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A Simplified Method of Cost Structure Analysis

Takashi Yagi i

1. Introduction

The aim of this paper is to explain a simplified method to calculate the cost structure of
industries which can be applied to non competitive import type input-output tables. The
approach of this paper uses Sraffa’s standard system, which is defined by the eigenvalue
and the eigenvector of the input coefficient matrix. The Sraffa system enables us to
transform the actual relationship among output, net output and produced means of
production (intermediate input) into a hypothetical relationship among them by the
standard system. To define the standard system, we need only the data of the input
coefficient matrix, the labour input coefficient vector and the standard labour. This is the
merit of the Sraffa system. But a simple Sraffa system has no fixed capital and is
characterized only by the input coefficient matrix, labour input coefficient vector and actual
total labour. Yagi (2016) introduced a new method to extend a simple Sraffa system with
no fixed capital to a system with fixed capital. Yagi (forthcoming) applied the method of
Yagi (2016) to a price system corresponding to a non competitive import type input-
output table. The calculation with input-output table by using our method needs the
sectoral data of fixed capital. However, it is usual that the sectoral data of fixed capital
corresponding to the input-output tables is not available. In this paper, we will explain how
to simplify the calculation of the cost structure of industries without using sectoral data of
fixed capital. As regards this, we get through with total amount of fixed capital and adopt
an ad hoc assumption, or a proxy, in order to simplify the calculation with input-output
table. We will assume that the uniform rate of wages and the uniform rate of profits
throughout industries are prevailing. In Section 2, we will explain how to apply the
Sraffian standard system to a non competitive input-output table. Section 3 will take up the
price equation system corresponding to a non competitive input-output table and explain
the determination of distributive variables. We will use two different notions of the rate of

profits: one is the rate of profits to the ordinary capital, another is the rate of profits to
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the wage as capital. The rate of profit will be given in our model. Section 4 will discuss a

simplified method without using sectoral data of fixed capital

2. The Cost Structure based on the Total Labour

In a simple Sraffa system, commodities are produced by means of domestic labour and
produced means of production (intermediate input). On the other hand, Input-Output (IO)
tables of the real world have intermediate inputs, imports, domestic labour and fixed
capital as input. In addition, compensation for employees (wages), operating surplus
(profits), capital depreciation and net indirect taxes (taxes less subsidies on production)
appear in the items of value added. In order to apply the Sraffian standard system to the
price system corresponding to a non competitive import type IO table, we should
normalize the standard labour by using the actual total labour. In this section, we will
explain how to normalize the standard labour in order to apply the standard system to a
non competitive import type IO table, and then show price vectors to measure the cost
structure of industries.

The standard system of Sraffa (1960) is defined by the eigenvalue and eigenvector of
the input coefficient matrix. Let us denote the transposed matrix of the input coefficient
matrix by A, and its eigenvalue by A. We assume that A is a positive matrix. The

maximum rate of physical surplus (or the maximum rate of profit) can be given by
R=1/A—-1 (1)

If we denote the eigenvector of A by q, the standard system can be represented as

q=(1+R)qA (2)
s=RqA=q[I—A]>0 (3)
Zs:qA>0 (4)

where q is the output vector of the (hypothetical) standard system, s is the standard net
product vector and zs is the vector of produced means of production of the standard
system. If we denote the labour input coefficient vector by la, the total labour of the
standard system is given by qla. We assume that 14 is a positive vector.

Now we turn to Input-Output (IO) table (Yagi (forthcoming)). Let us denote the
diagonal matrix of output of an IO table by X, the matrix of domestic intermediate input
by Z, the vector of imports from Country I by M, the vector of imports from the Rest of
the World (ROW) by M&", the vector of compensation for employees by W, the vector
operating surplus by Ily, the vector of depreciation by Du, the vector of net taxes by Tu.
The data of X, Z, M4, M5°", W, Iy, Dis and T can be obtained from a non-competitive
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import type 10 table and therefore the above matrixes and vectors are given exogenously.
The vectors Mi, M5, Wiy, Iy, Dy and Ty are measured in terms of money. The total

profit I and the total wage W are given as
II=elly W=eWy (5)

where e=[1, -, 1]. The uniform rate of money wage is denoted by wmy, which is
assumed to be equal throughout industries. If we denote the labour amount vector by La,

the labour amount vector can be obtained by
LA=W/M)M (6)

This means that the components of labour amount vector are measured in terms of labour
commanded. By dividing M, M&", Dy and Tu by the wage rate wy, we can obtain the

following vectors

ML=Mi/wi, M =M l1wn

Dw:DM/Zl)M, Tw=TM/wM

(7)

By multiplying the inverse matrix of X to the vectors Z, La, M% M%°" Dy, T, from left-
hand side, we can obtain the following input coefficient matrixes and the coefficient

vectors.

A=X"Z14=X""La,
mh=X"ML, m{ =X "ML (®)

dp=X""Dy tp,=X""T,

If we denote the vector of output of IO table by x, the actual total labour can be
expressed by La=xls and the total wage by W=wuxls. In our model, we regard the
amounts of imports, depreciation and net taxes as indirect wages. wyxmj is paid for
Country I, wuxm%®” for ROW. wuxd, is paid to the capitalists in order to compensate
for capital depreciation, a portion of fixed capital which is accumulated in the past. wu T is
paid to the government. The total amount of indirect wages can be represented as

{wyxmb+ wyxm=" + wyxdw+ wyxt o}

In order to apply the standard system to the IO table, let us define the following ratio.

_ W+
W+ IT + wyxmb+ wuxm i + wyxd w+ wpxte

¢ (9)

We consider that a portion of actual total labour, ie. ¢xla, is used to produce the net
output and domestic intermediate input and the other portion of total labour, ie. (1—¢)La,

is used to produce the amount of indirect wages. We can define the standard labour as
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qla=¢xla (10)

We can consider q as the (hypothetical) output vector of the standard system. We call
qls the standard labour.

Let us define the ratios as

_ads i amu  gow_ ami’ _ atw

qla S qla’ qla qla

(1)

’

Then we define the following ratio
o=1+p"+u""+5+1¢ 12
From these notations, we have

qls+gmi+gmy’” +qdwtate
=aqla(1+4"+p"+6+7)
=¢¢dxla4 13

This is the relationship between the labour amount of the standard system and the total
labour of the real world.
The relationship between the wage share and the profit share of the standard system

can be represented as
Wyt =1 (14)

Then the standard net product (net product of the standard system) can be divided into

two parts as

S=wyS+ s
The standard labour can be rewritten as

qli=q[I—(1+rx) A][I—=(1+7x)A] 14 (15)
The term q[I—(14+7x)A] of the right member of this equation becomes equal to w.s, ie.

qlI-(1+rx)Al=a—qA—7rxqA
=s—7xqA

= WS (16)
Let us define a price vector as
po=wu[I—(1+7rx)A] 14 17)

Then, from (15-017, we have
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qlu=w.s[I—(1+7x)A] 1a=sps (19

Like the price equation (17, we will define the following price equations

prn=wo[I—(1+7rx)A] 'm}, (19
pr =wo[ 1= (1475) Al 'my" 0
Pa=wo[I—(1+7x)A]'dy 1)
pi=wo[I—=(1+7x) Al tw @9

Then, like (18, we have

am},=spn (3
qmz’” =sp’" 24
qd»=spa 25)
qt,=sp: 26)

Therefore from (8 and 3-26), the equation (13 can be rewritten as

$qla=g¢xla
=qls+qmb+qmi?” +qdu,+qtwe
=spy+spn+spn’” +spatsp:
=s(pvtpmtpn’" +DPatps) @7

From the right member of this equation, we can define the following price system.
pc=pvt+pnt+pr’ +patp: 28

This equation will express the cost structure of industries when we neglect the profits.

The equation @7 can be rewritten as
x1 =Ls 29
AT gy SPC

The value of spc is connected to the total labour of the real-world. This is the important

base of our analysis.
3. The IO Price System and Distribution

The Sraffa system has a property that the wage curve, or the relationship between the
wage rate (or the wage share) and the rate of profit, becomes linear (Kurz and Salvadori
(1995), Pasinetti (1977), Sraffa (1960), Yagi (2000) (2007) (2012)). The rate of profits will
take real numbers ranging from 0 to R (0<7x<R). Let us denote the rate of profits by
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7k, which is assumed to be uniform throughout industries. A uniform rate of post factum
wage is represented by wa. When a set of data (A, 14, q) is given, for 0<7x<R, we have

the following evaluation system

spa=uvrqla (30
pa=(1+7k) Apatwala 31)

where v; is the value of labour. In the system of B0@1, there are (n+1) independent
equations and (n+3) unknowns (vi, Pa, wa, 7x). If the rate of profits or the wage rate is
given exogenously and the condition of standard is chosen, the price system will become

determinate. From the price system @1, we can obtain

<1_L]§)SDA=WAQIA (32

From this, we have

spa=qla & rx=R(1—wa) (3
Therefore, in the system of 80@l, the following proposition will hold

=1 rx=R(1—wa) B4

Under the condition of v.=1, the wage measured in terms of the standard labour, or the

wage share, can be represented as

Wy= wa (35)
(%3
And then we have the following price system
po="L% = (1—7e/R) [1- (1+7:) A 'L 36

UL

The prices of this equation are subject to the changes in the rate of profits and the
changes in the technological condition of production. They are measured in terms of the
standard labour.

We will define the rate of profit to the wage as (Garegnani (1984) (1987), Yagi (2016))

ra=t— 87
Wy

We call this the surplus rate. From this we have

_ 1
1+7,

Wy
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The relationship between the ordinary notion of rate of profits and the rate of profit to the

wage as capital (surplus rate) can be represented as
rE=7uWyR 39

The introduction of a new notion of surplus rate 7, will be found useful to determine the
distributive variables in our model.

Now let us turn to the IO model (Yagi (forthcoming)). In the real world, both the wage
rate and the rate of profits will take different values in different sectors. However, we
assume that the wage rate is equal throughout industries. We consider that the average
wage rate corresponds to this uniform wage rate. We also assume that the rate of profits
is equal throughout industries. These are important assumptions of our analysis.

In order to consider the profits to the fixed capital We will introduce the vector of
sectoral fixed capital. We denote the column vector of fixed capital measured in terms of

money by Kuy. If we divide it by the average wage rate, we have
Kuo=Kuy/wy 40)
Multiplying K« by the inverse matrix of output from the left-hand side, we have
ko=X""Ku ()

If we denote the price vector corresponding to an IO table by pwm, we have the following

IO price equation

Pu= (1+7’K)ADM+WM1A

+ (14 7x) (wym i+ wym "

+rxwnKwt wud oyt wut 42)
This price system can be rewritten as

ROW

(I_A)pM_%RApMZWMIAJF (1+7x) (wygm®+ wygm%

Frrwnkwtwyds+wute (43)
By multiplying this equation by the eigenvector q from the left-hand side, we have

7K ROW

a(I—A)pu— 7 RaApy=wnqla+ (1+7x) (wymi,+ wym®b

+VKqukw+ qudw+ qutw <44)

Then, we obtain the following equation:

ROW

74 (qk»+qgmb+qgm?% }
dala
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If we denote the ratio between the wage and the standard income, or the wage share in

the standard system by ws, it can be defined as

_ wudala

(46)
SPm

wWs

This means that ws is the real wage measured in terms of the standard net product.

Then, from @6), the equation 45 can be written as

I ROW
wu=ws{1+ 7x(gkwtami+gms ]
dqla
I ROW
=a)s{1+ ko o @sR(gkytamytamy } )
(I)UR Ws ¢q1A
Now let us define the following ratios.
Rqky ,_ Ramy  po_ Rqmi®”
_ — = 48)
= gqla M gals M T gals s
We can rewrite the equation @47 as
wu=ws{ 1+ rw%(ws/cz+wsué+wsu§ow) } (49)
S
From this, we have
Ws
v (50
O = wskr+ wsh+ wspEO") )
From (860, we have
1_0)5
. 51
T st wskzt wsth+ wsu o

From 6061, we can obtain the ordinary rate of profits of 9. The rate of profits will be
given if ws, kz 1z, #5°% is given. ws, 1%, 15°" are given exogenously by IO table and the
average wage rate. To calculate xz needs the sectoral data of fixed capital. By using the
rate of profits which is given exogenously, from 89466061, we can rewrite the equations
(19-22 and define px as

pn=(1—=rx/R)[1—(1+7x)A]'m} 62
pr=(1—rx/R)[1—(1+7) Al 'mg’" 63
pe=1—7x/R)[I—(14+7rx)A] 'dw 64
p=(1—7x/R)[I—(1+7x)A] 'tw (5
pr=1—7rx/R)[I—(14+7rx)A] 'kyu (56)
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Then we obtain the following price equation system (Yagi (forthcoming)).
pr=puotpntpn’ +patpitre(petpntpn’” 67

This equation expresses that the price vector measured in terms of labour (p.) is
decomposed into the direct and indirect contributions of domestic labour, imports from

Country 7, imports from RO, capital depreciation, and net taxes and profits to inputs.
4. A Simplyfied Method for Measuring Cost Structure of Industries

It may be usual that there is no sectoral data of fixed capital. In order to calculate the
price equations of 62-66 in the case of no sectoral data of fixed capital, let us introduce an
ad hoc assumption to our analysis. One of ad hoc assumptions, or a proxy, for calculation

1)

of kz would be

Ku
_ 58
Kz WM ( )
Where Ky is total amount of fixed capital which is measured in terms of money.
To summarize, let us show our model of cost structure analysis as follows
w
ws= ndqla
SPm
Ku  ,_ Rami  gon_ Rqmi’”
Kz= /UZ: » /lZ =, 4
Wy dqla dqla
Wy= @s
" 1= rw(wskzt wsus+wspE)
- 1—(1)5
Y wstwskzt wspk+wsnE”
Yk = 7wy 69

pn=1—rx/R)[I—(1+7x)A] 'm},
p=1—7rx/R) [1—(1+7) Al 'mi"
pa=(1—7x/R)[1—(1+7rx)A] 'dy
p:=1—=7x/R) [I—(1+7x)A] tw
pr=1—7rx/R)[I—(14+7rx) Al 'ky
pc=pvtpntpi’” +patp:

In our simplified model to calculate cost structure, we neglected the profit parts. As is
seen in @9, our price equations can be connected to the actual total labour. In addition to

this, our analysis derives a consistent relationship among distributive variables and price
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vectors, only based on a few data as Input-Output table, the average wage rate (or the
actual total labour), and total amount of fixed capital. The results of calculation should

satisfy the following equations.

ws+rwws+rwws(kz+pz+pE") =1 60
spJs/qla=1 ©61)
1 _ zpo
= sp. 62
7w R=R(1—w,) 63)
(1—ws) _ 1 | ws I, ROW

w R + R (kz4pz+1£°") 64

We can check the calculation result of our analysis by calculating both members of the

equations (6064

5. Conclusion

We have shown a simplified method to calculate the rate of profits of ordinary meaning
and the price vectors to measure the costs attributed directly and indirectly to the
domestic labour inputs, the imports, the depreciation and the taxes respectively. A
simplified model was shown in 69. We introduced the assumptions of an uniform wage rate
and an uniform rate of profits. We also introduce an ad hoc assumption of 68. However, in
our model, the price vectors to measure the cost directly and indirectly entering into the
commodity prices and distributive variables such as the rate of profits of ordinary meaning
can be derived by a few data. We should like to stress that such a few data as a non
competitive import type input-output table, an average wage rate (or the total labour), and
the total amount of fixed capital enables us to grasp the cost structure of industries. These

are great merits of our model, even if we adopt an ad hoc assumption on fixed capital.

Note
1) Though there are some other ideas to give the value of k7 in this paper, we showed the
assumption of 68 because the values of «z calculated by using the sectoral data of fixed capital
of Japan and 2000 and 2005 Japan-US International Input-Output Tables are close to the
calculation results of 68 with the same data. Since the value of kz is important to our analysis,

the estimation of xz should be tested through empirical studies.
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