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JESÚS ÁLVAREZ LÓPEZ, RAMON BARRAL LIJO, OLGA LUKINA, AND HIRAKU NOZAWA

Abstract. The discriminant group of a minimal equicontinuous action of a group G on a Cantor set X is the

subgroup of the closure of the action in the group of homeomorphisms of X, consisting of homeomorphisms
which fix a given point. The stabilizer and the centralizer groups associated to the action are obtained

as direct limits of sequences of subgroups of the discriminant group with certain properties. Minimal

equicontinuous group actions on Cantor sets admit a classification by the properties of the stabilizer and
centralizer direct limit groups.

In this paper, we construct new families of examples of minimal equicontinuous actions on Cantor sets,

which illustrate certain aspects of this classification. These examples are constructed as actions on rooted
trees. The acting groups are countable subgroups of the product or of the wreath product of groups. We

discuss applications of our results to the study of attractors of dynamical systems and of minimal sets of

foliations.

1. Introduction

Let X be a Cantor set, that is, a compact totally disconnected perfect metric space with metric D, and let
G be a finitely generated group. Let Φ : G → Homeo(X) be an action of G on X. We also denote such an
action by (X,G,Φ), and use the shortcut g · x := Φ(g)(x). We assume that the action (X,G,Φ) is minimal,
that is, for every x ∈ X the orbit G · x = {g · x | g ∈ G} is dense in X, and that (X,G,Φ) is equicontinuous,
that is, for every ε > 0 there is δ > 0 such that for every g ∈ G and every x, y ∈ X with D(x, y) < δ we have
D(g · x, g · y) < ε.

Examples of equicontinuous actions on Cantor sets are abundant in mathematics. For instance, actions of
self-similar groups on the boundaries of regular rooted trees are equicontinuous [5, 18, 27]. Also, arboreal
representations of absolute Galois groups of number fields give rise to such actions [25], see [22] for a
further discussion of arboreal representations. In continuum dynamics, equicontinuous actions on Cantor
sets arise as actions of the fundamental group of a closed manifold on the fibre of a weak solenoid over this
manifold [17,23]. A weak solenoid is the inverse limit of an infinite sequence of finite-to-one covering spaces
of a closed manifold M . A weak solenoid is a fibre bundle over M with a Cantor set fibre, so it is a flat
bundle [14] and an example of a foliated space with totally disconnected transversals.

In foliation theory, foliated spaces which are transversely Cantor sets, also called laminations, arise as minimal
sets of smooth foliated manifolds. Very little is known about minimal sets of foliations of codimension and
leaf dimension 2 and higher. It was shown in [15] that a lamination with equicontinuous transverse dynamics
is homeomorphic to a weak solenoid, and so the holonomy pseudogroup of such a lamination is induced by a
group action. Embeddings of certain weak solenoids over tori as minimal sets of foliations were constructed
in [16], and some sufficient conditions for a lamination to admit an embedding as a minimal set were studied
in [19]. Even when a lamination has equicontinuous dynamics, it is in general not known when it admits
an embedding as a minimal set of a foliation, except for the toral case discussed above. One of the reasons

Version date: November 24, 2020.

JAL is partially supported by Project MTM2017-89686-P (AEI/FEDER, UE); RBL is partially supported by a Canon
Foundation in Europe Research Fellowship; OL is supported by the FWF Project P31950-N35; HN is partially supported by

JSPS KAKENHI Grant number 17K14195 and 20K03620.

MSC 2020: Primary 37B05, 37E25, 20E08, 20E15, 20E18, 20E22, 22F05, 22F50. Secondary: 20F22, 57R30, 57R50.
Keywords: group actions, Cantor sets, equicontinuous actions, group actions on rooted trees, wreath products, profinite

groups, stabilizer direct limit group, centralizer direct limit group, the alternating group, the cyclic group.

1

ar
X

iv
:2

01
0.

00
49

8v
2 

 [
m

at
h.

D
S]

  2
6 

N
ov

 2
02

0



for that may be that Cantor sets, being totally disconnected, are extremely flexible, and the actions of non-
abelian groups on Cantor sets exhibit a wide variety of phenomena, which are still not fully understood. To
answer the embedding question, one must better understand the behavior of the actions considered, and this
is one of the motivations of our study of the classification of equicontinuous group actions on Cantor sets.
Some, but most likely not all of the phenomena exhibited by minimal equicontinuous actions on Cantor sets
can also be observed for equicontinuous minimal actions on connected topological spaces [1–3].

Algebraic invariants which classify equicontinuous minimal Cantor actions were introduced in the works of
the third author joint with Dyer and Hurder [11,20,21]. We describe this classification in more detail below.
A natural question is then whether all possibilities given by the classification are realised in actual examples.
Papers [11, 20, 21] provide constructions of several classes of actions illustrating some of the aspects of this
classification, but the examples constructed do not capture the more subtle aspects of the classification
scheme. In this paper, we give the constructions of new classes of equicontinuous minimal Cantor actions,
using techniques from theory of group actions on rooted trees, to show that all possibilities occurring in the
classification in [11,20,21] are realised.

While our methods for constructing actions are standard, it is the careful choices made in the constructions
that are critical for the resulting dynamical properties of the actions. These choices sometimes reveal
unexpected connections, for instance, with number-theoretical problems. For example in Remark 4.11 we
observe that the solution of the bounded gaps conjecture by Zhang can be applied to obtain many new
classes of actions on rooted trees with exotic dynamical properties. In Example 1.8 we observe that action
of wreath products of cyclic groups, which are among the family of actions studied in Theorem 1.6, arise
in number theory and arithmetic dynamics as arboreal representations of absolute Galois groups of number
fields into the automorphism groups of rooted trees.

We now give a brief sketch of the classification by algebraic invariants in order to state our main results.

Let (X,G,Φ) be a minimal equicontinuous action of a countably generated group G on a Cantor set X.
Throughout the paper we assume that the action of G on X is effective, that is, g · x = x for all x ∈ X
implies g = id. Then the closure E(G) := Φ(G) ⊂ Homeo(X) in the uniform topology is a profinite
group identified with the Ellis group of the action (X,G,Φ) [4, 12, 13]. Elements of E(G) can be thought
of as sequences ĝ = (gi), gi ∈ G for i ≥ 0, and the image Φ(G) is a dense subgroup of E(G). If the
action (X,G,Φ) is effective, then Φ(G) is identified with G. In any case, the action Φ induces an action

Φ̂ : E(G)→ Homeo(X), which is transitive since (X,G,Φ) is assumed to be minimal.

Let x be a point in X, and denote by

E(G)x = {ĝ ∈ E(G) | ĝ · x = x}

the isotropy group of the action of E(G) at x ∈ X. Then X = E(G)/E(G)x is a homogeneous space for the
action of E(G).

Since E(G) is a profinite group, its identity element admits a fundamental system {V̂`}`≥0, V̂0 = E(G), of

open neighborhoods, such that each V̂` is a normal subgroup of E(G) of finite index [28, Theorem 2.1.3].

Then for each ` ≥ 0 the subgroup V̂` is a clopen normal subgroup of E(G), and the product Û` = E(G)x V̂`
is a clopen subgroup of E(G). Recall that a clopen subset V ⊂ X is a closed and open subset. The quotient

space U` = Û`/E(G)x is a clopen neighborhood of x in X. The isotropy group E(G)x is a normal subgroup
of E(G) if and only if it is trivial [10], so if E(G)x is non-trivial, then U` is not a group. We define an
increasing chain of subgroups of E(G)x by

K(Φ) = {K`}`≥0, K` =
{
ĥ ∈ E(G)x | ĥ ĝ E(G)x = ĝ E(G)x, for all ĝ ∈ Û`

}
, (1.1)

that is, K` consists of all elements in E(G)x which act as the identity on the clopen set U`. Next, define the
adjoint action of the isotropy group E(G)x on E(G) by

Ad(ĥ)(ĝ) = ĥ ĝ ĥ−1, for ĥ ∈ E(G)x and ĝ ∈ E(G).
2



We have E(G)x =
⋂
`≥0 Û` [21]. Since E(G)x ⊂ Û`, the adjoint action of E(G)x preserves the clopen

subgroups Û` for ` ≥ 0. Thus we can define an increasing chain of subgroups by

Z(Φ) = {Z`}`≥0, Z` =
{
ĥ ∈ E(G)x | Ad(ĥ)(ĝ) = ĝ, for all ĝ ∈ Û`

}
. (1.2)

We have that Z` ⊂ K` for ` ≥ 0.

For ` ≥ 0, denote by ι`+1
` : K` → K`+1 the inclusions maps, and note that the maps ι`+1

` restrict to inclusions

ι`+1
` : Z` → Z`+1. Thus we obtain two directed systems of groups, G(K`, ι

`+1
` ,N) and G(Z`, ι

`+1
` ,N), over

the totally ordered set of natural numbers. For k > `, denote by ιk` = ιkk−1 ◦ · · · ◦ ι
`+1
` the composition of the

inclusions maps. Form the direct limit groups for these systems as usual, that is,

Υx
s (Φ) = lim

−→
G(K`, ι

`+1
` ,N) =

⋃
`∈N

K`

/(
ĥ` ∼ ĥ`′

)
, (1.3)

where ĥ` ∼ ĥ`′ if and only if there is k > `, `′ such that ιk` (ĥ`) = ιk`′(ĥ`′), and similarly

Υx
c (Φ) = lim

−→
G(Z`, ι

`+1
` ,N) =

⋃
`∈N

Z`

/(
ĥ` ∼ ĥ`′

)
. (1.4)

The groups (1.3) and (1.4) are called the stabilizer and the centralizer (direct limit) groups respectively [21].
Note that we have the canonical inclusion

υx : Υx
c (Φ) −→ Υx

s (Φ). (1.5)

It was proved in [21] that although the groups K` appearing in (1.3) and Z` appearing in (1.4) depend on

the choice of a system of neighborhoods of the identity {V̂`}`≥0 and on the choice of a point x ∈ X, the
isomorphism classes of the direct limits do not depend on these choices. More precisely, we have:

Theorem 1.1 ( [21, Theorem 4.15]). Let (X,G,Φ) be a minimal equicontinuous action of a finitely generated
group G on a Cantor set X. Then the direct limit isomorphism classes Υs(Φ) and Υc(Φ) of the groups Υx

s (Φ)
and Υx

c (Φ) are invariants of the conjugacy class of the action (X,G,Φ).

Now we can introduce a classification of minimal equicontinuous group Cantor actions as in [21]. We say that

the directed system of groups G(K`, ι
`+1
` ,N) (resp. G(Z`, ι

`+1
` ,N)) is bounded if it has a maximal element, that

is, there exists n ≥ 0 such that for any ` ≥ n the inclusion map ι`+1
` : K` → K`+1 (resp. ι`+1

` : Z` → Z`+1)
is an isomorphism. An isomorphism class Υs(Φ) (resp. Υc(Φ)) of direct limit groups is bounded if Υx

s (Φ)
(resp. Υx

c (Φ)) is represented by a bounded group chain.

Definition 1.2. Let (X,G,Φ) be a minimal equicontinuous action, and let (X,E(G), Φ̂) be the action of

its Ellis group. The action (X,G,Φ) or (X,E(G), Φ̂) is said to be:

(1) stable if the stabilizer group Υs(Φ) is bounded, and wild otherwise,
(2) algebraically stable if the centralizer group Υc(Φ) is bounded, and algebraically wild otherwise,
(3) wild of finite type if Υs(Φ) is unbounded and represented by a chain of finite subgroups,
(4) algebraically wild of algebraic finite type if Υc(Φ) is unbounded and represented by a chain of finite

subgroups,
(5) wild of flat type if Υs(Φ) is unbounded and Υc(Φ) = Υs(Φ), namely, the canonical inclusion

Υx
c (Φ) −→ Υx

s (Φ) in (1.5) is an isomorphism for some, and so any x ∈ X.
(6) dynamically wild if Υs(Φ) is unbounded and not of flat type.

All properties listed in Definition 1.2 are invariants of the conjugacy class of a given action (X,G,Φ) [21].

We require one more concept before stating the classification of actions, which is the definition of a non-
Hausdorff element in the group G or E(G). The notion of a non-Hausdorff element comes from the study
of germinal groupoids associated to an action (X,G,Φ). In particular, such a groupoid has non-Hausdorff
topology if and only if it contains a non-Hausdorff element [31]. No further knowledge of groupoids is required
for the rest of the article.
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Definition 1.3. Let (X,G,Φ) be an equicontinuous minimal action, and let E(G) be the Ellis group of the
action. An element ĝ ∈ E(G) is non-Hausdorff if the following conditions are satisfied at the same time:

(1) There is x ∈ X such that ĝ · x = x.
(2) There is a decreasing sequence of open neighborhoods {U`}`≥0 ⊂ X,

⋂
U` = {x}, such that for any

` ≥ 0 the restriction ĝ|U` is not the identity map.
(3) For any ` ≥ 0 there is a non-empty open subset V` ⊂ U` such that the restriction ĝ|V` is the identity

map.

Since G is identified with a dense subgroup Φ(G) of E(G), if ĝ ∈ Φ(G) is non-Hausdorff, then we say that
any g ∈ G such that ĝ = Φ(g) is a non-Hausdorff element in G.

We now list a selection of results from [20,21] illustrating the classification in Definition 1.2.

Example 1.4. (1) Stable actions [11, Theorems 1.10 and 1.12]: Given any finite or any separable
profinite group H there exists a torsion-free finite index subgroup Γ ⊂ SL(n,Z), for n ≥ 3, and an
action Φ : Γ→ Homeo(X) on a Cantor set X, such that the stabilizer group chain K(Φ) = {K`}`≥0
of the action is bounded with K` = H for ` ≥ 0.

(2) Wild actions of finite and flat type [20, Theorem 1.10]: There exists a torsion-free finite index
subgroup Γ ⊂ SL(n,Z), for n ≥ 3, and an uncountable collection of pairwise non-conjugate actions
Φν : Γ→ Homeo(X) of Γ on a Cantor set X, such that every action (X,Γ,Φν) is wild of finite and
flat type, that is, for any such action (X,Γ,Φν) the associated group chain K(Φν) = {K`}`≥0 is
unbounded, and for ` ≥ 0 the subgroup K` is finite with K` = Z`.

(3) Dynamically wild actions not of finite type [21, Theorem 1.7]: Let (X,G,Φ) be a minimal equicon-
tinuous action, and suppose E(G) contains a non-Hausdorff element. Then the action (X,G,Φ)
is dynamically wild not of finite type, that is, the associated group chain K(Φ) = {K`}`≥0 is un-
bounded, for ` ≥ 0 the subgroup K` is infinite, and Z` is a proper subgroup of K`.

(4) Dynamically wild actions not of finite type from iterated monodromy groups, [26, Theorem 1.10]
and [21, Theorem 1.7]: In (X,G,Φ), suppose X is the boundary of a binary tree, and G is the
iterated monodromy group associated to the quadratic post-critically finite polynomial f(x) with
strictly pre-periodic critical orbit of cardinality at least 3. Then G contains non-Hausdorff elements,
and the action (X,G,Φ) is dynamically wild not of finite type.

In the examples of dynamically wild actions in Example 1.4, there are no details about the centralizer group
of the action, in particular, it is not known if these actions are algebraically stable or algebraically wild. Our
goal in this work is to construct further examples that illustrate the classification in Definition 1.2, paying
particular attention to the properties of the centralizer group. We now state our main theorems.

We say that a countable group H is k-generated, if it can be generated by k elements. We denote by Alt(k)
the alternating group on k symbols.

Theorem 1.5. There exists a 2-generated countable dense subgroup H of the infinite product
∏
i≥1 Alt(mi),

with mi ≥ 7 and mi →i→∞ ∞, and an action (X,H,Φ) of this group on a Cantor set X, which is wild of
finite type and algebraically stable with trivial centralizer group Υx

c (Φ), x ∈ X.

A wild action which is algebraically stable is necessarily dynamically wild, since in this case the group chain
{Z`}`≥0 has a maximal element, while the group chain {K`}`≥0 is unbounded. We remark that the action
in Theorem 1.5 is dynamically wild. Comparing this result with item (2) in Example 1.4, we observe that
a wild action of finite type may be of flat type, and so algebraically wild, as in item (2) of Example 1.4, as
well as dynamically wild and algebraically stable, as in Theorem 1.5.

Many minimal equicontinuous group actions arise as actions on the boundary X̂ of a spherically homogeneous
rooted tree T with spherical index m = (m1,m2, . . .). The set of vertices V (T ) of such a tree is divided into
levels Vi, i ≥ 0, where V0 = {∗} is a singleton, and for i ≥ 1 the entry mi of the spherical index is equal

to the number of vertices in Vi connected by edges to the same vertex in Vi−1. The boundary X̂ is the set
of infinite connected paths of edges in the tree T with metric topology, see Section 3 for details. With this
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topology, X̂ is a Cantor set. The group Aut(T ) of automorphisms of T consists of maps which preserve the
structure of the tree T , that is, they fix the root {∗} and map infinite connected paths to infinite connected

paths. Thus every element in Aut(T ) induces a homeomorphism of X̂. It is well-known that for a spherically
homogeneous tree T with spherical index m the automorphism group Aut(T ) is isomorphic to the infinite
wreath product of the symmetric groups Sym(mi) on mi symbols, for i ≥ 1, see Section 5.1 for details. For
i ≥ 1 let Ai ⊂ Sym(mi) be a subgroup, and denote by A∞ the wreath product of Ai, i ≥ 1, defined as in
Section 5.1. By Remark 5.1, A∞ contains a countably generated dense subgroup, which we denote by G.

Theorem 1.6. Let T be a spherically homogeneous tree with spherical index m = (m1,m2, . . .). Let G be a

countably generated group acting minimally on the boundary X̂ of T , and suppose that the Ellis group E(G)
of the action is isomorphic to the wreath product A∞ of finite subgroups Ai ⊂ Sym(mi), such that Ai acts

transitively on the set of mi symbols, for i ≥ 1. Then the action (X̂,G,Φ) of G on X̂ is dynamically wild

and algebraically stable with trivial centralizer group Υx
c (Φ), for x ∈ X̂.

To rephrase the statement of Theorem 1.6, we show that if a countable group G, acting effectively on the
boundary of a spherically homogeneous tree, is a dense subgroup of the wreath product of finite groups, then
the action is always algebraically stable with trivial centralizer group.

Example 1.7. In Theorem 1.6, one can specify the conditions on the groups Ai under which G is finitely
generated. Let Ai = Alt(mi) for i ≥ 5, where m = (m1,m2, . . .) is the spherical index. If mi ≥ 5 for
i ≥ 1, then each Alt(mi) is simple, which implies that it is equal to its commutator subgroup. Then by [8]
the infinite wreath product of the groups Alt(mi), i ≥ 1, defined as in Section 5.1, is topologically finitely
generated. Since Alt(mi) ⊂ Sym(mi), and Alt(mi) acts transitively on the set of mi elements, a dense

subgroup G of the wreath product acts minimally on the boundary X̂ of the tree T . By [26, Theorem 1.10]
any infinite wreath product of finite groups contains non-Hausdorff elements, which implies that the action

of G on X̂ is dynamically wild not of finite type. Theorem 1.6 shows that this action is always algebraically
stable with trivial centralizer group.

Another interesting class of examples which belongs to the family of examples in Theorem 1.6 is the following.

Example 1.8. For d ≥ 2, denote by C(d) the cyclic group of order d, and by C(d)∞ the infinite wreath
product of such cyclic groups. Since C(d)∞ is a profinite group, it is topologically countably generated.

Let G denote a countable dense subgroup of C(d)∞, and note that G acts minimally on the boundary X̂
of a spherically homogeneous tree T with constant spherical index m = (d, d, . . .). We note that actions of
the wreath product C(d)∞ naturally arise in number theory and arithmetic dynamics. For instance, it was
shown in [9, Theorem 1.1] that if ϕd is a specific choice of a unicritical polynomial of prime degree d, and K
is a number field containing the d-th primitive root of unity, then the image of the arboreal representation
of the absolute Galois group of K into the group of automorphisms of a tree T with constant spherical
index m = (d, d, . . .), defined by ϕd, is a finite index subgroup of C(d)∞. If d = 3, 5 or 7, then the image
of the representation defined by ϕd equals C(d)∞. For a family of specific quadratic polynomials ψp, whose
coefficients are determined by an odd prime p, [9, Theorem 1.2] shows that the corresponding arboreal
representation of the absolute Galois group of K is equal to C(2)∞ for p < 5000, and also for other values
of p which satisfy certain congruences.

Finally we construct a family of actions which are dynamically and algebraically wild with non-trivial cen-
tralizer direct limit group.

Theorem 1.9. Let X and Y be Cantor sets, and let H and G be countable groups. Suppose (X,H,Φ) is a
minimal equicontinuous action which is wild of flat type, and suppose (Y,G,Ψ) is a minimal equicontinuous
action which is dynamically wild and algebraically stable with trivial centralizer group. Then the product
action (X×Y,H×G,Φ×Ψ) is dynamically wild and algebraically wild. That is, the stabilizer and centralizer

subgroups Υ
(x,y)
s (Φ × Ψ) and Υ

(x,y)
c (Φ × Ψ) are both unbounded, and Υ

(x,y)
s (Φ × Ψ) 6= Υ

(x,y)
c (Φ × Ψ), for

(x, y) ∈ X × Y . In addition, if (X,H,Φ) is wild of finite type, then (X × Y,H × G,Φ × Ψ) is dynamically
wild and algebraically wild of algebraic finite type.
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For example, in Theorem 1.9, we can take (X,H,Φ) given by item (2) of Example 1.4, and (Y,G,Ψ) given
by Theorem 1.6.

We finish by discussing open problems.

As explained in detail in Section 3, every equicontinuous minimal Cantor action can be represented as
an action on the boundary of a spherically homogeneous tree T with spherical index m = (m1,m2, . . .).
Examples in Theorems 1.5 and 1.6 are constructed as such actions. As a rule, a representation of an action
on the boundary of a tree is not unique; in particular, the spherical index of the tree may be different
for different representations of the same action. For instance, if an action admits a representation on the
boundary of a tree with constant spherical index m = (d, d, . . .), then it admits a representation on the
boundary of a tree with strictly increasing spherical index m′ = (d, d2, d3, . . .). However, if the entries of
the spherical index m are distinct primes, then an action does not admit a representation on the boundary
of a tree with constant spherical index. For example, the wild actions of flat and finite type in item (2) of
Example 1.4 have this property, that is, they have representations onto the boundary of a tree where the
spherical index is an increasing sequence of distinct primes, and so they do not admit a representation on the
boundary of a tree with constant spherical index. We show in Proposition 4.9 that the family of examples
in Theorem 1.5 also do not admit representations on the boundary of a tree with constant spherical index.
On the other hand, the examples in Theorems 1.6 include actions of wreath product groups on trees with
constant spherical index.

Actions which admit representations on the boundary of a tree with constant spherical index are probably
most interesting from the point of view of applications, as they may arise as dynamical objects, associated
to iterations of the same map (attractors in dynamical systems, arboreal representations of Galois groups
associated to a polynomial, etc.). Therefore, the following problem is of interest.

Problem 1.10. In the classification of Definition 1.2, determine what classes of actions do not admit
representations on the boundary of a tree with constant spherical index.

For instance, so far we do not have examples of wild actions of flat type or of finite type which admit
representations onto the boundary of a tree with constant spherical index, but we expect that such examples
exist.

A related question is whether it is possible to realize a given Cantor group action as a holonomy action on
a transverse section of a minimal set of a foliation of a smooth manifold. In particular, we can ask this
question for the families of examples constructed in Theorems 1.5, 1.6 and 1.9. A necessary condition for
this question having a positive answer is that the Cantor set with the metric, compatible with the action,
admits a bi-Lipschitz embedding into Rn [19]. In our examples metrics on Cantor sets are determined by
tree structures, and it is explained in Remark 4.10 that if the boundary of a spherically homogeneous tree
with metric defined in Section 2 admits a bi-Lipschitz embedding into Rn, then the tree must have bounded
spherical index. For the family of examples in Theorem 1.5, by Proposition 4.9 any representation of the
action onto the boundary of a spherically homogeneous tree has unbounded spherical index. Thus no action
in Theorem 1.5 can be realized as a holonomy action on a transverse section of a foliation of a smooth
manifold.

In Example 1.8, a dense subgroup G of the wreath product C(d)∞ acts on the boundary of a spherically
homogeneous tree with constant spherical index m = (d, d, . . .), but the acting group G is infinitely generated.
Therefore, the family in Example 1.8 cannot be realized as holonomy actions on a transverse section of a
foliation of a compact smooth manifold, since such actions must be compactly generated.

Among actions described in Theorem 1.6 there are actions of finitely generated groups, for instance, a dense
subgroup G of the infinite wreath product of alternating groups in Example 1.7. In this example, we can also
choose the spherical index of the tree to be constant. The action of a dense subgroup of an infinite wreath
product group is always wild, so by the observation before [20, Corollary 1.12] it cannot be realized as a
holonomy action on a transverse section of a real-analytic foliation of a compact manifold. The analogous
question for smooth foliations of compact manifolds is open.
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Problem 1.11. Let T be a spherically homogeneous tree with constant spherical index m = (d, d, . . .), for

d ≥ 2, and let a finitely generated group G ⊂ Aut(T ) act on the boundary X̂ of T minimally. Suppose the
closure E(G) of the action is isomorphic to the infinite wreath product A∞, where A ⊂ Sym(d) is a finite

permutation group. Determine if the action of G on X̂ is conjugate to a holonomy action on a subset of a
transverse section of a Cr foliation of a manifold, for r = 1, 2, . . . ,∞.

Acknowledgements. The first and the third authors thank for hospitality the Ritsumeikan University, where
a part of this work was done. We are grateful to the anonymous referee for careful reading and helpful
suggestions, which improved the clarity of the paper.

2. Group chains

Below we describe a basic class of examples of equicontinuous group actions on Cantor sets. We give a
brief overview of the construction without proofs. Proofs and further details can be found, for instance,
in [21, Section 3]. In this section we denote by X any Cantor set, equipped with an equicontinuous action
of a countable group G, and we reserve the notation X for the Cantor set obtained by the inverse limit
construction in (2.1).

2.1. Actions from group chains. Let G be a countably generated group. For n ≥ 1, let Gn denote a
finite index subgroup of G, such that these subgroups form a decreasing chain G : G = G0 ⊃ G1 ⊃ G2 ⊃ . . .
We assume that for any n ≥ 0 the group Gn+1 is a proper subgroup of Gn, that is, |Gn : Gn+1| ≥ 2.

For n ≥ 0 the coset space G/Gn is a finite set. If, in addition, Gn is a normal subgroup of G, then G/Gn is
a finite group. We are interested predominantly in the case when G is not a chain of normal subgroups.

For each n ≥ 0, there are surjective maps of coset spaces νn+1
n : G/Gn+1 → G/Gn, given by the coset

inclusion gGn+1 → gGn. By the standard argument the inverse limit space

X = lim
←−
{νn+1
n : G/Gn+1 → G/Gn | n ≥ 0} (2.1)

=

(g0G0, g1G1, . . .) ∈
∏
n≥0

G/Gn | νn+1
n (gn+1Gn+1) = gnGn


is a Cantor set with respect to the product (Tychonoff) topology. The group G acts by left translations on
each coset space G/Gn, and so there is an induced group action

G×X → X : (h, (gnGn)n≥0) 7→ (hgnGn)n≥0, (2.2)

where (gnGn)n≥0 = (g0G0, g1G1, . . .) denotes a sequence which is an element of X. Since the action of G on
every coset space G/Gn, n ≥ 0, is transitive, the action of G on X is minimal. The space X can be given
an ultrametric D, for example, by

D((gnGn)n≥0, (hnGn)n≥0) =
1

2m
, where m = min{n ≥ 0 | gnGn 6= hnGn}, (2.3)

that is, this metric measures for how long two sequences of cosets (gnGn)n≥0 and (hnGn)n≥0 coincide. Since
G acts on each coset space G/Gn by permutations, it acts on X by isometries relative to the metric D. It
follows that the action of G is equicontinuous. We denote this action by (X,G), omitting the notation for
the homomorphism G→ Homeo(X), as it is determined by the construction.

Basic sets of the product topology on X are given by

Ug,m = {(gnGn)n≥0 ∈ X | gmGm = gGm}, (2.4)

where m ≥ 0 and g ∈ G. The isotropy subgroup of the action of G at a basic set Ug,m is given by

Iso(Ug,m) = {h ∈ G | h · (gnGn)n≥0 ∈ Ug,m for all (gnGn)n≥0 ∈ Ug,m}. (2.5)

Then Iso(Ue,m) = Gm, where e is the identity in G, and Iso(Ug,m) = gGmg
−1 for any g ∈ G.
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If (X, G,Φ) is any minimal equicontinuous action of a countably generated group G on a Cantor set X, then
one can associate to the action a group chain as above. The procedure is folklore, and it is described in
detail for instance in [10, Appendix]. The idea of the construction is as follows: given an open neighborhood
V ⊂ X of x, there exists a clopen subset x ∈ U ⊂ V such that the set of return times of the action of G
to U is equal to the subgroup GU . This subgroup is precisely the isotropy group of the action at U defined
similarly to the one in formula (2.5). It follows that there exists a decreasing chain U0 = X ⊃ U1 ⊃ U2 ⊃ . . .
of clopen neighborhoods of x in X, with

⋂
n≥0 Un = {x}, such that Gn := GUn = Iso(Un) is the isotropy

subgroup of the action of G at Un. For each Un, n ≥ 0, the translates {g · Un}g∈G form a finite partition of
X, and it follows that the index of Gn in G is finite. Thus we obtain a decreasing sequence of finite index
subgroups G0 = G ⊃ G1 ⊃ . . ., associated to the action, and a dynamical system (X,G) defined by the
formulas (2.1) and (2.2). The last step of the construction is to build a homeomorphism φ : X → X such
that the actions of G on X and X commute and such that φ(x) = (eGn)n≥0 ∈ X, where eGn denotes the
coset of the identity e in G/Gn, see [10, Appendix] for details.

2.2. Groups E(G) and E(G)x from group chains. Given an action (X, G,Φ) one can use the associated
group chain {Gn}n≥0 to compute the Ellis group E(G) and the isotropy group E(G)x of the action of E(G)
at x ∈ X as follows.

For each n ≥ 0, if h ∈ g Gn, then g Gn g
−1 = hGn h

−1, which implies that the number of conjugacy classes
of Gn in G is less or equal to the index of Gn in G. Therefore, Gn has a finite number of distinct conjugates
in G. Each conjugate of Gn has the same index in G as Gn. Then the intersection of a finite number of
finite index subgroups

Cn =
⋂
g∈G

gGng
−1

is a finite index normal subgroup in G. It is immediate that Cn is the largest subgroup of Gn which is normal
in G.

Since Cn is a normal subgroup of G, the coset space Qn = G/Cn is a finite group. Let πn+1
n : Qn+1 → Qn

be the homomorphism of finite groups induced by the inclusion Cn+1 ⊂ Cn. Then the inverse limit space

Ĝ∞ = lim←−{πn+1 : Qn+1 → Qn | n ≥ 0}

=

(g0C0, g1C1, . . .) ∈
∏
n≥0

G/Cn | πn+1
n (gn+1Cn+1) = gnCn


is a profinite group. Also, consider the inverse limit group

Dx = lim←−{π
n+1
n : Gn+1/Cn+1 → Gn/Cn | n ≥ 0} ⊂ Ĝ∞

called the discriminant group of the action. The following result was proved in [10].

Theorem 2.1 ( [10, Theorem 4.4]). Let (X, G,Φ) be an equicontinuous minimal Cantor action, let x ∈ X,
and let G ≡ {Gn}n≥0 be an associated group chain at x. Then there is an isomorphism of topological groups

ψ : E(G)→ Ĝ∞ such that the restriction ψ : E(G)x → Dx is an isomorphism.

We construct the actions in Theorems 1.5, 1.6 and 1.9 using the method of group chains, described above.

3. Trees

In this section we show that every equicontinuous minimal action can be represented as an action on the
boundary of a rooted spherically homogeneous tree T .
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3.1. Spherically homogeneous trees. A spherical index is a sequence m = (m1,m2, . . .) of natural num-
bers, where mi ≥ 2 for i ≥ 1. A spherical index m defines a spherically homogeneous rooted tree T as follows.
Let V0 = X0 be a singleton, and for n ≥ 1 fix an identification Vn ∼=

∏n
i=0Xi, where Xi is a finite set with

mi elements. Denote by prn :
∏n+1
i=0 Xi →

∏n
i=0Xi the projection, and join vn+1 ∈ Vn+1 and vn ∈ Vn by an

edge if and only if prn(vn+1) = vn. Thus every vertex in Vn is connected by edges to precisely mn+1 vertices
in Vn+1, and every vertex in Vn+1 is connected by an edge to precisely one vertex in Vn.

A path in T is an infinite sequence of vertices (vn)n≥0 = (v0, v1, v2, · · · ) such that vn and vn+1 are connected
by an edge, for n ≥ 0. We always assume that vn ∈ Vn for n ≥ 0, so our paths do not backtrack and have no

self-intersections. Denote by X̂ the set of all such sequences. Using the identifications Vn ∼=
∏n
i=0Xi, one

can show that X̂ ∼=
∏
i≥0Xi, and so it is a Cantor set in the product (Tychonoff) topology. For a vertex

v ∈ T , let Tv ⊂ X̂ be the set of infinite paths that pass through v. Then the family {Tv, v ∈ T } is a basis

of clopen subsets of X̂. The Cantor space X̂ is called the boundary of the tree T . Using a slightly different
formalism, the boundary of T can also be seen as the inverse (projective) limit space

X̂ ∼= lim
←−
{prn : Vn+1 → Vn | n ≥ 0} = {(vn)n≥0 ∈

∏
n≥0

Vn | prn(vn+1) = vn}, (3.1)

which is sometimes useful in arguments, see [28, Section 1] for the basics about the inverse limits.

A root-preserving automorphism of T is a map a : T → T which maps vertices to vertices and edges to edges
in such a way that the root v0 is fixed and infinite paths in T are mapped to infinite paths. The restriction
of such a map to each vertex level Vn is a permutation, and it follows that a induces a homeomorphism

φa : X̂ → X̂ of the boundary. The group of all root-preserving automorphisms Aut(T ) can be expressed as
the infinite wreath product of the symmetric groups, see Section 5.1 for details.

3.2. Equicontinuous minimal actions on the boundary of a tree. Given a group chain {Gn}n≥0 as
in Section 2, we can associate to it a spherically homogeneous tree and equip the tree with an action by
root-preserving automorphisms as follows.

Let X0 be a singleton, and for n ≥ 1, let Xn be a set of cardinality |Gn−1/Gn|. Then Vn =
∏n
i=0Xi has

the same cardinality as G/Gn, for n ≥ 0. For n ≥ 0, fix bijections λn : Vn → G/Gn in such a way that they
respect the identifications Vn =

∏n
i=0Xi, that is, for any w, v ∈ Vn+1 we have prn(v) = prn(w) if and only

if the cosets λn+1(v) and λn+1(w) in G/Gn+1 are in the same coset of G/Gn. Then the inverse limit map

λ∞ = lim
←−

λn : X̂ → X is a homeomorphism of Cantor sets, where X is the inverse limit space (2.1). Since

G acts on each G/Gn by permuting cosets, the pullback of this action to Vn permutes the vertices in Vn in
such a way that for each g ∈ G the vertices v, w ∈ Vn+1 are connected to the same vertex z ∈ Vn if and only
if g · v and g · w are connected to the same vertex in Vn, for n ≥ 0. It follows that the induced action of G
on T is by root-preserving automorphisms.

This construction together with Section 2 shows that every minimal equicontinuous action (X, G,Φ) on a

Cantor set X admits a representation as an action by root-preserving automorphisms on the boundary X̂ of
an appropriately chosen spherically homogeneous tree T .

4. Wild actions from product groups

Our strategy in this section is to define an action of a profinite group first, and then to find a countable dense
subgroup which generates the profinite group. This subgroup with discrete topology is the acting countable
group. The profinite group in this section is a product of finite groups.

4.1. Product groups. For i ≥ 1, let Xi be a finite set with |Xi| ≥ 2. Let Fi ⊂ Sym(|Xi|) be a finite group,

then the induced action of Fi on Xi is effective. The infinite product Ĝ =
∏
i≥1 Fi is a profinite group, its

elements are sequences (gi)i≥1 = (g1, g2, . . .). The product space X̂ =
∏
i≥1Xi with Tychonoff topology is
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a Cantor set, where elements are sequences x̂ = (xi)i≥1 = (x1, x2, . . .). The actions of distinct factors in∏
i≥1 Fi on factors of

∏
i≥1Xi commute, and we define the action of ĝ ∈ Ĝ on the space of sequences X̂ by

ĝ · x̂ = (g1, g2, . . .) · (x1, x2, . . .) = (g1 · x1, g2 · x2, . . .). (4.1)

Then the restriction of the action of Ĝ to the finite product
∏n
i=1Xi is the action of the finite group

∏n
i=1 Fi.

Recall that an action of a group G on a set Y is transitive if for any y1, y2 ∈ Y there is g ∈ G such that
g · y1 = y2. It is straightforward that if G1 and G2 are groups acting transitively by homeomorphisms on
the sets Y1 and Y2 respectively, then the product action of G1 ×G2 on Y1 × Y2 is transitive.

We will use the following result from [24]. As in the Introduction, we denote by Alt(n) the alternating group
on n symbols. For σ ∈ Alt(n), we denote by `(σ) the order of σ.

Theorem 4.1. Let `1, `2 ≥ 3 be odd integers, and let n ∈ N satisfy `1, `2 ≤ n and n < `1 + `2. Then there
are cyclic permutations σ1, σ2 ∈ Alt(n) such that `(σ1) = `1 and `(σ2) = `2, and σ1 and σ2 generate Alt(n),
that is, Alt(n) = 〈σ1, σ2〉.

4.2. Dynamically wild action of finite type. In this section we prove Theorem 1.5 by constructing a
finitely generated dense subgroup H of the infinite product

∏
n≥1 Alt(dn), with dn ≥ 5 and dn →n→∞ ∞,

and an action of H on a Cantor set X which is wild of finite type and algebraically stable with trivial
centralizer direct limit group.

Choose an injective map p : {1, 2} × N → N taking values on odd primes, and let o : N → N be a map
satisfying

p(1, n), p(2, n) ≤ o(n) and o(n) < p(1, n) + p(2, n) (4.2)

for all n ∈ N. For example, one can take o(n) = p(1, n) + p(2, n)− 1, for n ≥ 1.

Let Xn be a finite set of cardinality o(n), and let An := Alt(o(n)) be the alternating group on o(n) symbols.
Then An acts transitively on Xn by even permutations.

By Theorem 4.1, there exist two sequences {σ1,n}n≥1, {σ2,n}n≥1, n ∈ N, of permutations of Xn such that

〈σ1,n, σ2,n〉 = An and `(σi,n) = p(i, n), for i = 1, 2.

For i = 1, 2, define σi = (σi,1, σi,2, . . .) ∈
∏
n≥1An be two elements of the infinite product group, and let

H = 〈σ1, σ2〉 denote the subgroup of the product group that they generate. Then H acts on the Cantor set

X̂ =
∏
n≥1Xn by (4.1).

Let X0 be a singleton. We identify each finite product
∏n
i=1Xi with the vertex set Vn =

∏n
i≥0Xi of a

spherically homogeneous tree T with spherical index m = (o(1), o(2), . . .), see Section 3 for details about

trees. Under this identification, the product space X̂ =
∏
i≥1Xi is identified with the boundary

∏
i≥0Xi of

T . We denote the boundary also by X̂. Let A0 = {e0} be the trivial group, then the action of
∏
i≥0Ai on the

boundary
∏
i≥0Xi is conjugate to the action of

∏
i≥1Ai on X̂ =

∏
i≥1Xi, and there is an induced action on

T of a subgroup isomorphic to H, which we denote also by H. This subgroup is generated by the elements
(e0, σi,1, σi,2, . . .) for i = 1, 2. Again, we use the same notation σi for (σi,1, σi,2, . . .) and (e0, σi,1, σi,2, . . .)
acting on

∏
i≥1Xi and

∏
i≥0Xi respectively, for i = 1, 2.

The group of all permutations of Vn is isomorphic to the symmetric group Sym(|Vn|). For each ĥ ∈ H,

denote by σĥ,n the permutation of Vn induced by the action of ĥ. Let

H [n] = {σĥ,n ∈ Sym(|Vn|) | ĥ ∈ H}.

For n ≥ 1, consider the restricted action (Vn, H
[n]) of H on the finite set Vn.

Lemma 4.2. For n ∈ N, we have H [n] = A0 ×A1 × · · · ×An ∼= A1 × · · · ×An.

Proof. By construction, H [n] ⊆ A0 ×A1 × · · · ×An, so we have to show the converse implication.
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Since σ1,i and σ2,i generate Ai for 1 ≤ i ≤ n, and the actions of Ai on the corresponding factors of
∏n
i=0Xi

commute, every element (e0, g1, . . . , gn) ∈ A0×A1× · · · ×An can be expressed as a composition of elements
of the form (e0, e1, . . . , σa,k, . . . , en), where a ∈ {1, 2}, 1 ≤ k ≤ n and ei is the identity permutation in

Sym(|Xi|), 1 ≤ i ≤ n. We now show that any such element is contained in H [n], then the statement of the
lemma follows.

Since all primes p(i, j) are distinct, we can apply the Chinese Remainder Theorem in the following way: for
a given (a, k), a ∈ {1, 2} and 1 ≤ k ≤ n, choose s(a, k) ∈ N such that

s(a, k) ≡ 1 mod p(a, k)

and for i 6= k, 1 ≤ i ≤ n,

s(a, k) ≡ 0 mod p(a, i).

Then, computing the s(a, k)-th power of σa we obtain

σs(a,k)a = (e0, e1, . . . , σa,k, . . . , en, gn+1, . . .),

which shows that (e0, e1, . . . , σa,k, . . . , en) ∈ H [n]. �

Lemma 4.3. The action (X̂,H) on the boundary X̂ of the tree T is minimal.

Proof. It is enough to prove that H [n] acts transitively on each finite vertex set Vn =
∏n
i=0Xi. By Lemma

4.2 we have H [n] = A0×A1×· · ·×An. Since Ai acts transitively on each Xi, the product A0×A1×· · ·×An
acts transitively on Vn. �

Lemma 4.4. The group H is dense in
∏
n≥0An.

Proof. Consider the inclusion ι : H →
∏
i≥0Ai, and the projection maps φn :

∏
i≥0Ai →

∏n
i=0Ai. By

Lemma 4.2 the compositions φn ◦ ι are surjective, then by [28, Lemma 1.1.7] H is dense in
∏
i≥0Ai. �

We will need the following technical lemma for the isotropy group of a point x ∈ Xn for the action of An.

Lemma 4.5. Let n ≥ 1, let x ∈ Xn, and let g ∈ An be such that g 6= en and g(x) = x. Then there is some
τ ∈ An such that τ(x) = x and gτ 6= τg.

Proof. Since g is not the identity transformation, let y ∈ Xn be such that y 6= g(y). The group An is the
alternating group on o(n) ≥ p(1, n), p(2, n) symbols, where p(1, n) and p(2, n) are distinct odd primes, so
o(n) ≥ 5 and Xn contains at least 5 elements. Let u ∈ Xn \ {x, y, g(y), g−1(y)}. The cycle τ = (y g−1(y)u)
is an even permutation of Xn, which fixes x. Since g ◦ τ(y) = y and τ ◦g(y) = g(y), the lemma is proved. �

Choose a point x̂ ∈ X̂ in the boundary of the tree T , and consider the action (X̂,H).

Proposition 4.6. Let x̂ ∈ X̂, and let Kn and Zn be the subgroups of the closure
∏
i≥0Ai defined by (1.1)

and (1.2) respectively, for n ≥ 0. Then for every n ≥ 0 the group Kn is finite with |Kn| →n→∞ ∞. For
every n ≥ 0 the group Zn is trivial.

Proof. Let x̂ = (xn)n≥0, where xn ∈ Xn. Denote by Dn = {h ∈ An | h · xn = xn} the isotropy subgroup of
the action of An on Xn. Note that D0 = {e0} is trivial, since A0 is trivial.

The closure of the action of H is
∏
i≥0Ai. Let Dx̂ be the isotropy group of the action of H at x̂. Since the

actions of the factors in
∏
i≥0Ai on the factors of X̂ commute, we have Dx̂ =

∏
i≥0Di. We now compute

the group chains representing Υx̂
s and Υx̂

c .

Define a decreasing sequence of clopen neighborhoods of x̂ by

Un = {ŵ = (w0, w1, w2, . . .) ∈ X̂ | wi = xi for 0 ≤ i ≤ n}. (4.3)
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Suppose ĝ = (gi)i≥0 ∈ Dx̂, then (gi)
n
i=0 ∈

∏n
i=0Di. Because of the product structure of Dx̂, if for some

m > n we have gm 6= em, then ĝ acts non-trivially on a clopen subset of Un, and so ĝ /∈ Kn. It follows that

Kn =
∏

0≤i≤n

Di ×
∏
i>n

{ei}

is isomorphic to a finite product of finite groups, and so Kn is finite for each n ≥ 1. Since |Xi| = o(i) ≥ 5
for i ≥ 1, and Ai contains all 3-cycles, for i ≥ 1 every Di contains non-trivial elements, which fix xi and act
non-trivially on the complement of xi in Xi. It follows that |Kn| → ∞ as n→∞.

Let us show that the centralizer group Zn is trivial. Note that the subgroup of elements in E(G) which

preserve Un is given by Ûn =
∏

0≤i≤nDi ×
∏
i>nAi. Suppose that there is a non-trivial ĥ ∈ Kn, then

ĥ = (e0, h1, . . . , hn, en+1, . . .) ∈
∏

0≤i≤n

Di ×
∏
i>n

{ei} ,

where hi is not the identity for at least one index i, 1 ≤ i ≤ n. Choose one such i, then by Lemma 4.5 we can

find τi ∈ Di such that τi hi 6= hi τi. Then τ̂ := (e0, e1, . . . , ei−1, τi, ei+1, . . .) ∈ Kn ⊂ Ûn satisfies τ̂ ĥ 6= ĥ τ̂ .

This implies that the adjoint action Ad(ĥ) is non-trivial on Ûn, and ĥ is not in Zn. Since this holds for any

ĥ ∈ Kn, it follows that Zn is a trivial group. �

Proof of Theorem 1.5. The action (X̂,H) defined above is equicontinuous since it is an action on the bound-
ary of a rooted spherically homogeneous tree, and it is minimal by Lemma 4.3.

By Proposition 4.6 we have that for n ≥ 0 the group Kn is finite, and |Kn| → ∞ as n→∞. Therefore, the

stabilizer group chain Υx̂
s is unbounded and the action (X̂,H) is wild of finite type. On the other hand, Zn

is trivial for all n ≥ 0, so (X̂,H) is algebraically stable and dynamically wild. �

We close this section by proving that, for any choice of functions p(1, n), p(2, n), o(n), the resulting action

of H on X̂ is not conjugate to an action on the boundary of a tree with constant spherical index.

For this proof we will need the following notions.

Let S = {s1, . . . , sn} be a finite set, and let Γ be a group acting on S by permutations. Let B = {B1, . . . , Bm}
be a partition of S; that is, S =

⋃m
i=1Bi and Bi ∩ Bj = ∅ for i 6= j. We say that the action of Γ

preserves the partition B if every element of Γ permutes the sets in B. More precisely, for every γ ∈ Γ
and every i = 1, . . . ,m, there is some j such that γ · Bi = Bj . We say that the action of Γ on S is
primitive if it is transitive on the elements of S and the only partitions it preserves are the trivial partitions
{S} and {{s1}, . . . , {sn}}. The following is a well-known result which can be found, for instance, in [29,
Theorems 9.6, 9.7].

Lemma 4.7. For n > 2, the action of the alternating group Alt(n) on {1, . . . , n} is primitive.

The following statement follows from the definition of a primitive action.

Lemma 4.8. Let S and Q be finite sets with an action of a group H. Let f : S → Q be an equivariant map,
i.e., for any τ ∈ H and any s ∈ S we have τ · f(s) = f(τ · s). If f is surjective and the action of H on S is
primitive, then either |Q| = |S| or Q is a singleton.

We now show that if an action of the group H on the boundary X̂ ′ of a tree T ′ is conjugate to the action

(X̂,H) in Theorem 1.5, then the spherical index m′ = (m′1,m
′
2, . . .) of T ′ cannot be constant.

To establish notation, let X ′0 be a singleton set and, for n ≥ 1, let X ′n be a sequence of sets with cardinality

|X ′n| = m′n. Then the set of vertices of T ′ at level n is V ′n =
∏n
i=0X

′
i, and the set of infinite paths X̂ ′ ∼=∏

i≥0X
′
i. For the action (X̂,H) defined in Theorem 1.5, suppose there is a homeomorphism φ : X̂ → X̂ ′,

such that for every ĥ ∈ H the composition φ ◦ ĥ ◦ φ−1 is an automorphism of the tree T ′. Then there is an

induced injective map φ∗ : H → Homeo(X̂ ′), and so H acts on X̂ ′ by homeomorphisms.
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In the proof, we use the property that every homeomorphism φ : X̂ → X̂ ′ of the boundaries of trees is

induced by a tree map. This is a consequence of the fact that X̂ (resp. X̂ ′) is a product of finite sets
Xi (resp. X ′i), i ≥ 0, and so it can be represented as the inverse limit of finite sets Vn =

∏n
i=0Xi (resp.

V ′n =
∏n
i=0X

′
i), n ≥ 0, as in (3.1) in Section 3. We explain the argument in more detail next.

For n ≥ 0, denote by pn : X̂ → Vn and p′n : X̂ ′ → V ′n the projections. Then p′n ◦ φ : X̂ → V ′n is a map from

X̂ to a finite space V ′n, and by [28, Lemma 1.1.16] for each n ≥ 0 there is in ≥ 0 and a map φn : Vin → V ′n
such that p′n ◦ φ = φn ◦ pn. Since φ is equivariant with respect to the actions of H on X̂ and X̂ ′, every
φn, n ≥ 0, is equivariant with respect to the actions of H on Vin and V ′n. It is then standard to show that
φ = lim

←−
{φn : Vin → V ′n}, that is, φ is induced by a tree map.

We now prove that the sequence m′ = (m′1,m
′
2, . . .) cannot be constant or even bounded.

Proposition 4.9. We have lim sup
n→∞

m′n =∞.

Proof. We have E(H) ∼=
∏
n≥0An, so

∏
n≥0An also acts on T ′ by rooted tree automorphisms. As before,

en denotes the identity permutation in An. For n ≥ 1, let

Yn = {e0} × · · · × {en−1} ×An × {en+1} × · · · ⊂ E(H),

this subgroup is clearly isomorphic to An. For any x̂ ∈ X̂, the orbit Yn · x̂ has the same cardinality as Xn

and, moreover, the action of Yn on Yn · x̂ is conjugate to the action of An on Xn. Thus the action of Yn on
the orbit Yn · x̂ is primitive, and Vn is the union of a finite number of orbits of Yn of the same cardinality
|Xn|. Since Yn acts trivially on Xk for k ≥ n + 1, then for each k ≥ n the vertex set Vk is the union of a
finite number of orbits of Yn, each of cardinality |Xn|.

For each k ≥ 0 let φk : Vik → V ′k be the mapping defined before the proposition, and consider the partition
of V ′k into orbits of Yn. Since the action of An on Xn is primitive, by Lemma 4.8 each Yn-orbit in V ′k is
either a singleton, or a set of cardinality |Xn|. Let ` ≥ 0 be the largest index such that the partition of V ′`
into orbits of Yn is a partition into singletons. Then the projection pr` : V ′`+1 → V ′` has fibers of cardinality
at least |Xn|. Since lim

n→∞
|Xn| =∞, the statement of the proposition follows. �

Remark 4.10. A Cantor set X with an ultrametric D admits a bi-Lipschitz embedding into a Euclidean

space if and only if its Assouad dimension is finite [7, Sec. 3.2]. For the boundary X̂ of a spherically

homogeneous tree T with ultrametric D defined for instance by (2.3), it is easy to show that if (X̂,D) has
finite Assouad dimension, then T must have bounded spherical index m = (m1,m2, . . .); that is, there must
exist M > 1 such that for all ` ≥ 1 we have m` ≤ M . Proposition 4.9 shows that for every ultrametric D

on the Cantor set X̂ in Theorem 1.5, which is invariant under the action of H, (X̂,D) has infinite Assouad
dimension.

Remark 4.11. The argument in Proposition 4.9 is valid for any choice of functions p and o satisfying (4.2)
in Theorem 1.5. We remark that it is possible to choose o(n) so that it takes values on distinct primes. By
the celebrated result by Zhang [32] there is a constant C > 0 so that there are infinitely many consecutive
primes p < p′ satisfying p′ < p + C. Then we define p(1, n), p(2, n) and o(n) by induction as follows:
let p(1, 1) be the first prime greater than C, and let p(2, 1) and o(1) be consecutive primes such that
o(1) < p(2, 1) + C < p(2, 1) + p(1, 1). For n > 1, let p(1, n) be a prime greater than p(1, n − 1), p(2, n − 1)
and o(n− 1), and let p(2, n) and o(n) be consecutive primes such that o(n) < p(2, n) +C < p(2, n) + p(1, n).

If o(n) is a prime for n ≥ 1, then the discussion above Problem 1.10 shows that the action in Theorem 1.5
is not conjugate to an action by root-preserving automorphisms of a tree with constant spherical index.

5. Wild actions of wreath product groups

In this section we prove Theorems 1.6 and 1.9.
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5.1. Wreath product groups. We recall the definition of the wreath product, see [6] for details.

Let G and H be finite groups acting by permutations on finite sets X and Y respectively. Denote by
f : X → H a function which assigns a permutation of Y to each x ∈ X, and let H |X| = {f : X → H} be
the set of all such functions. Note that G acts on H |X| by shifting the argument, that is,

G×H |X| → H |X| : (s, f) 7→ fs,

where

fs(x) = f(s−1 · x).

Then the wreath product GnH |X| is a group with group product

(s1, f1) ◦ (s2, f2) = (s1s2, f1f
s1
2 ),

acting on X × Y by

(s, f) · (x, y) = (s · x, f(s · x) · y). (5.1)

That is, the action (5.1) permutes the copies of Y in the product X × Y , while permuting elements within
each copy of Y independently by permutations defined by the function f .

For convenience of the reader we also spell out the action of the product of two elements on (x, y) ∈ X × Y ,
as we will use this formula often in our proofs. Namely, we have

(s1, f1) ◦ (s2, f2) · (x, y) = (s1s2, f1f
s1
2 ) · (x, y) = (s1s2 · x, f1(s1s2 · x)f2(s2 · x) · y),

where s1s2 and f1(s1s2·x)f2(s2·x) are compositions of permutations of X and Y respectively. In our notation,
we reserve ◦ for the composition of two elements in the semi-direct product GoH |X|, concatenation for the
composition of permutations in the groups G and H, and · for the actions of the groups G and H on the
sets X and Y respectively.

Now let T be a spherically homogeneous tree with spherical index m = (m1,m2, . . .), that is, its set of
vertices is V =

⊔
n≥0 Vn, where V0 = X0 is a singleton, Vn =

∏n
i=0Xi, and for i ≥ 1 the set Xi is a set with

mi elements. Then boundary of T is the set X̂ ∼=
∏
i≥0Xi. For n ≥ 1, let T (n) be a finite subtree of T with

the vertex set
⊔n
i=0 Vi. Then every root-preserving automorphism a ∈ Aut(T ) restricts to a root-preserving

automorphism of T (n).

Recall that we denote by Sym(mi) the symmetric group on mi symbols. Then Aut(T (1)) ∼= Sym(m1).
For T (2) the automorphism group Aut(T (2)) is smaller than Sym(m1m2), since every automorphism must
preserve connected paths in T (2) consisting of two edges and so

Aut(T (2)) ∼= Sym(m1) n Sym(m2)|V1| = Sym(m1) n Sym(m2)|X1|

is defined by (5.1). Continuing by induction, one obtains that Aut(T (n)) is isomorphic to the finite wreath
product

Aut(T (n)) = Aut(T (n− 1)) n Sym(mn)|Vn−1| = Sym(m1) n Sym(m2)|V1| n · · ·n Sym(mn)|Vn−1|, (5.2)

and in the limit Aut(T ) is isomorphic to the infinite wreath product of the symmetric groups Sym(mi),
which we denote Sym(m)∞.

For i ≥ 1, let Ai ⊂ Sym(mi) be a subgroup which acts transitively on the set Xi. Then similarly to the
above construction one can define the infinite wreath product group

A∞ := A1 nA
|V1|
2 nA

|V2|
3 n · · · ⊂ Sym(m)∞,

which also acts on the boundary X̂ of T .

Remark 5.1. Taking the inverse limit of the projections on the first factor in (5.2), we can write Aut(T )
as the inverse limit of finite groups

Aut(T ) = lim
←−
{prn−1 : Aut(T (n))→ Aut(T (n− 1))},
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indexed by natural numbers. Then by [30, Proposition 4.1.3] Aut(T ) is topologically countably generated,
that is, it contains a countably generated dense subgroup G. With the discrete topology, G is a countably
generated infinite discrete group.

5.2. Actions of wreath products are algebraically stable. We now prove Theorem 1.6. Namely, we
show that, for a minimal action of a countably generated group G, if the Ellis group E(G) is isomorphic to

the wreath product of finite groups, then the action of G (and of Ĝ) is dynamically wild and algebraically
stable with trivial direct limit centralizer group.

Let T be a spherically homogeneous tree with spherical index m = (m1,m2, . . .), and let Ĝ = A1nA|V1|
2 n · · ·

be the infinite wreath product of the finite groups, acting on the boundary X̂ of T , defined in Section 5.1.
By assumption for i ≥ 1 the action of Ai on Xi is transitive, then for each n ≥ 1 the finite wreath

product Hn = A1 n A
|V1|
2 n · · · n A

|Vn−1|
n acts transitively on Vn. By an argument similar to the one

in [30, Proposition 4.1.3], Ĝ contains a countably generated dense subgroup G. For any g ∈ G, the restriction

g|Vn is an element of Hn, and since G is dense in Ĝ, for any h ∈ Hn there is g ∈ G such that g|Vn = h. Thus

G acts transitively on every Vn, n ≥ 0, and it follows that the action of G on X̂ is minimal.

By [26, Theorem 1.10] the infinite wreath product Ĝ contains non-Hausdorff elements, and so by [21, Theorem

1.7] the action (X̂,G) is dynamically wild not of finite type. We now show that the centralizer direct limit

group of the action (X̂,G) is trivial by an explicit computation.

Choose an infinite path x̂ = (x0, x1, x2, . . .) ∈ X̂, where xn ∈ Vn for n ≥ 0. For n ≥ 0, define a decreasing
sequence of clopen neighborhoods of x̂ by

Un = {ŵ = (w0, w1, w2, . . .) ∈ X̂ | wn = xn }, (5.3)

that is, Un consists of all paths containing the vertex xn. In particular, U0 = X̂. The action of g ∈ G
preserves Un if and only if g fixes xn. For n ≥ 0 denote by

Gn = {g ∈ G | g · xn = xn} (5.4)

the isotropy group of the action of G at Un. Then the restricted action of G to Un is that of Gn. Denote by
Dx̂ the discriminant group of the action, defined in Section 2.2, and for n ≥ 0 let Kn and Zn be the stabilizer
and the centralizer subgroups defined by (1.1) and (1.2) for E(G)x̂ ∼= Dx̂ respectively. Since by assumption
the action of G is effective, K0 and Z0 are trivial.

For i > n, we say that wi ∈ Vi is a descendant of xn ∈ Vn, if wi is connected to xn by a finite path of edges

without self-intersections joining the vertices in
⊔i
k=n Vk in T . For n ≥ 0, let Tn be an infinite subtree of T

with the vertex set V (Tn) =
⊔
i≥n V

n
i , where V ni are defined as follows for i ≥ n (see Figure 1):

(1) The set V nn = {xn} is a singleton,
(2) For i > n,

V ni = {wi ∈ Vi | wi is a descendant of xn and wi is not a descendant of xn+1}.

Then the set V = V (T ) of vertices of T is the disjoint union
⊔
n≥0 V (Tn). For n ≥ 0 denote by

X̂n = {(wi) ∈ X̂ | wi = xi for 0 ≤ i < n, and wi ∈ V ni for all i ≥ n}

the set of paths contained in the tree Tn on levels Vi, i ≥ n, and note that X̂n = Un\Un+1. The tree Tn has

xn as a root, while paths in X̂n start at x0 ∈ V0, so although X̂n is isomorphic to the boundary of the tree

Tn, X̂n and the boundary of Tn are not the same object.

Lemma 5.2. (1) The set X̂n is invariant under the action of Dx̂, for n ≥ 0.

(2) Let n ≥ 0 and let ĝ ∈ Kn. Then ĝ|X̂i = id for i ≥ n.

Proof. Since the action of every ĝ ∈ Dx̂ fixes xn and xn+1 for n ≥ 0, we have that the action of ĝ preserves

both Un and Un+1. Therefore, the action of ĝ preserves X̂n and we proved item (1). Then item (2) follows

from the definition of Kn and the fact that for i ≥ n we have X̂i ⊂ Un. �
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Figure 1. Subtrees Tn, for n = 0, 1, 2, 3, of a tree T with constant spherical index (2, 2, . . .)

Thus by Lemma 5.2 for every n ≥ 0 the restriction of the action of ĝ ∈ Dx̂ to Tn defines a homomorphism

Dx̂ → Aut(Tn) : ĝ 7→ ĝ|Tn.
Denote by Sn the image of this homomorphism in Aut(Tn). Then by a direct computation one obtains that

Sn ∼= (An+1)xn+1 nA
|V n

n+1|
n+2 nA

|V n
n+2|

n+3 n . . . , (5.5)

where (An+1)xn+1 = {τ ∈ An+1 | τ · xn+1 = xn+1}. That is, the restriction of Sn to Vn+1 ∩ Tn consists of
permutations in An+1 which fix xn+1. For i ≥ n + 1 the values of the functions f : Vi → Ai+1 at different
v ∈ Vi are independent, which by an argument similar to the one in Section 5.1 yields (5.5).

Lemma 5.3. (1) For n ≥ 1 we have Kn
∼=
∏n−1
i=0 Si.

(2) For any n ≥ 1 we have |Kn| =∞.
(3) Dx̂ ∼=

∏
i≥0 Si.

Proof. Let Xn =
⋃n
i=0 X̂i. Since the trees Ti for 0 ≤ i ≤ n are disjoint and invariant under the action of Dx̂,

the product
∏n
i=0 Si acts on Xn. For i ≥ 0 the values of the functions f : Vi → Ai+1 in the wreath product

at different v ∈ Vi are independent, and they take all values in Ai+1, therefore for n ≥ 0 the map

Dx̂ →
n∏
i=0

Si : ĝ 7→ (ĝ|T0, ĝ|T1, . . . , ĝ|Tn) (5.6)

is surjective. Note that if the actions of ĥ, ĝ ∈ Dx̂ differ on some Vi for 0 ≤ i ≤ n, then their images under

(5.6) are distinct. By item (2) in Lemma 5.2 for each ĝ ∈ Kn we have ĝ|X̂i = id for i ≥ n, so it follows that
the restriction of the map (5.6) to Kn is injective and (1) holds.

The group K0 is trivial since the action of G on X̂ is effective. By (5.5) the groups Sn are infinite, then (1)
implies that Kn are infinite for all n ≥ 1, and (2) is proved. Statement (3) is straightforward. �

Statement (2) of Lemma 5.3 shows that the action of a dense subgroup of a wreath product group is wild
not of finite type, providing an alternative proof of [21, Theorem 7.6(1)] for wreath products.

Now we can show that the centralizer groups Zn are trivial for n ≥ 0.

Lemma 5.4. Zn is trivial for any n ≥ 0.

Proof. First note that since Z0 ⊂ K0 and K0 is trivial, then Z0 is trivial.
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Recall that for any i ≥ 1 we have Hi = A1 n A
|V1|
2 n · · · n A

|Vi−1|
i , and for any ĥ ∈ Ĝ we can write for its

restriction to Vi+1

ĥ|Vi+1 = (h1, h2) ∈ Hi nA
|Vi|
i+1
∼= Hi+1,

where h1 ∈ Hi and h2 : Vi → Ai+1 is a function.

In particular, for ĝ ∈ Zn we have ĝ|Vi+1 = (g1, g2) for i ≥ 1. Let ĥ ∈ Ĝ then we have ĥ|Vi+1 = (h1, h2).

Suppose i ≥ n and h1 · xi = xi. Then h1 · xn = xn, and so ĥ ∈ Ûn, where Ûn is such that Ûn/Dx̂ = Un for

Un defined in (5.3), and such that Gn = G ∩ Ûn. Note that for any ĥ′ ∈ Ĝ, if ĥ′|Vi = h1, then ĥ′ ∈ Ûn since
h1 fixes xi. In other words, for any function h′2 : Vi → Ai+1, any extension of (h1, h

′
2) from Vi+1 to T is in

Ûn.

We are going to show that g1 is the trivial permutation of Vi by carefully choosing various h2 and using

the fact that ĝ and ĥ commute. In the arguments below, g1, g2 and h1 are fixed. For a fixed h1, we choose
different functions h2 : Vi → Ai+1. Our goal is to show that for some choice of v ∈ Vi and some choice of h2
depending on v we have g1 ·v = v. Since g1 is fixed, and g1 ·v = v holds for some choice of h2, this statement
must hold for any choice of h2. Since the argument is for arbitrary v ∈ Vi, this will show that g1 · v = v for
any v ∈ Vi, which is what we want to prove. We assume that i ≥ n and h1 · xi = xi, which means that the

element (h1, h2) is the restriction of an element of Ûi ⊂ Ûn. By assumption (g1, g2) ∈ Zn, so the elements

(h1, h2) and (g1, g2) of the group Hi oA
|Vi|
i+1 commute by the definition of Zn.

So first take h2 = ẽ : Vi → Ai+1 be the trivial function, that is, for any v ∈ Vi we have ẽ(v) = ei+1, where

ei+1 is the identity in Ai+1. Since ĝ ∈ Zn, and i ≥ n, ĝ commutes with ĥ, and we have

(g1, g2) ◦ (h1, ẽ) = ĝ ĥ|Vi+1 = ĥ ĝ|Vi+1 = (h1, ẽ) ◦ (g1, g2).

Applying to this formula the definition of the wreath product, we obtain that for any (v, k) ∈ Vi ×Xi+1

(h1, ẽ) ◦ (g1, g2) · (v, k) = (h1g1 · v, g2(g1 · v) · k),

(g1, g2) ◦ (h1, ẽ) · (v, k) = (g1h1 · v, g2(g1h1 · v) · k),

and so we have g1h1 = h1g1 and for each v ∈ Vi
g2(g1h1 · v) = g2(g1 · v). (5.7)

Now assume that h2 is arbitrary. By definition of Zn we have that ĝ commutes with ĥ, so

(g1, g2) ◦ (h1, h2) = ĝ ĥ|Vi+1 = ĥ ĝ|Vi+1 = (h1, h2) ◦ (g1, g2).

Using the definition of the wreath product, we can write for (v, k) ∈ Vi ×Xi+1

(g1, g2) ◦ (h1, h2) · (v, k) = (g1h1 · v, g2(g1h1 · v)h2(h1 · v) · k), (5.8)

where g2(g1h1 · v) and h2(h1 · v) are permutations in Ai+1, and the concatenation denotes their product.
Similarly,

(h1, h2) ◦ (g1, g2) · (v, k) = (h1g1 · v, h2(h1g1 · v)g2(g1 · v) · k). (5.9)

Using (5.7) we obtain from (5.8)

g2(g1h1 · v)h2(h1 · v) = g2(g1 · v)h2(h1 · v),

and combining that with (5.9) we must have for each v ∈ Vi
g2(g1 · v)h2(h1 · v) = h2(h1g1 · v)g2(g1 · v).

Therefore, for each v ∈ Vi we have

h2(h1g1 · v) = g2(g1 · v)h2(h1 · v)g2(g1 · v)−1. (5.10)

We will show that for a fixed v ∈ Vi we have g1 · v = v. Since v ∈ Vi is arbitrary and g1 is fixed, this will
prove that g1 is the trivial permutation of Vi.
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Fix v ∈ Vi. Let b 6= ei+1 ∈ Ai+1 and define h2 : Vi → Ai+1 by h2(h1 · v) = b, and h2(h1 · u) = ei+1 for all
u 6= v ∈ Vi. This is possible even under the assumption that h1 · xi = xi. If h1g1 · v 6= h1 · v, then by (5.10)

g2(g1 · v) b g2(g1 · v)−1 = g2(g1 · v)h2(h1 · v)g2(g1 · v)−1 = h2(h1g1 · v) = ei+1

which implies that b = ei+1, and which contradicts the choice of b. Therefore, we must have h1g1 · v = h1 · v.
Since h1 is bijective, this implies that g1 · v = v. Repeating this argument for any v ∈ Vi we obtain that g1
must be the trivial permutation of Vi.

Note that if g1 is the identity permutation of Vi, then the restriction ĝ|Vk = g1|Vk is the identity permutation
for all 0 ≤ k ≤ i. If ĝ ∈ Zn is non-trivial, then for some i ≥ n we must have that ĝ|Vi = g1 is non-trivial,
which contradicts the argument in the lemma. It follows that Zn is the trivial group. �

This completes the proof of Theorem 1.6.

6. Dynamically and algebraically wild actions

In this section we prove Theorem 1.9 by constructing a family of actions which are dynamically and alge-
braically wild. Let H and G be countable groups acting minimally by root-preserving automorphisms on the

trees TH and TG, with respective boundaries X̂ =
∏
n≥0Xn and Ŷ =

∏
n≥0 Yn. Denote by Ĥ ⊂ Aut(TH)

and Ĝ ⊂ Aut(TG) the corresponding Ellis groups. Fix a sequence x̂ = (xn)n≥0 ∈ X̂ and, for n ≥ 0, let

Un = {ŵ = (wn)n≥0 | wi = xi for 0 ≤ i ≤ n}

be a clopen neighborhood of x̂ in X̂. Denote by KH
n and ZHn the corresponding stabilizer and centralizer

subgroups of the discriminant group Dx̂ = Ĥx̂.

Similarly, fix a sequence (yn)n∈N ∈ Ŷ , and for n ≥ 0 let

Vn = {ẑ = (zn)n≥0 | zi = yi for 0 ≤ i ≤ n}

be a clopen neighborhood of ŷ in Ŷ . Denote by KG
n and ZGn the corresponding stabilizer and centralizer

subgroups of the discriminant group Ĝx̂.

Next, consider the product space X̂ × Ŷ =
∏
n≥0Xn × Yn, and the product action of the group H × G on

this space defined by

(H ×G)× (X̂ × Ŷ )→ (X̂ × Ŷ ) : ((ĥ, ĝ), (ŵ, ẑ)) 7→ (ĥ · ŵ, ĝ · ẑ).

Denote by E(H × G) the closure of the action in Homeo(X̂ × Ŷ ), then E(H × G) = Ĥ × Ĝ. Denote by
Kn and Zn the sequence of stabilizer and centralizer subgroups for the product action with respect to the
sequence of clopen neighborhoods Un × Vn, for n ≥ 0.

Now suppose that the action of H on X̂ is wild of flat type, that is, the sequence {KH
n }n≥0 is unbounded

and KH
n = ZHn for all n ≥ 0. Such actions are described, for instance, in Example 1.4, item 2. Suppose

that the action of G on Ŷ is dynamically wild with trivial centralizer group; more precisely, the sequence
{KG

n }n≥0 is unbounded and ZGn is trivial for all n ≥ 0. Such actions are described in Theorems 1.5 and 1.6.

It is straightforward that for the product action of H ×G on X̂ × Ŷ we have for n ≥ 0

Kn = KH
n ×KG

n , Zn = ZHn × ZGn = ZHn × {e}, (6.1)

where e is the identity in Ĝ. Since the action of H on X̂ is wild of flat type, the group chains {KH
n }n≥0

and {ZHn }n≥0 are both unbounded. It follows that the group chains {Kn}n≥0 and {Zn}n≥0 are unbounded
as well, and so the product action is wild and algebraically wild. If, in addition, (X,H,Φ) is algebraically
wild of finite type, then Zn ∼= ZHn is a finite group for n ≥ 0, and the product action is algebraically wild of
algebraic finite type.

Since KG
n is non-trivial for any n ≥ 0, from (6.1) it follows that the inclusion of direct limit groups Υx

c ⊂ Υx
s

is proper, and the action of H ×G on X̂ × Ŷ is dynamically wild.
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