad(R)@) =G, forall Ge Uy . (1.2)

We have that Z, C Ky for ¢ > 0.

For ¢ > 0, denote by Lﬁ—H : Ky — K41 the inclusions maps, and note that the maps Lﬁ“ restrict to inclusions

Lf“ : Zy — Zyi1. Thus we obtain two directed systems of groups, g(Kg,Lngl,N) and G(Zy, Lngl,N), over
the totally ordered set of natural numbers. For k > ¢, denote by t§ = f | 0---0.5™ the composition of the

inclusions maps. Form the direct limit groups for these systems as usual, that is,

T (®) = hglg(KhLﬁH,N) = U Ke/ (Tlﬁ ~ EZ/) ; (1.3)
¢eN

where /ﬁg ~ ﬁg: if and only if there is k > ¢, ¢’ such that .} (ﬁg) =f (Bgf), and similarly

T2(®) =1im G(Ze, i N) = (J Ze / (he ~ Tr) - (1.4)
¢eN
The groups (|1.3) and (1.4]) are called the stabilizer and the centralizer (direct limit) groups respectively [21].
Note that we have the canonical inclusion

vg : YD) — TT(D). (1.5)

It was proved in [21] that although the groups K, appearing in ([1.3) and Z, appearing in (1.4) depend on
the choice of a system of neighborhoods of the identity {Vi}s>0 and on the choice of a point z € X, the
isomorphism classes of the direct limits do not depend on these choices. More precisely, we have:

Theorem 1.1 ( |21, Theorem 4.15]). Let (X, G, ®) be a minimal equicontinuous action of a finitely generated
group G on a Cantor set X. Then the direct limit isomorphism classes Y 4(®) and T .(P) of the groups YTZ(P)
and YZ(®) are invariants of the conjugacy class of the action (X, G, ®).

Now we can introduce a classification of minimal equicontinuous group Cantor actions as in [21]. We say that
the directed system of groups G(Ky, L2+1, N) (resp. G(Zy, Lﬁ“, N)) is bounded if it has a maximal element, that
is, there exists n > 0 such that for any ¢ > n the inclusion map Lﬁ“ : Ky — Kpyq (vesp. L§+1 22— Zig1)
is an isomorphism. An isomorphism class Y4(®) (resp. Y.(®)) of direct limit groups is bounded if YT (D)

(resp. YZ(®)) is represented by a bounded group chain.

Definition 1.2. Let (X, G, ®) be a minimal equicontinuous action, and let (X, E(G),®) be the action of
its Ellis group. The action (X, G, ®) or (X, E(G), ®) is said to be:

1) stable if the stabilizer group Ys(®) is bounded, and wild otherwise,

2) algebraically stable if the centralizer group Y.(®) is bounded, and algebraically wild otherwise,

3) wild of finite type if Ts(P) is unbounded and represented by a chain of finite subgroups,

4) algebraically wild of algebraic finite type if T.(P) is unbounded and represented by a chain of finite
subgroups,

(5) wild of flat type if Y,(®) is unbounded and Y.(®) = T4(P), namely, the canonical inclusion
TZ(P) — TZ(P) in is an isomorphism for some, and so any x € X.

(6) dynamically wild if T4(®) is unbounded and not of flat type.

All properties listed in Definition are invariants of the conjugacy class of a given action (X, G, ®) [21].

We require one more concept before stating the classification of actions, which is the definition of a non-
Hausdorff element in the group G or E(G). The notion of a non-Hausdorff element comes from the study
of germinal groupoids associated to an action (X, G, ®). In particular, such a groupoid has non-Hausdorff
topology if and only if it contains a non-Hausdorff element [31]. No further knowledge of groupoids is required
for the rest of the article.
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Definition 1.3. Let (X, G, ®) be an equicontinuous minimal action, and let E(G) be the Ellis group of the
action. An element g € E(G) is non-Hausdorff if the following conditions are satisfied at the same time:

(1) There is z € X such that g- = = =.

(2) There is a decreasing sequence of open neighborhoods {Us}s>0 C X, ((Ur = {z}, such that for any
£ > 0 the restriction g|Uy is not the identity map.

(3) For any £ > 0 there is a non-empty open subset V; C U, such that the restriction g|V; is the identity
map.

Since G is identified with a dense subgroup ®(G) of E(G), if g € ®(G) is non-Hausdorff, then we say that
any g € G such that g = ®(g) is a non-Hausdorff element in G.

We now list a selection of results from [20,21] illustrating the classification in Definition

Example 1.4. (1) Stable actions [11, Theorems 1.10 and 1.12]: Given any finite or any separable
profinite group H there exists a torsion-free finite index subgroup I' C SL(n,Z), for n > 3, and an
action ® : I' — Homeo(X) on a Cantor set X, such that the stabilizer group chain K(®) = {K,}¢>0
of the action is bounded with K, = H for ¢ > 0.

(2) Wild actions of finite and flat type [20, Theorem 1.10]: There exists a torsion-free finite index
subgroup I" C SL(n,Z), for n > 3, and an uncountable collection of pairwise non-conjugate actions
®, : I' — Homeo(X) of T on a Cantor set X, such that every action (X,T', ®,) is wild of finite and
flat type, that is, for any such action (X,I',®,) the associated group chain K(®,) = {K¢}r>o is
unbounded, and for ¢ > 0 the subgroup K/ is finite with K, = Z,.

(3) Dynamically wild actions not of finite type [21, Theorem 1.7]: Let (X, G, ®) be a minimal equicon-
tinuous action, and suppose F(G) contains a non-Hausdorff element. Then the action (X, G,®)
is dynamically wild not of finite type, that is, the associated group chain K(®) = {K/}¢>0 is un-
bounded, for £ > 0 the subgroup K is infinite, and Z, is a proper subgroup of K.

(4) Dynamically wild actions not of finite type from iterated monodromy groups, [20, Theorem 1.10]
and [21, Theorem 1.7]: In (X,G,®), suppose X is the boundary of a binary tree, and G is the
iterated monodromy group associated to the quadratic post-critically finite polynomial f(x) with
strictly pre-periodic critical orbit of cardinality at least 3. Then G contains non-Hausdorff elements,
and the action (X, G, ®) is dynamically wild not of finite type.

In the examples of dynamically wild actions in Example there are no details about the centralizer group
of the action, in particular, it is not known if these actions are algebraically stable or algebraically wild. Our
goal in this work is to construct further examples that illustrate the classification in Definition [[.2] paying
particular attention to the properties of the centralizer group. We now state our main theorems.

We say that a countable group H is k-generated, if it can be generated by k elements. We denote by Alt(k)
the alternating group on k symbols.

Theorem 1.5. There exists a 2-generated countable dense subgroup H of the infinite product [ [,~, Alt(m;),
with m; > 7 and m; —;— 00 00, and an action (X, H, ®) of this group on a Cantor set X, which is wild of
finite type and algebraically stable with trivial centralizer group Y*(®), x € X.

A wild action which is algebraically stable is necessarily dynamically wild, since in this case the group chain
{Zi}¢>0 has a maximal element, while the group chain {K/},>¢ is unbounded. We remark that the action
in Theorem is dynamically wild. Comparing this result with item (2) in Example we observe that
a wild action of finite type may be of flat type, and so algebraically wild, as in item (2) of Example as
well as dynamically wild and algebraically stable, as in Theorem

Many minimal equicontinuous group actions arise as actions on the boundary X ofa spherically homogeneous

rooted tree 7 with spherical index m = (mq,ma,...). The set of vertices V(T) of such a tree is divided into

levels Vi, i > 0, where V = {x} is a singleton, and for ¢ > 1 the entry m; of the spherical index is equal

to the number of vertices in V; connected by edges to the same vertex in V;_;. The boundary X is the set

of infinite connected paths of edges in the tree 7" with metric topology, see Section [3] for details. With this
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topology, X is a Cantor set. The group Aut(7) of automorphisms of 7 consists of maps which preserve the
structure of the tree T, that is, they fix the root {*} and map infinite connected paths to infinite connected
paths. Thus every element in Aut(7) induces a homeomorphism of X. It is well-known that for a spherically
homogeneous tree 7 with spherical index m the automorphism group Aut(7') is isomorphic to the infinite
wreath product of the symmetric groups Sym(m;) on m; symbols, for ¢ > 1, see Section for details. For
1> 1let A; C Sym(m;) be a subgroup, and denote by A* the wreath product of A;, i > 1, defined as in
Section [5.1] By Remark A contains a countably generated dense subgroup, which we denote by G.

Theorem 1.6. Let T be a spherically homogeneous tree with spherical index m = (my, ma,...). Let G be a
countably generated group acting minimally on the boundary X of T, and suppose that the Ellis group E(G)
of the action is isomorphic to the wreath product A of finite subgroups A; C Sym(m;), such that A; acts
transitively on the set of m; symbols, for i > 1. Then the action ()?,G, D) of G on X is dynamically wild
and algebraically stable with trivial centralizer group Y*(®), for x € X.

To rephrase the statement of Theorem we show that if a countable group G, acting effectively on the
boundary of a spherically homogeneous tree, is a dense subgroup of the wreath product of finite groups, then
the action is always algebraically stable with trivial centralizer group.

Example 1.7. In Theorem one can specify the conditions on the groups A; under which G is finitely
generated. Let A; = Alt(m;) for i > 5, where m = (my,ma,...) is the spherical index. If m; > 5 for
1 > 1, then each Alt(m;) is simple, which implies that it is equal to its commutator subgroup. Then by [8]
the infinite wreath product of the groups Alt(m;), ¢ > 1, defined as in Section is topologically finitely
generated. Since Alt(m;) C Sym(m;), and Alt(m;) acts transitively on the set of m; elements, a dense
subgroup G of the wreath product acts minimally on the boundary X of the tree 7. By [26, Theorem 1.10]
any infinite wreath product of finite groups contains non-Hausdorff elements, which implies that the action
of Gon X is dynamically wild not of finite type. Theorem shows that this action is always algebraically
stable with trivial centralizer group.

Another interesting class of examples which belongs to the family of examples in Theorem [T.6]is the following.

Example 1.8. For d > 2, denote by C(d) the cyclic group of order d, and by C(d)* the infinite wreath
product of such cyclic groups. Since C(d)* is a profinite group, it is topologically countably generated.
Let G denote a countable dense subgroup of C(d)*°, and note that G acts minimally on the boundary X
of a spherically homogeneous tree T with constant spherical index m = (d,d,...). We note that actions of
the wreath product C(d)* naturally arise in number theory and arithmetic dynamics. For instance, it was
shown in [9, Theorem 1.1] that if ¢4 is a specific choice of a unicritical polynomial of prime degree d, and K
is a number field containing the d-th primitive root of unity, then the image of the arboreal representation
of the absolute Galois group of K into the group of automorphisms of a tree 7 with constant spherical
index m = (d,d,...), defined by g4, is a finite index subgroup of C(d)*. If d = 3,5 or 7, then the image
of the representation defined by ¢4 equals C(d)>. For a family of specific quadratic polynomials ¢, whose
coefficients are determined by an odd prime p, [9, Theorem 1.2] shows that the corresponding arboreal
representation of the absolute Galois group of K is equal to C(2)* for p < 5000, and also for other values
of p which satisfy certain congruences.

Finally we construct a family of actions which are dynamically and algebraically wild with non-trivial cen-
tralizer direct limit group.

Theorem 1.9. Let X and Y be Cantor sets, and let H and G be countable groups. Suppose (X, H,®) is a
minimal equicontinuous action which is wild of flat type, and suppose (Y, G, V) is a minimal equicontinuous
action which is dynamically wild and algebraically stable with trivial centralizer group. Then the product
action (X xY, Hx G, ® x V) is dynamically wild and algebraically wild. That is, the stabilizer and centralizer
subgroups Tgm’y)(fﬁ x U) and T&I’y)(@ x W) are both unbounded, and TS”’”(@ x U) # Tﬁ“”’y)(@ x U), for
(x,y) € X xY. In addition, if (X, H,®) is wild of finite type, then (X x Y, H x G,® x U) is dynamically
wild and algebraically wild of algebraic finite type.



For example, in Theorem we can take (X, H, ®) given by item (2) of Example and (Y, G, ¥) given
by Theorem

We finish by discussing open problems.

As explained in detail in Section every equicontinuous minimal Cantor action can be represented as
an action on the boundary of a spherically homogeneous tree 7 with spherical index m = (my,ma,...).
Examples in Theorems [I.5| and are constructed as such actions. As a rule, a representation of an action
on the boundary of a tree is not unique; in particular, the spherical index of the tree may be different
for different representations of the same action. For instance, if an action admits a representation on the
boundary of a tree with constant spherical index m = (d,d,...), then it admits a representation on the
boundary of a tree with strictly increasing spherical index m’ = (d,d?,d?,...). However, if the entries of
the spherical index m are distinct primes, then an action does not admit a representation on the boundary
of a tree with constant spherical index. For example, the wild actions of flat and finite type in item (2) of
Example [I.4] have this property, that is, they have representations onto the boundary of a tree where the
spherical index is an increasing sequence of distinct primes, and so they do not admit a representation on the
boundary of a tree with constant spherical index. We show in Proposition that the family of examples
in Theorem also do not admit representations on the boundary of a tree with constant spherical index.
On the other hand, the examples in Theorems [1.6] include actions of wreath product groups on trees with
constant spherical index.

Actions which admit representations on the boundary of a tree with constant spherical index are probably
most interesting from the point of view of applications, as they may arise as dynamical objects, associated
to iterations of the same map (attractors in dynamical systems, arboreal representations of Galois groups
associated to a polynomial, etc.). Therefore, the following problem is of interest.

Problem 1.10. In the classification of Definition determine what classes of actions do not admit
representations on the boundary of a tree with constant spherical index.

For instance, so far we do not have examples of wild actions of flat type or of finite type which admit
representations onto the boundary of a tree with constant spherical index, but we expect that such examples
exist.

A related question is whether it is possible to realize a given Cantor group action as a holonomy action on
a transverse section of a minimal set of a foliation of a smooth manifold. In particular, we can ask this
question for the families of examples constructed in Theorems [I.5] [I.6] and [I.9] A necessary condition for
this question having a positive answer is that the Cantor set with the metric, compatible with the action,
admits a bi-Lipschitz embedding into R™ [19]. In our examples metrics on Cantor sets are determined by
tree structures, and it is explained in Remark that if the boundary of a spherically homogeneous tree
with metric defined in Section [2] admits a bi-Lipschitz embedding into R™, then the tree must have bounded
spherical index. For the family of examples in Theorem [I.5| by Proposition [£.9] any representation of the
action onto the boundary of a spherically homogeneous tree has unbounded spherical index. Thus no action
in Theorem can be realized as a holonomy action on a transverse section of a foliation of a smooth
manifold.

In Example a dense subgroup G of the wreath product C(d)* acts on the boundary of a spherically
homogeneous tree with constant spherical index m = (d, d, . ..), but the acting group G is infinitely generated.
Therefore, the family in Example cannot be realized as holonomy actions on a transverse section of a
foliation of a compact smooth manifold, since such actions must be compactly generated.

Among actions described in Theorem there are actions of finitely generated groups, for instance, a dense
subgroup G of the infinite wreath product of alternating groups in Example[I.7} In this example, we can also
choose the spherical index of the tree to be constant. The action of a dense subgroup of an infinite wreath
product group is always wild, so by the observation before [20, Corollary 1.12] it cannot be realized as a
holonomy action on a transverse section of a real-analytic foliation of a compact manifold. The analogous
question for smooth foliations of compact manifolds is open.
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Problem 1.11. Let 7 be a spherically homogeneous tree with constant spherical index m = (d,d, . ..), for
d > 2, and let a finitely generated group G C Aut(7) act on the boundary X of T minimally. Suppose the
closure E(G) of the action is isomorphic to the infinite wreath product A, where A C Sym(d) is a finite
permutation group. Determine if the action of G on X is conjugate to a holonomy action on a subset of a
transverse section of a C” foliation of a manifold, for r =1,2,..., c0.

Acknowledgements. The first and the third authors thank for hospitality the Ritsumeikan University, where
a part of this work was done. We are grateful to the anonymous referee for careful reading and helpful
suggestions, which improved the clarity of the paper.

2. GROUP CHAINS

Below we describe a basic class of examples of equicontinuous group actions on Cantor sets. We give a
brief overview of the construction without proofs. Proofs and further details can be found, for instance,
in [21, Section 3]. In this section we denote by X any Cantor set, equipped with an equicontinuous action
of a countable group G, and we reserve the notation X for the Cantor set obtained by the inverse limit

construction in (2.1f).

2.1. Actions from group chains. Let G be a countably generated group. For n > 1, let GG,, denote a
finite index subgroup of G, such that these subgroups form a decreasing chain G: G =Gy D Gy D G2 D ...
We assume that for any n > 0 the group G, 41 is a proper subgroup of G, that is, |G, : Gny1| > 2.

For n > 0 the coset space G/G,, is a finite set. If, in addition, G, is a normal subgroup of G, then G/G,, is
a finite group. We are interested predominantly in the case when G is not a chain of normal subgroups.

For each n > 0, there are surjective maps of coset spaces v"*! : G/G,11 — G/G,, given by the coset
inclusion gG,,+1 — gG,. By the standard argument the inverse limit space

X = @{uﬁ*l :G/Gpy1 — G/Gp | n >0} (2.1)

= (90G0791G17 e ) S H G/Gn | V:LH_l(gn«lenle) = gnGn
n>0

is a Cantor set with respect to the product (Tychonoff) topology. The group G acts by left translations on
each coset space G/G,,, and so there is an induced group action

GxX—X: (h, (gnGn)nzo) — (hgnGn)an (22)

where (g, Gn)n>0 = (90Go, 91G1, - . .) denotes a sequence which is an element of X. Since the action of G on
every coset space G/G,, n > 0, is transitive, the action of G on X is minimal. The space X can be given
an ultrametric D, for example, by

1
D((gnGn)n>0, (hnGn)n>0) = o where m = min{n > 0| ¢,G,, # hnGr}, (2.3)

that is, this metric measures for how long two sequences of cosets (g, Gn)n>0 and (hy,Gr)n>0 coincide. Since
G acts on each coset space G/G,, by permutations, it acts on X by isometries relative to the metric D. It
follows that the action of G is equicontinuous. We denote this action by (X, G), omitting the notation for
the homomorphism G — Homeo(X), as it is determined by the construction.

Basic sets of the product topology on X are given by

Ug,m = {(gnGn)nEO cX | gme = gGm}7 (24)
where m > 0 and g € G. The isotropy subgroup of the action of G at a basic set Uy, is given by
Iso(Ugm) ={h € G| h-(9nGrn)n>0 € Ugm for all (¢,.Grn)n>0 € Ugm}. (2.5)

Then Iso(Ue 1) = Gy, where e is the identity in G, and Iso(Uy ;) = gGg~! for any g € G.
7



If (%X, G, ®) is any minimal equicontinuous action of a countably generated group G on a Cantor set X, then
one can associate to the action a group chain as above. The procedure is folklore, and it is described in
detail for instance in [10, Appendix]. The idea of the construction is as follows: given an open neighborhood
V C X of x, there exists a clopen subset x € U C V such that the set of return times of the action of G
to U is equal to the subgroup Gy. This subgroup is precisely the isotropy group of the action at U defined
similarly to the one in formula . It follows that there exists a decreasing chain Uy =X D> U; DUy D ...
of clopen neighborhoods of z in X, with (,,~, U, = {z}, such that G, := Gy, = Iso(U,) is the isotropy
subgroup of the action of G at U,. For each U,, n > 0, the translates {g - Un}gec form a finite partition of
X, and it follows that the index of G,, in G is finite. Thus we obtain a decreasing sequence of finite index
subgroups Gop = G D Gy D ..., associated to the action, and a dynamical system (X,G) defined by the
formulas and . The last step of the construction is to build a homeomorphism ¢ : X — X such
that the actions of G on X and X commute and such that ¢(r) = (eGn)n>0 € X, where eG,, denotes the
coset of the identity e in G/G,, see [10, Appendix] for details.

2.2. Groups E(G) and E(G), from group chains. Given an action (X, G, ®) one can use the associated
group chain {G,,},,>0 to compute the Ellis group E(G) and the isotropy group E(G), of the action of E(G)
at x € X as follows.

For each n > 0, if h € gG,,, then ¢G,, g~ ' = hG,, h~', which implies that the number of conjugacy classes
of G,, in G is less or equal to the index of GG, in G. Therefore, G,, has a finite number of distinct conjugates
in G. Each conjugate of G,, has the same index in G as G,. Then the intersection of a finite number of
finite index subgroups

C, = n ang_l

geG

is a finite index normal subgroup in G. It is immediate that C,, is the largest subgroup of GG,, which is normal

in G.

Since C,, is a normal subgroup of G, the coset space Q,, = G/C,, is a finite group. Let 77"1: Q.11 — Qn
be the homomorphism of finite groups induced by the inclusion C, 1 C C),. Then the inverse limit space

é:\oo = l.&n{ﬂn—i—l: Qn-i—l — Qn | n > O}

=< (90C0,91C1, .)€ [ G/Co | 73 M (gn41Cnt1) = gnCin
n>0

is a profinite group. Also, consider the inverse limit group
D, = lim{m ™ Gi1/Cryr = G /Cr | n > 0} C G
called the discriminant group of the action. The following result was proved in |10].

Theorem 2.1 ( [10, Theorem 4.4]). Let (X,G,®) be an equicontinuous minimal Cantor action, let x € X,
and let G = {G, }n>0 be an associated group chain at x. Then there is an isomorphism of topological groups

¥ 1 B(G) = Goo such that the restriction ¢ : E(G)y — Dy is an isomorphism.

We construct the actions in Theorems and [I.9) using the method of group chains, described above.

3. TREES

In this section we show that every equicontinuous minimal action can be represented as an action on the
boundary of a rooted spherically homogeneous tree 7.
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3.1. Spherically homogeneous trees. A spherical index is a sequence m = (my, ma,...) of natural num-
bers, where m; > 2 for i > 1. A spherical index m defines a spherically homogeneous rooted tree T as follows.
Let Vp = X be a singleton, and for n > 1 fix an identification V,, = H;L:O X;, where X; is a finite set with
m; elements. Denote by pr,, : H?jol X; — H?:o X, the projection, and join v,,4+1 € V41 and v, € V,, by an
edge if and only if pr,,(vn4+1) = v,. Thus every vertex in V;, is connected by edges to precisely m,, 1 vertices
in V41, and every vertex in V,,4; is connected by an edge to precisely one vertex in V.

A path in 7 is an infinite sequence of vertices (vy,)n>0 = (vg, v1, V2, -+ ) such that v, and v,41 are connected
by an edge, for n > 0. We always assume that v, €V, forn> 0, so our paths do not backtrack and have no
self-intersections. Denote by X the set of all such sequences. Using the identifications V,, & H?:o X;, one
can show that X = [I;5¢ Xi, and so it is a Cantor set in the product (Tychonoff) topology. For a vertex

veT,let T, C X be the set of infinite paths that pass through v. Then the family {7,,v € T} is a basis
of clopen subsets of X. The Cantor space X is called the boundary of the tree 7. Using a slightly different
formalism, the boundary of 7 can also be seen as the inverse (projective) limit space

X = {iin{prn Va1 = Vo [n >0} = {(vn)n>0 € H Vo | pry, (V1) = v}, (3.1)
n>0

which is sometimes useful in arguments, see |28| Section 1] for the basics about the inverse limits.

A root-preserving automorphism of 7 is a map a : 7 — 7T which maps vertices to vertices and edges to edges
in such a way that the root vy is fixed and infinite paths in 7 are mapped to infinite paths. The restriction
of such a map to each vertex level V,, is a permutation, and it follows that a induces a homeomorphism
Oa : X — X of the boundary. The group of all root-preserving automorphisms Aut(7) can be expressed as
the infinite wreath product of the symmetric groups, see Section for details.

3.2. Equicontinuous minimal actions on the boundary of a tree. Given a group chain {G,},>0 as
in Section [2] we can associate to it a spherically homogeneous tree and equip the tree with an action by
root-preserving automorphisms as follows.

Let Xy be a singleton, and for n > 1, let X,, be a set of cardinality |G, —1/Gy|. Then V,, = H?:o X; has
the same cardinality as G/G,, for n > 0. For n > 0, fix bijections A, : V;;, = G/G,, in such a way that they
respect the identifications V,, = []}_, X;, that is, for any w,v € V;,41 we have pr,(v) = pr,, (w) if and only
if the cosets A,41(v) and Apy1(w) in G/Gp 41 are in the same coset of G/G,,. Then the inverse limit map

Ao =1lim A, : X — X is a homeomorphism of Cantor sets, where X is the inverse limit space (2.1). Since
—

G acts on each G/G,, by permuting cosets, the pullback of this action to V,, permutes the vertices in V, in

such a way that for each g € G the vertices v, w € V,, 41 are connected to the same vertex z € V,, if and only

if g-v and g - w are connected to the same vertex in V,,, for n > 0. It follows that the induced action of G

on 7T is by root-preserving automorphisms.

This construction together with Section [2| shows that every minimal equicontinuous action (¥X,G,®) on a
Cantor set X admits a representation as an action by root-preserving automorphisms on the boundary X of
an appropriately chosen spherically homogeneous tree 7.

4. WILD ACTIONS FROM PRODUCT GROUPS

Our strategy in this section is to define an action of a profinite group first, and then to find a countable dense
subgroup which generates the profinite group. This subgroup with discrete topology is the acting countable
group. The profinite group in this section is a product of finite groups.

4.1. Product groups. For i > 1, let X; be a finite set with |X;| > 2. Let F; C Sym(|X;|) be a finite group,
then the induced action of F; on X; is effective. The infinite product G = Hi21 F; is a profinite group, its

elements are sequences (g;)i>1 = (g1, g2, ...). The product space X = [I;> Xi with Tychonoff topology is
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a Cantor set, where elements are sequences T = (2;);>1 = (£1,%2,...). The actions of distinct factors in
[I,>1 Fi on factors of [],.,; X; commute, and we define the action of g € G on the space of sequences X by

/g\' /.’17\ = (917927 .. ) . (371,.’132, .. ) = (91 . 33]_792 s L2y . . ) (41)
Then the restriction of the action of G to the finite product H?zl X is the action of the finite group H?zl E;.
Recall that an action of a group G on a set Y is transitive if for any y1,y2 € Y there is ¢ € G such that

g-y1 = yo. It is straightforward that if G; and G2 are groups acting transitively by homeomorphisms on
the sets Y7 and Y5 respectively, then the product action of G; x G2 on Y7 X Y5 is transitive.

We will use the following result from [24]. As in the Introduction, we denote by Alt(n) the alternating group
on n symbols. For o € Alt(n), we denote by ¢(o) the order of o.

Theorem 4.1. Let ¢1,05 > 3 be odd integers, and let n € N satisfy 1,02 < n and n < {1 + €s. Then there
are cyclic permutations 01,02 € Alt(n) such that £(o1) = 1 and £(o2) = L2, and 01 and oy generate Alt(n),
that is, Alt(n) = (o1, 02).

4.2. Dynamically wild action of finite type. In this section we prove Theorem by constructing a
finitely generated dense subgroup H of the infinite product [], <, Alt(dy), with d,, > 5 and d,, —=pn— 00 00,
and an action of H on a Cantor set X which is wild of finite type and algebraically stable with trivial
centralizer direct limit group.

Choose an injective map p: {1,2} x N — N taking values on odd primes, and let o: N — N be a map
satisfying

p(1,n),p(2,n) <o(n) and o(n) <p(l,n)+p(2,n) (4.2)
for all n € N. For example, one can take o(n) = p(1,n) + p(2,n) — 1, for n > 1.

Let X,, be a finite set of cardinality o(n), and let A,, := Alt(o(n)) be the alternating group on o(n) symbols.
Then A,, acts transitively on X,, by even permutations.

By Theorem there exist two sequences {01, }n>1,{02,nn>1, 7 € N, of permutations of X,, such that
(O1n,02m) = A, and £(o;,) =p(i,n), for i=1,2.

For i = 1,2, define 05 = (04,1,042,...) € [[,,51 An be two elements of the infinite product group, and let
H = (01, 09) denote the subgroup of the product group that they generate. Then H acts on the Cantor set

X= Hn21Xn by (4.1).

Let Xy be a singleton. We identify each finite product H?Zl X, with the vertex set V,, = H?ZO X, of a
spherically homogeneous tree 7 with spherical index m = (0(1),0(2),...), see Section [3| for details about
trees. Under this identification, the product space X = H¢21 X is identified with the boundary Hizo X; of

T. We denote the boundary also by X. Let Ay = {eop} be the trivial group, then the action of Hizo A; on the

boundary [],-, X; is conjugate to the action of [[,~; A; on X = [[,>; Xi, and there is an induced action on
T of a subgroup isomorphic to H, which we denote also by H. This subgroup is generated by the elements
(e0,041,0i2,...) for i = 1,2. Again, we use the same notation o; for (c;1,0;2,...) and (eg, 041,042, ...)
acting on [[,~, X; and [],., X; respectively, for i =1,2.

The group of all permutations of V,, is isomorphic to the symmetric group Sym(|V,,|). For each heH ,
denote by o3 the permutation of V,, induced by the action of h. Let

HM = {07 € Sym(|V,|) | h € H}.
For n > 1, consider the restricted action (V,,, H ["}) of H on the finite set V,,.

Lemma 4.2. Forn € N, we have H" = Ay x Ay x -+ x A, 2 Ay x -+ X A,,.

Proof. By construction, H" C Ay x Ay x --- x A,, so we have to show the converse implication.
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Since 01,; and o9 ; generate A; for 1 < ¢ < n, and the actions of A; on the corresponding factors of H?:o X;
commute, every element (eg, g1,...,gn) € Ao X A1 X -+ X A, can be expressed as a composition of elements
of the form (eg,e1,...,0a.k,---,€n), Wwhere a € {1,2},1 < k < n and e; is the identity permutation in
Sym(|X;|), 1 < i < n. We now show that any such element is contained in H™)| then the statement of the
lemma follows.

Since all primes p(i, j) are distinct, we can apply the Chinese Remainder Theorem in the following way: for
a given (a, k), a € {1,2} and 1 < k < n, choose s(a, k) € N such that

s(a, k) =1 mod p(a,k)
and for i £k, 1 <i <mn,
s(a, k) =0 mod p(a,i).
Then, computing the s(a, k)-th power of o, we obtain
Uz(a’k) = (60,61, o 7Ua,k>7 ceEnyGn4i, - - ')7

which shows that (eg, €1, ..., 0ak,---;en) € HM. 0

Lemma 4.3. The action ()/(\',H) on the boundary X of the tree T is minimal.

Proof It is enough to prove that H™ acts transitively on each finite vertex set V;, = [T, X;. By Lemma
we have HI") = Ay x A; x --- x A,,. Since A; acts transitively on each X;, the product Ay x Ay x---x A,
acts transmlvely on V,. O

Lemma 4.4. The group H is dense in ano A

Proof. Consider the inclusion ¢ : H — [[;54A;, and the projection maps ¢, : [[;504i — [T, Ai. By
Lemma the compositions ¢, o ¢ are surjective, then by [28, Lemma 1.1.7] H is dense in Hizo A;. |

We will need the following technical lemma for the isotropy group of a point = € X, for the action of A,,.

Lemma 4.5. Let n > 1, let x € X,,, and let g € A,, be such that g # e, and g(x) = x. Then there is some
T € A, such that T(z) = x and g7 # T9.

Proof. Since g is not the identity transformation, let y € X,, be such that y # g(y). The group A, is the
alternating group on o(n) > p(1,n),p(2,n) symbols, where p(1,n) and p(2,n) are distinct odd primes, so
o(n) > 5 and X,, contains at least 5 elements. Let u € X,, \ {z,y,9(v),9 (y)}. The cycle 7 = (y g~ (y) u)
is an even permutation of X,,, which fixes x. Since go7(y) = y and 7og(y) = g(y), the lemma is proved. O

Choose a point T € X in the boundary of the tree 7, and consider the action ()? JH).

Proposition 4.6. Let 7 € X, and let K,, and Z,, be the subgroups of the closure [1;5¢ Ai defined by (1.1
and (L.2) respectively, for n > 0. Then for every n > 0 the group K, is finite with |K,| —n—0o 00. For
every n > 0 the group Z,, is trivial.

Proof. Let T = (2)n>0, where x,, € X,,. Denote by D,, = {h € A,, | h -z, = x,} the isotropy subgroup of
the action of A4,, on X,,. Note that Dy = {eo} is trivial, since Ag is trivial.

The closure of the action of H is [[,~, Ai. Let Dz be the isotropy group of the action of H at Z. Since the
actions of the factors in [[,~, A; on the factors of X commute, we have Dy = [I;>o Di- We now compute
the group chains representing Y2 and YZ.

Define a decreasing sequence of clopen neighborhoods of Z by
U, = {w = (wo, w1, wa,...) € X |wi=a; for 0<i< n}. (4.3)
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Suppose § = (g;)i>0 € Dsz, then (g;)"- € [] o Di. Because of the product structure of Dz, if for some
m > n we have g, # e, then g acts non-trivially on a clopen subset of U, and so g ¢ K,,. It follows that

Kn = H .D1 X H{el}
0<i<n i>n
is isomorphic to a finite product of finite groups, and so K, is finite for each n > 1. Since | X;| = 0(i) > 5

for ¢ > 1, and A; contains all 3-cycles, for i > 1 every D, contains non-trivial elements, which fix z; and act
non-trivially on the complement of z; in X;. It follows that |K,,| — co as n — oc.

Let us show that the centralizer group Z,, is trivial. Note that the subgroup of elements in E(G) which
preserve U, is given by U, = [[y<;<, Di X [];, Ai. Suppose that there is a non-trivial h € K, then

7’\L = (Bo,hl, .. -7hn76n+1a .. ) € H D; x H{ez} s
0<i<n i>n
where h; is not the identity for at least one index ¢, 1 <7 < n. Choose one such ¢, then Py Lemmawe can
find 7; € D; such that 7; hy # h; 7. Then 7 := (eg,€1,...,€i-1,Ti, €i11,--.) € K, C U, satisfies Th # hT.
This implies that the adjoint action Ad(ﬁ) is non-trivial on ﬁn, and A is not in Zy. Since this holds for any
he K, it follows that Z,, is a trivial group. O

Proof of Theorem[1.5. The action ()? , H) defined above is equicontinuous since it is an action on the bound-
ary of a rooted spherically homogeneous tree, and it is minimal by Lemma

By Proposition we have that for n > 0 the group K, is finite, and |K,,| — oo as n — co. Therefore, the
stabilizer group chain Y? is unbounded and the action (X, H) is wild of finite type. On the other hand, Z,
is trivial for all n > 0, so (X, H) is algebraically stable and dynamically wild. O

We close this section by proving that, for any choice of functions p(1,n), p(2,n), o(n), the resulting action
of H on X is not conjugate to an action on the boundary of a tree with constant spherical index.

For this proof we will need the following notions.

Let S = {s1,..., 8, } be a finite set, and let T be a group acting on S by permutations. Let B = {By,..., B}
be a partition of S; that is, § = U;il B; and B; N Bj = 0 for i # j. We say that the action of T
preserves the partition B if every element of I' permutes the sets in 5. More precisely, for every v € T’
and every ¢ = 1,...,m, there is some j such that v- B; = B;. We say that the action of I on S is
primitive if it is transitive on the elements of S and the only partitions it preserves are the trivial partitions
{S} and {{s1},...,{sn}}. The following is a well-known result which can be found, for instance, in [29,
Theorems 9.6, 9.7].

Lemma 4.7. Forn > 2, the action of the alternating group Alt(n) on {1,...,n} is primitive.

The following statement follows from the definition of a primitive action.

Lemma 4.8. Let S and Q be finite sets with an action of a group H. Let f : S — Q be an equivariant map,
i.e., for any 7 € H and any s € S we have 7- f(s) = f(7-5s). If f is surjective and the action of H on S is
primitive, then either |Q| = |S| or Q is a singleton.

We now show that if an action of the group H on the boundary X' of a tree T is conjugate to the action
(X, H) in Theorem then the spherical index m’ = (m/,m},...) of 7’ cannot be constant.

To establish notation, let X|) be a singleton set and, for n > 1, let X! be a sequence of sets with cardinality
|X]| = m},. Then the set of vertices of 7 at level n is V) = []"_, X/, and the set of infinite paths X~
[I;>o X;. For the action ()A(7 H) defined in Theorem E suppose there is a homeomorphism ¢ : X - )/(:’,
such that for every h € H the composition ¢o ho ¢! is an automorphism of the tree 7”. Then there is an

induced injective map ¢, : H — Homeo(X"), and so H acts on X’ by homeomorphisms.
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In the proof, we use the property that every homeomorphism ¢ : X — X’ of the boundaries of trees is
induced by a tree map. This is a consequence of the fact that X (resp. X/ ) is a product of finite sets
X; (resp. X/), i > 0, and so it can be represented as the inverse limit of finite sets V,, = []_, X, (resp.
V=1l X}), n>0, as in in Section [3| We explain the argument in more detail next.

For n > 0, denote by p,, : X — V, and . X' - V.! the projections. Then p/, o ¢ : X - V. is a map from
X to a finite space V/, and by |28, Lemma 1.1.16] for each n > 0 there is i, > 0 and a map ¢, : Vi, — V.
such that p/, o ¢ = ¢, o p,. Since ¢ is equivariant with respect to the actions of H on X and X' , every
¢n, n > 0, is equivariant with respect to the actions of H on V; and V.. It is then standard to show that
o= l(in{¢n : Vi, — V.'}, that is, ¢ is induced by a tree map.

We now prove that the sequence m’ = (mf, m,...) cannot be constant or even bounded.

Proposition 4.9. We have limsupm/, = oo.
n—oo

Proof. We have E(H) =[], An, 50 [[,,~0 An also acts on T’ by rooted tree automorphisms. As before,
en denotes the identity permutation in A,. For n > 1, let

Y, ={eo} x--- x{ep_1} x A, x {eps1} x--- C E(H),

this subgroup is clearly isomorphic to A,. For any Z € X , the orbit Y,, - T has the same cardinality as X,
and, moreover, the action of Y,, on Y,, - Z is conjugate to the action of A, on X,,. Thus the action of Y,, on
the orbit Y, - Z is primitive, and V,, is the union of a finite number of orbits of Y, of the same cardinality
| X,|. Since Y, acts trivially on X for k > n + 1, then for each k > n the vertex set Vj is the union of a
finite number of orbits of Y,,, each of cardinality | X,,|.

For each k > 0 let ¢y : V;, — V) be the mapping defined before the proposition, and consider the partition
of V// into orbits of Y,,. Since the action of A, on X, is primitive, by Lemma each Y,-orbit in V} is
either a singleton, or a set of cardinality |X,,|. Let £ > 0 be the largest index such that the partition of V,
into orbits of Y;, is a partition into singletons. Then the projection pr, : V., — V; has fibers of cardinality
at least | X,|. Since nl;ngo | X | = oo, the statement of the proposition follows. O

Remark 4.10. A Cantor set X with an ultrametric D admits a bi-Lipschitz embedding into a Euclidean
space if and only if its Assouad dimension is finite [7, Sec. 3.2]. For the boundary X of a spherically
homogeneous tree 7 with ultrametric D defined for instance by , it is easy to show that if ()A( , D) has
finite Assouad dimension, then 7 must have bounded spherical index m = (mq,ma,...); that is, there must
exist M > 1 such that for all £ > 1 we have my < M. Proposition M shows that for every ultrametric D
on the Cantor set X in Theorem which is invariant under the action of H, ()/(: , D) has infinite Assouad
dimension.

Remark 4.11. The argument in Proposition is valid for any choice of functions p and o satisfying
in Theorem We remark that it is possible to choose o(n) so that it takes values on distinct primes. By
the celebrated result by Zhang [32] there is a constant C' > 0 so that there are infinitely many consecutive
primes p < p’ satisfying p’ < p + C. Then we define p(1,n), p(2,n) and o(n) by induction as follows:
let p(1,1) be the first prime greater than C, and let p(2,1) and o(1) be consecutive primes such that
o(1) < p(2,1)+ C < p(2,1) +p(1,1). For n > 1, let p(1,n) be a prime greater than p(1,n — 1), p(2,n — 1)
and o(n — 1), and let p(2,n) and o(n) be consecutive primes such that o(n) < p(2,n)+C < p(2,n) +p(1,n).

If o(n) is a prime for n > 1, then the discussion above Problem shows that the action in Theorem
is not conjugate to an action by root-preserving automorphisms of a tree with constant spherical index.
5. WILD ACTIONS OF WREATH PRODUCT GROUPS

In this section we prove Theorems [I.6] and
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5.1. Wreath product groups. We recall the definition of the wreath product, see [6] for details.

Let G and H be finite groups acting by permutations on finite sets X and Y respectively. Denote by
f: X — H a function which assigns a permutation of Y to each z € X, and let HX| = {f : X — H} be
the set of all such functions. Note that G acts on HX! by shifting the argument, that is,

G x HX — HIXI: (5, f) — f°,
where
fPla)=f(s7" ).
Then the wreath product G x HX! is a group with group product
(51, f1) 0 (52, f2) = (8182,f1f281)7
acting on X x Y by

(s:f) - (@,y) = (s 2, f(s-x)-y). (5.1)
That is, the action (5.1)) permutes the copies of Y in the product X x Y, while permuting elements within
each copy of Y independently by permutations defined by the function f.

For convenience of the reader we also spell out the action of the product of two elements on (z,y) € X x Y,
as we will use this formula often in our proofs. Namely, we have

(s1,f1) 0 (82, f2) - (w,9) = (5182, [1£5") - (2, y) = (s182 - @, fi(s182 - ) fa(s2 - ¥) - y),

where s152 and f1(s182-x) fo(s2-x) are compositions of permutations of X and Y respectively. In our notation,
we reserve o for the composition of two elements in the semi-direct product G x HX!, concatenation for the
composition of permutations in the groups G and H, and - for the actions of the groups G and H on the
sets X and Y respectively.

Now let T be a spherically homogeneous tree with spherical index m = (my,ma,...), that is, its set of
vertices is V = |_|n>0 V.., where Vy = X is a singleton, V,, = H?:o X;, and for ¢ > 1 the set X; is a set with
m; elements. Then boundary of T is the set X = [L;>¢ Xi- Forn > 1, let T(n) be a finite subtree of 7 with

the vertex set |_|?:0 Vi. Then every root-preserving automorphism a € Aut(7) restricts to a root-preserving
automorphism of 7 (n).

Recall that we denote by Sym(m;) the symmetric group on m; symbols. Then Aut(7 (1)) = Sym(mq).
For 7(2) the automorphism group Aut(7(2)) is smaller than Sym(myms), since every automorphism must
preserve connected paths in 7(2) consisting of two edges and so

Aut(T(2)) = Sym(mi) x Sym(ma)"*l = Sym(m1) x Sym(my) !

is defined by (5.1)). Continuing by induction, one obtains that Aut(7(n)) is isomorphic to the finite wreath
product

Aut(7(n)) = Aut(7T(n — 1)) x Sym(my)V»=11 = Sym(my) x Sym(my)V2l x - .- x Sym(m,) V-1, (5.2)

and in the limit Aut(7) is isomorphic to the infinite wreath product of the symmetric groups Sym(m;),
which we denote Sym(m)>.

For ¢ > 1, let A; C Sym(m;) be a subgroup which acts transitively on the set X;. Then similarly to the
above construction one can define the infinite wreath product group

A% = Ay x AV A2 e Sym(m) >,
which also acts on the boundary X of T.

Remark 5.1. Taking the inverse limit of the projections on the first factor in (5.2)), we can write Aut(7)
as the inverse limit of finite groups

Aut(T) = lim{pr,_; : Aut(T(n)) = Aut(T(n — 1))},
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indexed by natural numbers. Then by [30, Proposition 4.1.3] Aut(T) is topologically countably generated,
that is, it contains a countably generated dense subgroup G. With the discrete topology, G is a countably
generated infinite discrete group.

5.2. Actions of wreath products are algebraically stable. We now prove Theorem [I.6] Namely, we
show that, for a minimal action of a countably generated group G, if the Ellis group E(G) is isomorphic to
the wreath product of finite groups, then the action of G (and of @) is dynamically wild and algebraically
stable with trivial direct limit centralizer group.

Let T be a spherically homogeneous tree with spherical index m = (mq,ma,...), and let G= Ay X AIQVI‘ X -
be the infinite wreath product of the finite groups, acting on the boundary X of T, defined in Section
By assumption for i > 1 the action of A; on X, is transitive, then for each n > 1 the finite wreath
product H, = A; X AIQVI‘ X oo X Alnv"‘ll acts transitively on V,,. By an argument similar to the one
in [30, Proposition 4.1.3], G contains a countably generated dense subgroup G. For any g € G, the restriction
9|V, is an element of H,,, and since G is dense in é, for any h € H,, there is g € G such that g|V,, = h. Thus
G acts transitively on every V,, n > 0, and it follows that the action of G on X is minimal.

By [26, Theorem 1.10] the infinite wreath product G contains non-Hausdorff elements, and so by |21, Theorem
1.7] the action (X, Q) is dynamically wild not of finite type. We now show that the centralizer direct limit
group of the action (X, @) is trivial by an explicit computation.

Choose an infinite path T = (xg,x1,x2,...) € )?, where z,, € V,, for n > 0. For n > 0, define a decreasing
sequence of clopen neighborhoods of Z by

Un:{ﬁ?:(wmwhw??"')€X|wn:xn}’ (53)

that is, U, consists of all paths containing the vertex x,. In particular, Uy = X. The action of geqG
preserves U, if and only if g fixes x,,. For n > 0 denote by

G,={9€G|g -xn=21un} (5.4)

the isotropy group of the action of G at U,,. Then the restricted action of G to U, is that of G,,. Denote by
D; the discriminant group of the action, defined in Section 2.2} and for n > 0 let K,, and Z,, be the stabilizer
and the centralizer subgroups defined by and for E(G)z = Dz respectively. Since by assumption
the action of G is effective, Ko and Z, are trivial.

For i > n, we say that w; € V; is a descendant of x,, € V,,, if w; is connected to z,, by a finite path of edges
without self-intersections joining the vertices in | |, _, Vi in 7. For n > 0, let 7;, be an infinite subtree of T
with the vertex set V(Ty,) = ||;5,, V)", where V" are defined as follows for i > n (see Figure |1)):

(1) The set V;* = {x,} is a singleton,
(2) Fori>n,

V" ={w; € V; | w; is a descendant of x,, and w; is not a descendant of z,,11}.
Then the set V' = V(T) of vertices of T is the disjoint union | |,~, V(7). For n > 0 denote by
X, ={(w) € X | w; = a; for 0 < i <n, and w; € V" for all ¢ > n}

the set of paths contained in the tree 7T, on levels V;, i > n, and note that )A(n = Up\Up+1. The tree T, has
T, as a root, while paths in X,, start at g € Vj, so although X, is isomorphic to the boundary of the tree
T, X, and the boundary of 7, are not the same object.

Lemma 5.2. (1) The set X, is invariant under the action of Dz, for n > 0.
(2) Let n >0 and let g € K,,. Then g|X; =id fori > n.

Proof. Since the action of every g € Dz fixes x,, and z,4+1 for n > 0, we have that the action of g preserves

both U,, and U,,11. Therefore, the action of g preserves X,, and we proved item (1). Then item (2) follows

from the definition of K,, and the fact that for i > n we have X; C U,. O
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o

FIGURE 1. Subtrees T, for n =0,1,2,3, of a tree 7 with constant spherical index (2,2,...)

Thus by Lemma for every n > 0 the restriction of the action of g € Dz to T, defines a homomorphism
Dz = Aut(T,) : g — g|Tn.
Denote by S,, the image of this homomorphism in Aut(7;). Then by a direct computation one obtains that
~ Vil Vel
Sn 2 (Ang1)en X Aplst X AT X (5.5)

where (Api1)z,., = {7 € Apy1 | 7- Tng1 = Tpy1 ). That is, the restriction of S, to Vi, 41 N7, consists of
permutations in A,,; which fix z,, 1. For i > n 4 1 the values of the functions f : V; — A;y; at different
v € V; are independent, which by an argument similar to the one in Section yields (5.5)).

Lemma 5.3. (1) Forn>1 we have K, =[]~ S;.
(2) For any n > 1 we have |K,| = oc.
(3) Dz = HiZO Si.

Proof. Let X, = U}, )/(\'Z Since the trees 7; for 0 < i < n are disjoint and invariant under the action of Dz,
the product H?:o S; acts on X,,. For i > 0 the values of the functions f : V; — A; 41 in the wreath product
at different v € V; are independent, and they take all values in A;;1, therefore for n > 0 the map

D; = [[ 5 @ITo.91T.....3IT:) (5.6)
=0

is surjective. Note that if the actions of h.ge D differ on some V; for 0 < i < n, then their images under
(5.6) are distinct. By item (2) in Lemma for each g € K,, we have g|X; = id for i > n, so it follows that
the restriction of the map (5.6) to K, is injective and (1) holds.

The group Kj is trivial since the action of G on X is effective. By (5.5) the groups S,, are infinite, then (1)
implies that K, are infinite for all n > 1, and (2) is proved. Statement (3) is straightforward. O
Statement (2) of Lemma shows that the action of a dense subgroup of a wreath product group is wild
not of finite type, providing an alternative proof of Theorem 7.6(1)] for wreath products.

Now we can show that the centralizer groups Z,, are trivial for n > 0.

Lemma 5.4. Z, is trivial for any n > 0.

Proof. First note that since Zy C Ky and K is trivial, then Z; is trivial.
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Recall that for any 7 > 1 we have H; = A; X A‘QV1| X

restriction to V41

- X Alivi’l‘, and for any h € G we can write for its

E|Vi+1 = (h1,h2) € H; ALYHl = Hipq,
where hy € H; and hy : V; — A,;41 is a function.
In particular, for g € Z,, we have g|V;41 = (g1,92) for i > 1. Let h € G then we have h\VZH = (h1, ho).
Suppose i > n and hi-x; = x;. Then hq - Tn = Tn, and so h € Um where U is such that U /D = U, for
U,, defined in 7 and such that G,, = G N Un. Note that for any = G, if ' |V; = hq, then W e Un since

hy fixes z;. In other words, for any function hf : V; — A,11, any extension of (hy,h}) from Vi1 to T is in
U,.

We are going to show that g; is the trivial permutation of V; by carefully choosing various ho and using
the fact that g and h commute. In the arguments below, g1, g2 and hy are fixed. For a fixed hy, we choose
different functions hs : V; — A; 1. Our goal is to show that for some choice of v € V; and some choice of hqy
depending on v we have g; -v = v. Since ¢; is fixed, and g; - v = v holds for some choice of ho, this statement
must hold for any choice of hy. Since the argument is for arbitrary v € V;, this will show that ¢g; - v = v for
any v € V;, which is what we want to prove. We assume that ¢ > n and h; - x; = x;, which means that the
element (hi,hs) is the restriction of an element of (71 C ﬁn By assumption (g1,92) € Z,, so the elements
(h1,h2) and (g1, 9g2) of the group H; » A‘l‘;‘ll commute by the definition of Z,,.

So first take ho = € : V; — A; 41 be the trivial function, that is, for any v € V; we have €(v) = e; 41, where
€;11 is the identity in A;11. Since g € Z,, and i > n, § commutes with ﬁ, and we have

(91,92) o (h1,€) = gh|Vig1 = hg|Vigr = (h1,€) o (g1, g2)-

Applying to this formula the definition of the wreath product, we obtain that for any (v, k) € V; x X;11
(h1,€) 0 (g1,92) - (v, k) = (h1g1 - v, 92(g1 - v) - k),
(91,92) © (h1,€) - (v, k) = (g1h1 - v, g2(g1hy - v) - k),
and so we have g1h; = h1g; and for each v € V;
g2(g1h1 - v) = g2(g1 - v). (5.7)
Now assume that ho is arbitrary. By definition of Z,, we have that § commutes with E, SO
(91,92) © (h1, h2) = §B|Vi+1 = ﬁ§|Vi+1 = (h1,h2) o (91, g2)
Using the definition of the wreath product, we can write for (v, k) € V; x X;41
(91, 92) © (h1, h2) - (v, k) = (g1h1 - v, ga(g1h1 - v)h2(hy - v) - k), (5.8)

where g2(g1h1 - v) and ha(hy - v) are permutations in A;;1, and the concatenation denotes their product.
Similarly,

(h1,h2) o (g1,92) - (v, k) = (hagr - v, ha(h1gr - v)g2(g1 - v) - k). (5.9)
Using we obtain from
g2(g1h1 - v)ha(hy - v) = ga(g1 - v)ha(h1 - v),
and combining that with we must have for each v € V;
92(91 - v)ha(hy - v) = ha(higr - v)g2(g1 - V).
Therefore, for each v € V; we have
ha(higr - v) = ga(g1 - v)ha(h1 - v)ga(gr -v) ™. (5.10)

We will show that for a fixed v € V; we have g; - v = v. Since v € V; is arbitrary and g; is fixed, this will
prove that g; is the trivial permutation of V;.
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Fix v € V;. Let b # e;41 € A1 and define hy : V; — A1 by ha(hy -v) = b, and hg(hy - u) = e;41 for all
u # v € V;. This is possible even under the assumption that hy - x; = x;. If h1gy - v # hy - v, then by (5.10)

92(g91 - v) bgalgr - v) ™" = galgr - v)ha(hy - v)g2(g1 - v) "t = ha(hig1 - v) = €i1

which implies that b = e;41, and which contradicts the choice of b. Therefore, we must have hyig; -v = hy - v.
Since h; is bijective, this implies that g; - v = v. Repeating this argument for any v € V; we obtain that g;
must be the trivial permutation of V.

Note that if g1 is the identity permutation of V;, then the restriction g|Vj, = g1|Vj is the identity permutation
forall 0 < k < i. If g € Z, is non-trivial, then for some ¢ > n we must have that g|V; = ¢1 is non-trivial,
which contradicts the argument in the lemma. It follows that Z,, is the trivial group. O

This completes the proof of Theorem [1.6

6. DYNAMICALLY AND ALGEBRAICALLY WILD ACTIONS

In this section we prove Theorem [I.9] by constructing a family of actions which are dynamically and alge-
braically wild. Let H and G be countable groups acting minimally by root-preserving automorphisms on the
trees Ty and Tg, with respective boundaries X = [[,~o X, and Y = [],,~ Yn. Denote by H C Aut(Tx)

and G C Aut(7¢) the corresponding Ellis groups. Fix a sequence T = (z,,)n>0 € X and, for n > 0, let
Un={@:(wn)n20 | w; = z; for 0 < i < n}

be a clopen neighborhood of Z in X. Denote by KX and ZI the corresponding stabilizer and centralizer
subgroups of the discriminant group Dz = Hz.

Similarly, fix a sequence (yn)nen € Y, and for n > 0 let
Vo ={Z= (#n)n>0 | z =y for 0 <i <n}

be a clopen neighborhood of ¥ in Y. Denote by K& and Z¢ the corresponding stabilizer and centralizer
subgroups of the discriminant group Gz.

Next, consider the product space XxY = ano X, xY,, and the product action of the group H x G on
this space defined by

(HxG)x (X xY) = (X xY): ((h9),(@,32) — (h-©,7 7).

Denote by E(H x G) the closure of the action in Homeo(X x Y), then E(H x G) = H x G. Denote by
K, and Z,, the sequence of stabilizer and centralizer subgroups for the product action with respect to the
sequence of clopen neighborhoods U,, x V,,, for n > 0.

Now suppose that the action of H on X is wild of flat type, that is, the sequence {Kf}nzo is unbounded
and KX = ZH for all n > 0. Such actions are described, for instance, in Example item 2. Suppose
that the action of G on Y is dynamically wild with trivial centralizer group; more precisely, the sequence
{K%},>0 is unbounded and Z¢ is trivial for all n > 0. Such actions are described in Theorems and
It is straightforward that for the product action of H x G on X x Y we have for n >0

K,=K!x K¢  Z,=2z"x25=27"x{e}, (6.1)

where e is the identity in G. Since the action of H on X is wild of flat type, the group chains {KH},>0
and {ZH},>0 are both unbounded. It follows that the group chains {K,,},>0 and {Z,},>0 are unbounded
as well, and so the product action is wild and algebraically wild. If, in addition, (X, H, ®) is algebraically
wild of finite type, then Z, = ZH is a finite group for n > 0, and the product action is algebraically wild of
algebraic finite type.

Since K¢ is non-trivial for any n > 0, from (6.1]) it follows that the inclusion of direct limit groups Y* C Y%
is proper, and the action of H X G on X x Y is dynamically wild.
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