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Abstract

In this thesis, we study the S-duality for the four-dimensional N = 2, SU(2)
superconformal field theories coupled to the (A, Dy) type Argyres-Douglas theories.
These superconformal theories cannot be engineered by compactifying the 6d N =
(2,0) superconformal field theory of type A; on Riemann surface. We propose that
the Nekrasov formula for the Argyres-Douglas theories by extending the generalized
AGT correspondence to the case of U(2) gauge group, which is induced by defining
the irregular state of the direct sum of Virasoro algebra and Heisenberg algebra. This
formula is regarded as the contribution from the (A;, Dy) theory to the instanton
part of the Nekrasov partition function. As we apply this Nekrasov formula to these
four-dimensional superconformal field theories, we evaluate the Nekrasov partition
function of these theories and find that the prepotential is related to that of the SU(2)
superconformal QCD by the non-trivial replacement of the UV gauge coupling. From
the relation of the prepotentials, we read off the action of the S-duality group on the
UV gauge coupling of these theories via that of the SU(2) superconformal QCD.
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1 Introduction

Supersymmetry imposes strong constraints on the quantum field theories. The four-
dimensional maximally supersymmetric gauge theories are N' = 4 and are known as the
superconformal field theories. The N/ = 4 supersymmetric Yang-Mills theories have quan-
tum corrections; the gauge couplings in UV and IR region are equivalent, 7 = mg. Seiberg
and Witten have uncovered that the prepotential of the low-energy effective theory for the
N = 2 theories is explicitly determined by the Seiberg-Witten (SW) curve and the SW
1-form [1,2]. This means that one can understand the behavior of the quantum correction
of the low-energy effective theory for the A/ = 2 theories by only geometrical properties.

The S-duality of the N' =4 SU(N) SYMs, called the Montonen-Olive duality, implies
that the theory with the weak coupling g is equivalent to that with the strong coupling
—1/7R, where Tg = % + %, and then we exchange the minimal magnetic monopole with
the W-boson of the two theories [3-6]. These SYMs also have the symmetry of the theta
angle, Tir — Tir + 1, so-called the T-transformation. On the other hand, for the N' = 2,
SU(2) with four flavors, the S-duality called the Seiberg-Witten duality is the exchanging
of the minimal magnetic monopole with the quark whose electric charge is 1/2 of that of
the W-boson, where the convention of the complex gauge coupling is 1g = % + %. The
T-transformation 7ir — 7r + 1 means that the shift of the theta angle 6ig — Oig + 7 [1].
The fundamental domain in the space of the gauge couplings show in Figure 1.

Although it is difficult to evaluate the path integral, including the non-perturbative
contribution for general quantum field theories because of an infinite dimensional integral,
the NV = 2 theories with Lagrangian description have been evaluated by the supersym-
metric localization technique [7]. Then this path integral reduces to a sum over the fixed
points, described by a set of Young diagrams, of the torus action on the instanton moduli
space, which has been discovered by [8,9], the so-called “Nekrasov partition function”.
The Nekrasov partition function is the partition function on the spacetime R* deformed
by -background, whose parameters are denoted (ej,€;) and related to the rotations on
spacetime. The Nekrasov partition function rederives the prepotential in the classical limit
as €; — 0 [9-11].

F = Elilg%) (—e€1€6210g ZNek) - (1.1)

The instanton part of the Nekrasov partition function is known to be wirtten as a simple
product of the contributions from the “matter sectors” and the “gauge sectors”. For in-

stance, we consider the U(2) gauge theory with four flavors, and then the Nekrasov partition
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Figure 1: The fundamental domain in 7

function of this theory is written as

4
2oty = Zpen »_, @ 2 () [ 200 () (1.2)
Y1,Ya i=1
where ¢ is the exponential of the gauge coupling, and the parameters a and m; are the VEV
of the scalar in the SU(2) vector multiplet and the mass parameters in the fundamental
hypermultiplets. The factors Zy*%, and Z{}ifl% express the contributions from the gauge
sector and the fundamental hypermultiplet in the matter sector.

Compactifying the 6d superconformal field theories (SCFTs) on a two-dimensional sur-
face, a class of the four-dimensional N = 2 theories can be obtained [12-17]. In particular,
so-called the class S theories are obtained by compactifying the 6d N' = (2,0) SCFTs of
the type of the simply-laced Lie algebra g on a punctured Riemann surface [12-14,18,19].
The main advantage of the class S construction for type g = A; is to be available a 2d/4d
correspondence, called the AGT correspondence [20, 21].

For instance, there is an exciting series of strongly-coupled SCF'Ts in the class S theories,
called Argyres-Douglas (AD) theories. These theories have the relevant operators and their
corresponding relevant couplings, whose scaling dimensions are fractional [14,22-26]. Since
the AD theories have no Lagrangian description, the Nekrasov partition function of the AD
theories cannot be directly evaluated by the supersymmetric localization technique, while
this can be indirectly evaluated via the (generalized) AGT correspondence [21,26,27]. These
developments were studied by [28-33].

There is an interesting series of the four-dimensional N' = 2 SCFTs including the AD
theories in their matter sector, which is described by the quiver diagram in Figure 2. We

call such SCFTs “conformally gauged AD theories”. The supersymmetric localization
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(A1, D,) {% (A1, D,)

(A1>Dp)

Figure 2: The quiver diagram for the four-dimensional superconformal SU(2) gauge theories
coupled to three AD theories with (p, q,7) = (2,4,4), (2,3,6), or (3,3,3). The middle circle
stands for SU(2) gauge group and each boxes stand for the AD theories. SU(2) sub-group
of the flavor symmetry of each of the AD theories is diagonally gauged by the SU(2) vector
multiplet.

technique cannot directly evaluate the Nekrasov partition function of these theories due to
the AD theories in the matter sectors. Moreover, we cannot also evaluate this partition
function via the AGT correspondence since these theories have no engineering by com-
pactifying the 6d N' = (2,0) SCFT of type A; on a punctured Riemann surface. Since
these theories have a vanishing one-loop beta function of the gauge coupling, we expect
that these theories will provide a new S-duality. [34-41] In particular, for the conformally
gauged AD theory for (p,q,7) = (2,4,4) in Figure 2, the S-duality represents the minimal
generalization of the Seiberg-Witten duality, which is studied by [34].

This thesis proposes a way to compute the Nekrasov partition function of the confor-
mally gauged AD theories. Using the proposal, we study the S-duality for these theories
based on our works [42,43]. Our strategy is to introduce the Nekrasov formula for the AD
sectors, say Z}(,ﬁg}f%), via the generalized AGT correspondence. To that end, we consider
the “non-conformally gauged AD theory” described in Figure 3, where the subgroup SU(2)
of the flavor symmetry of the AD theories is gauged by the SU(2) vector multiplet. This
theory is constructed by compactifying the 6d N/ = (2,0) SCFT of type A; on the Rie-
mann surface with two irregular punctures, and therefore we can apply this theory to the
AGT correspondence. Since the AGT correspondence is for SU(2) gauge group while the
Nekrasov partition function is obtained from U(2) gauge theory, we need a U(2) version
of the generalized AGT correspondence so that the resulting partition function follows the
same form of (1.2) decomposed as a sum over the two Young diagrams (Y7, Y3). Accord-
ing to the U(2) version of the original AGT correspondence, the extension to the U(2)
is obtained by defining the primary vertex operator of the direct sum of Virasoro and
Heisenberg algebras (Vir @ H) instead of only the Virasoro algebra on the two-dimensional
CFT [44,45].



(A1, D) (2 ) (41, D)

Figure 3: Asymptotically free theory with SU(2) gauge group coupled to the two (A1, Dy)

theories, where N is a positive integer.

This thesis is organized as follows; in section 2, we will review the four-dimensional
N = 2 theories and the AGT correspondence. In the review part of the AGT correspon-
dence, we first discuss the original AGT correspondence based on [20] and extend it to
the U(2) version. Furthermore, we give a brief review of the generalization of the AGT
correspondence.

In section 3, we provide the U(2)-version of the generalized AGT correspondence. In
particular, for the case of the (A;, Dy) theories for even N, we discuss that an irregular
state of Vir @ H is characterized by an extension of the colliding limit construction in [27].
At the same time, we provide an irregular state for odd N by considering the classical limit
¢; — 0 and turning off the relevant couplings and the VEV of the relevant operators. We
then introduce the Nekrasov formula for the (Ay, Dy) theories.

In sections 4 and 5, we apply our formula to the conformally gauged AD theories for
(p,q,r) = (2,4,4) and (2,3,6) in Figure 2, which are called the (As, A3) theory and the
(Ag, As) theory [46]. These include two AD theories and a fundamental hypermultiplet in
their matter sector. We show that when we turn off all of the dimensionful parameters
except for the VEV the scalar in the SU(2) vector multiplet a and the Q-background
parameters (€1, €3), the prepotentials of these theories are related to that of the SU(2)
SQCD with four flavors F, Ny=4 88 follows:

2F (45,43) (45 @) = Fny=a(¢*; a) | (1.3)
3F (42,45) (5 @) = Fny=a(q’;a) - (1.4)

where Fa,.4,) and Fa, ;) are the prepotentials of the (As, A3) theory and the (Ag, As)
theory, and ¢ is the exponential of the gauge coupling. Moreover, we discuss the S-duality of
these theories via that of the SU(2) SQCD with four flavors, and we check the consistency
of the above from the SW curve. In section 6, we conclude by presenting several future
directions.



2 Review of AGT correspondence

This section will review the AGT correspondence discovered by Alday, Gaiotto, and Tachikawa
[20,21]. This is a strong correspondence between the four-dimensional N' = 2 theory and
the two-dimensional Liouville CFT. In particular, this implies that the instanton part of
the Nekrasov partition function is equivalent to the conformal block, and this consistency
has been checked by [45,47-52]. The AGT correspondence was generalized for the AD
theories [26,27].

In subsection 2.1, we briefly review the four-dimensional N’ = 2 theories. In subsection
2.2, we review the original AGT correspondence based on [20] and give the U(2)-version of

this correspondence. In subsection 2.3, we explain to be generalized for the AD theories.

2.1 Four dimensional N’ = 2 theories

The low energy effective theory of AN/ = 2 theories is characterized by the moduli space of
vacua called the Coulomb branch. This is parametrized the VEV of the scalr field in NV = 2
vector multiplet. For instance, we consider N' = 2, SU(2) gauge theory. Then the moduli
parameter is u = tr{¢?), where ¢ is the scalar field. As is well known, the spontaneous
symmetry breaking reduces this theory to the U(1) gauge theory when u # 0, while the
gauge group is unbreakable when v = 0. However, the Coulomb branch has a non-trivial
structure by the quantum corrections. The low energy effective action of this theory is

determined by the prepotential F as

1 A LOF 0*F N
Log = o Im/d 0 [@ 50 + a@ZWaW , (2.1)

where ® is the N' = 1 chiral multiplet, including the scalar field, and W, is the N’ = 1
vector multiplet, including the vector field, in both the adjoint of the gauge group. Since the
N = 2 theories are constrained by the supersymmetry, the prepotential is a holomorphic

function of ® and this has only quantum corrections:
F = fclassical + fone—loop + -Enstanton . (22)

The relation between this and the gauge coupling 7r of the resulting theory is given as
iR = 0°F/O0®% The problem of the global structure of the Coulomb branch reduces to
the prepotential, which is explicitly determined by the SW curve and the SW 1-form [1].
The SW curve stands for the algebraic curve, which is identical to the fibration over the
Coulomb branch, while the SW 1-form relates to the masses of the BPS particles. For
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Figure 4: The Coulomb branch for the SU(2) theory with one flavor. The black dots stand
for the singular points. The massless particles are the dyon, the monopole, and the quark

at u = —A, A, and m, respectively.

SU(2) SQCD with one flavor, the SW curve stands for the torus, which degenerate at
the three singular points on the Coulomb branch. The low energy effective theories at the
singular points reduce to the U(1) gauge theory with a massless particle, which is monopole,
dyon, or quark, see Figure 4. Let us consider the colliding of these singular points. Then
we obtain the Argyres-Douglas theory at this singular point, called the Argyres-Douglas
point [22-24]. For instance, we start with the SU(2) gauge theory with one flavor. the
AD theory arises in the low energy region when the mass parameter m is related to the
dynamical scale A as m ~ A. This AD theory is the U(1) gauge theory with a massless
monopole and a massless quark. This theory has no Lagrangian description and is believed
the strongly coupled superconformal field theory. We review the generalize AD theories in
the following.

String theory, M-theory, and F-theory can obtain the four-dimensional ' = 2 theories
[53-60]. In this subsection, we discuss a series of the N' = 2 theories. In the last of
this subsection, we denote the Nekrasov partition function of the four-dimensional N' = 2
theories with Lagrangian description. In particular, we focus on the SU(2) SQCD with
four flavors and briefly review the S-duality for this theory.

2.1.1 N =2 theories of class S

Compactifying 6d N/ = (2,0) SCFTs of type A; on a punctured Riemann surface C obtains
a class of the four-dimensional N/ = 2 theories [12-14,18,19]. We here denote by T¢ the
four-dimensional A/ = 2 SCFT. In particular, It is known that the punctures on C can be
classified into two types: “regular puncture” and “irregular puncture” [13,14,18]. These
punctures are characterized by the behavior of the Hitchin field ®(z) in the Hitchin system
corresponding to the 4d theory 7c. ®(z) has a simple pole at the regular puncture in
the neighborhood of z = 0, while it has a heigher pole at the irregular puncture. In the

following sub-section, we will see that for more details of the irregular punctures. The



Figure 5: The quiver diagram of T compactifying by sphere C with (n 4 2) regular punc-

tures. There are (n — 1) circles, each of which stands for an SU(2) gauge group.

spectral curve of the Hitchin system identifies the SW curve of the 4d theory 7¢ as [14,61]
det(z — ®(z)) =0, (2.3)

where the SW 1-form is A\ = xdz.

For instance, let us consider C as the sphere with (n + 2) regular punctures. Then one
obtains the linear-quiver gauge theory [13,62-64], which has SU(2)""! gauge group, see
Figure 5. The beta function of all of the gauge couplings is 0. Hence we see that this theory

is superconformal.

2.1.2 General Argyres-Douglas theories

The AD theories are a series of strongly coupled four-dimensional SCFTs with Coulomb
branch operators and relevant couplings whose scaling dimensions are fractional. Hence
these theories have no Lagrangian description. The AD theories cannot apply to the super-
symmetric localization technique, which differs from the Lagrangian theories. The original
AD theories were discovered as an IR SCFT at a special point on the Coulomb branch of
the SU(3) SYM [22] and the SU(2) SQCD with various flavors: Ny = 1,2,3 [23].} It is
further generalized to N' = 2 theory with a general gauge group and fundamental hyper-
multiplet [24]. The AD theories are generally constructed by compactifying 6d N = (2,0)
SCFTs of type A; on a punctured sphere C [13,14,25,26,65-67] and by type IIB string
theory on Calabi-Yau singularities [46, 68].

As shown in [25], the four-dimensional theory 7¢ is conformal theory only if the Riemann
surface C, whose genus is zero, has an irregular puncture and one or zero regular puncture.
In the neighborhood of the origin, The irregular punctures behave as ®(z) ~ 1/ 231
for integer N, it is called rank N/2 irregular puncture. These AD theories are called the
(A1, Dy) and (A1, Ay_3) theory, respectively. Here A, and D, stand for the type of isolated
singularity of the SW curve [46,68]. The UV theories for these AD theories are the quiver
diagrams described in Figure 6.2 In particular, for the (A1, Deven) theories, the UV theory

!The AD theory from SU(2) SQCD with Ny = 1 coincides with that from SU(3) SYM.
2The AD theories obtained from SU(2) SQCD with Ny = 1,2, 3 flavors are called the (A1, A2), (A1, A3)

9



Figure 6: The quiver diagrams (a), (b) and (c) are of the UV theories for The (A;, As,—2)
theory, The (Ay, Ag,—1) theory and The (Aj, Do,_1) theory, respectively for integer n.
There are (n — 1) circles for each of the diagrams. The boxes stand for fundamental
hypermultiplets of SU(2).

is the superconformal SU(2) linear quiver diagram described in Figure 5 for n = N/2 [25].
Note that the (A, D) theory is identified with a free fundamental hypermultiplet in the
doublet of U(2). This thesis focuses on the (A;, Dy) theories. The (A, Dy) theory has
flavor symmetry SU(2) x U(1). For N = 4, this flavor symmetry is enhanced to SU(3).

2.1.3 Nekrasov partition function

The Nekrasov partition function is known as the partition function on R* deformed by
the 2-background, which was first studied by [8,9]. -background parameters (e, €2) are
associated with the rotation SO(4), and therefore the Nekrasov partition function is a
function of (ey, €2). This consists of the perturbative part Z,e+ and the instanton part Zing

as
ZNek(ela €2;A5 ) - Zpertzinst ) (24)

where a stands for the VEV of the scalar field in the vector multiplet, and “---” stands for

the other parameters in this theory. the Nekrasov partition function of four-dimensional

and (A1, Dy) theories, respectively. In particular, since Az and D3 have the same Dynkin diagram, we see
that the (A1, D3) theory is equivalent to the (Ay, A3) theory.

10



N =2 U(N) theory with Lagrangian description can be evaluated by using the supersym-
metric localization technique. Then the instanton part is given by a sum over the fixed
points of the torus action on the U(N) instanton moduli space.® These fixed points are
labeled by a set of N Young diagrams {Y%}, i.e., we combinatorially evaluate the partition
function.

Below, let us consider that the gauge group is U(2). For the U(2) gauge theory with
Ny flavors, the fixed points of the torus action on the U(2) instanton moduli space are
described by two Young diagrams (Y7, Y3). The instanton part of this theory is given by a

simple product expression as [69-71]

Ny
bo(|Y1]+]Y2]) vec fund
Z =y APIIERED 2300 (o) TT 20, (a,ma) (2.5)
Y1,Y2 i=1

where by = 4 — Ny is the coefficient of the beta function, A and a are respectively dynamical
scale and the VEV of the scalar field in the SU(2) vector multiplet, and m; are the mass
parameters of the fundamental hypermultiplets. When Ny = 4, A is replaced by the
exponential of the marginal gauge coupling ¢. Zf“ . stands for the contribution from the

fundamental hypermultiplet and is written as*

Z{}in{é a, m) H H o(ai,s) —m+e +€) (2.7)
=1 se€Y;
where a; = —ay = a and
dla,s)=a+e(i—1)+e(j—1). (2.8)

272, stands for the contribution from the vector multiplet and is written as

1 1
ZVeC 5 2.9
Vi (@ H H — a; —aj,s)+ € + € H v,(a; — a;,t) (2:9)

Ey. v,
7.7 18€Y }/“Y teY}‘ 1/]’ *

where the factor Ey, y, is defined as

Ey, v,(a,s) = a—e1Ly,(s) + e2(Ay,(s) + 1) . (2.10)

3The torus action is related to the maximal torus of U(N) and SO(4).
4The contribution from the anti-fundamental hypermultiplet related to Z{}i“{}z (a,m):

2R (am) = 28, (0.0 + & —m) (26)

11
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Figure 7: For s = (2, 1), the leg-length is the number of black dots and the arm-length is

the number of white dots.

Let us denote Young diagram by Y = {A\; > Ay > ---}, where \; is the height of i-th
column, and denote its transpose by Y7 = {\] > X\, > ---}, where ); is the length of i-th
width. For a box s = (i, j), the leg-length Ly and the arm-length Ay are defined as (see
Figure 7)

Ly(s)=X,—i, Ay(s)=X—j. (2.11)

The contribution from the bi-fundamental hypermultiplet of U(2) x U(2) is defined as

2
ZB;{%?WLWQ (CL, b7 CY) = H H (E(al - bj> Y;a Wj’ 8) - Oé)

i,j=1s€Y;

< I (a1 + &2 = E(b; — a;, W, Vi t) — ) (2.12)

tEWj

where a and b stand for the VEVs of the scalar field in each vector multiplets, and « is
a mass parameter of the bi-fundamental hypermultiplet. Note that this is related to the

contribution from the vector multiplet as

Z}l?vif;g(;iyl,YQ (a7 a? 0) = 1/2;;(133/2 (a) * (213>

2.1.4 S-duality for the SU(2) SQCD with four flavors
Here, we review S-duality for the SU(2) SQCD with four flavors. This theory is known to
be self-dual. The Nekrasov partition function of this theory is given as

4

Ny=4 vec un
2ol = Zpert > gz (o) [T 20, (ami) | (2.14)
Y1,Ys =1

12



where we replaced SU(2) gauge group with U(2). The exponential of the gauge coupling is
defined as ¢ = €. When the mass parameters are turned off, from (1.1), the prepotential
is obtained as the sum of the perturbative part (logq — log 16)a® and instanton part:

,T_'Nf 4 1 2 3 4 2
. . —_— — — .. (1 . 2.15

On the other hand, in terms of gir, the prepotential is defined as

-FNf:4 = (IOg qIR)a2 y (216)

.OIR 82

where qrr is the exponential of IR gauge coupling and is defined as gqir = e ™ 9. This

implies that the relation between ¢ and g is [72]

Oa(qr)*
= 2\m) 2.17
where 02(q) =", o5 ¢"2” and 63(¢) = R ¢"*. This relation means that
1 0 81
TR = — IOg QIR — E 5 (218)
i T g

is the modulus of the elliptic curve, which corresponds to the double cover of a sphere with
four punctures whose cross ratio is ¢. This elliptic curve is known to be invariant under
PSL(2,Z). The action of PSL(2,7Z) on the IR gauge coupling generated by
1
TZTIR—>’7'IR—|—1, SITIR—>——. (219)
TIR
This implies that the theory is invariant under 7" and S transformations on the UV gauge
coupling as follows:
T:q—>L1, S:q—1—q. (2.20)
q p—
Let us now turn on all the mass parameters. then the instanton part of the prepotential
is modified as

Ny=4

‘F-' (qv a, mz)

inst
1

:§(a2 + m1m2m3m4a_2)q

1
+ — (13@2 + (16mymamamy + mam3 + m3(m3 +m3) + mi(ms +mi +m3))a >

64
= 3(m3m3m3 + mi(mdm? + m3(m3 + m3))a~" + 5mimImmia®)g? + -+

(2.21)

8mi

5We use the convention 7 = % + s

13



In this case, the theory is invariant under the transformations (2.20) combined with the

exchanging the mass parameters by the action of PSL(2,7Z).

2.2 AGT correspondence

In this subsection, we review the original AGT correspondence [20] and discuss to extension
to U(2)-version [44].

2.2.1 Original AGT correspondence

The original AGT correspondence is a relation between the four-dimensional N’ = 2 theory
7T¢ and two-dimensional Liouville CFT [20]. Let us consider the case of T¢ for C being a
sphere with (n + 2) regular punctures. Recall that this theory is described in the quiver
diagram Figure 5. This theory is a linear-quiver gauge theory that has SU(2)"~! gauge
group. The original AGT correspondence implies that the instanton part of the Nekrasov
partition function of this theory is identified by the (n + 2)-point conformal block of the
Virasoro primary vertex operator V,, = €2*() with the conformal weight A, = a(Q — )
of the Liouville CFT as

Zinst(a; mo, - - aanrl) = faoa151a252a3 U ﬁnflanarkkl ’ (222>
where @ = (a1, ,a,-1) and m; are respectively the VEV of Coulomb branch operators
and the mass parameters in the four-dimensional theory; a; and ; are the external and
intermediate momenta in the Liouville theory, respectively. The relations between The 4d

and 2d parameters are of

a; Q mg Q
_p_ —y— 2.2
v/ €1€2 ﬁ 2 \/€E1€2 @ 2 ( 3>

where ¢; is the (2-background parameters that correspond to the Liouville charge by @ =
(€1 + €2)/\/€1€2. In this paper, we rescale the Q-background parameters by ,/é;e; = 1. The
SW curve of T¢ (2.3) is also identified as the insertion of the energy-momentum tensor into

the n + 2-points function in the classical limit ¢, — 0 as

2 {a0|T(2)Vay (21) - Vi (20) | 11) (2.24)

(0| Vay (21) - -+ Ve (20) lovng1)

where the Virasoro primary state is defined by the state-operator map as |a) = lim,_,o V,(2)|0).
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The AGT correspondence can be extended to SU(N) gauge theory [73]. Then the

algebra on two-dimensional theory is of Wy algebra.®

2.2.2 U(2)-version of original AGT correspondence

In [20], the Nekrasov partition function of a U(2) gauge theory Zy (o) is generally decom-
posed into that of the SU(2) gauge theory Zgy(2) and U(1) factor Zy 1y, by

Zu@) = Zsu@2u() ; (2.25)

where the instanton part of Zgy (o) is identical to a conformal block of the two-dimensional
Liouville CF'T as reviewed in subsection 2.2, and Zy ;) is interpreted to the contribution
of the U(1) part of the gauge theory. On the 2d side, the U(1) factor corresponds to the
n-points function of chiral vertex operators for an extra Heisenberg algebra, which was
studied in [45].

Suppose the linear quiver gauge theory described by the quiver diagram Figure 5, Zg(2)
is identical to the (n + 2)-points function of the Liouville CFT, while the U(1) factor is
identified as [44]

Zuay = (Vas(20) = Var (za11)) (2.26)

where VX (z) = exp <2(a — Q)Y oo %z_k> exp <2ai Y k>0 %z_k> is of the chiral vertex
operator for Heisenberg algebra, and each of the coordinates z; of these operators coincides
with those of the Virasoro primary vertex operators in (2.22). Thus, we see that the
Nekrasov partition function Zy(s) is identified with the (n 4 2)-points function of chiral

vertex operators of the form
Vil(2) = Va(2) @ VE(2) . (2.27)

Therefore we note that the original AGT correspondence is extended U (2)-version in case
of the direct sum of Virasoro and Heisenberg algebra which we denote Vir & H. Note that
Virasoro generators L, and Heisenberg generators a;, are commutative since we defined
these algebras as the direct sum of the two algebras. Thus, our convention for the algebra
Vir & H is such that

(L, L] = (0 — m) Ly + %n(nQ — D)dimo (2.28)
@, @n] = S0nimo + [Losan] =0, (2.29)

SIn particular, for N = 3, it has been checked by [74,75].
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and the action of Vir & H on ?a(z) is characterized by’
(Lo, Vi(2)] = (2" + (n 4 Da(Q — a)2")Va(z) | (2.31)

—iaz"Vo(2) (n<0)

i(Q — a)2"Va(z) (n>0) (2:32)

[ ‘//\ZX(Z)] = {

2.3 Generalized AGT correspondence

In this subsection, we will discuss the generalized AGT correspondence. The same argument
as reviewed in subsection 2.2, the generalized AGT correspondence relates the instanton
part of the Nekrasov partition function of the AD theories with an “irregular” conformal
block of the Liouville theory. Moreover, we review the construction of the irregular state

corresponding to the (A, Dy) theory for even N.

2.3.1 Generalization of AGT correspondence

According to the generalized AGT correspondence [21,26,27], the regular puncture and the
irregular puncture correspond to a primary state |a) and irregular state |I¥/2)) of Virasoro
algebra, respectively. The irregular state is a simultaneous eigenstate of Ly for k > | N/2]

as follows:®

0 for N <k
Li| TNy = : (2.33)
e[ TN/2)) for L%J <k<N
The generalized AGT correspondence implies that the Nekrasov partition function of the
(A1, Dy) theory is identified with the inner product of the regular state |a) and the irregular
state [IV/2)) as

Z(a,,py) = (alINP) (2.34)

and SW curve of the theory is also identified as the classical limit of the insertion of the

energy-momentum tensor into the inner product

2 _ _(alT(x)[IP7)

= — . 2.
<a‘[(N/2)> ( 35)
"From the state-operator map, one obtains the highest weight state |a) of Vir & H as
|a) = lav) ® |an) , (2.30)

where |ay ) is the highest weight state of Virasoro algebra, and |ay) is that of Heisenberg algebra.
8|s] is the integer part of s.
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Figure 8: LHS: The Riemann surface of the theory described in Figure 3 being sphere with
two irregular punctures. RHS: The surface stands for a weak coupling limit of the LHS

theory.

Since the Virasoro generators define the energy-momentum tensor as T'(z) = >y *2L,,
we see that (2.35) is evaluated from (2.33) as

A An_ A
=N AN De (2.36)

2 N+2 ZN+1 22

Let us now consider that C has two irregular punctures of rank N/2. In this case, the
four-dimensional theory 7¢ is asymptotically free, namely non-conformal field theory, and
then the quiver diagram for this theory is described in Figure 3; we now call this “non-
conformally gauged AD theory”. Here, the flavor symmetry SU(2) C SU(2) x U(1) of the
(A1, Dy) theories are gauged by the SU(2) vector multiplet.” This theory is engineered
by compactifying on a surface C with two irregular punctures, which is represented by
connecting the regular punctures of each of the punctured Riemann surfaces corresponding
to the AD sectors, see Figure 8. The generalized AGT correspondence implies that the

Nekrasov partition function of this theory is written as

A1,Dap, n n
Zopigy ) = (101 (2.37)

where (IV/2)| and [I™V/2)) correspond to each of the AD sectors.

2.3.2 Colliding-limit construction

Here, we show the construction of |I(V/?) for even N, based on [27]. The irregular state
[I(V/2)) for even N can be constructed by colliding (£ + 1) Virasoro primary operators, see
Figure 9. To see that, we define the state

N/2

oy (renzyh = | [TVEG) | VEO: o) (2.39)

YWhen N is equal to 4, the flavor symmetry is enhanced to SU(3).
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—_—
colliding limit

Figure 9: Left: There are (% + 1) black dots, each of wihch stand for Virasoro primary
vertex operators. Right: Blue dot stand for a rank n irregular state constructed by colliding

limit.

where : AB : is the normal-orderd product of A and B. The action of the encoding singular

behavior of the stress tensor 7% (y) = 3,5 y~*=2L,, on this state is given by

N/2

T>(y)|¢g(zl,...,zg)):Z(O‘i(Q_O”)+ ! )Ww(zl,...,zg)), (2.39)

2\ Ty zon

where z, is zero. Note that we consider the limit z; — 0 and a; — oo with ¢, = Zl 0 %

kept finite for £k =0, -, 2 , and then the action (2.39) is reduced to

AW N2 1)\k+ZN2 ’“gc”ka% L_,

e e DV N el L Ry

k=N/2 k=0

where the irregular state and A\, are defined as

[Ty = dim[px (21,00 2x)) (2.41)

colliding limit 2
and

- ccpy for < k<N
A = = k N/2 2 | 2.4)
- Z@:o CeCr—p + (k + 1)Q0k for k< %

Thus, L, concretely acts on this state

0 for N <k
L TNy = & N IW2y - for <k

IN

N . (2.43)
(/\imLZéV:/ 50e+kac>|IN/2> for 0<k<Z

Note that |I(N/2)> is a simultaneous eigenstate of Ly, -+, Ly_1 and Lywith fixed by

o, ,¢Nny2—1 and cyyz. On the other hand, since (2.43) contains differential equations, it
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is not an eigenstate of Lg- - Ly/o—2 and Ly/s—; but depends on the boundary condition
or the asymptotic behavior. As discussed in [27], |[IV/?) is completely fixed by N/2
extra parameters characterized the asymptotic behavior of [TV / 2)) in the small ¢ limit for
k=1,---,N/2, in addition to cp,- -, cnj2—1 and cyya.

Next, we show how the 2d parameters are related to the 4d parameters. Note that the 4d
theory has N parameters while the two-dimensional theory depends on (/N 4 1) parameters
characterized by ¢ for k = 0,---, N/2 and N/2 extra parameters. Therefore, there is a
discrepancy between the number of parameters of the 4d and 2d theories. To explain this
discrepancy, we start with the SW curve of the (A, Dy) theory for even N [26,27]

N1 N 1
a® Uy, m < dy, 1
2
r*=—+ E + + E + 2.44
2 o Z%+2_k 2%4_2 — 2 N+2-k 2 N+2 ’ ( )

where uy, di, and m are respectively the VEVs of Coulomb branch operators, the relevant
couplings and, a mass parameter. On the other hand, by inserting (2.43) into (2.35), the
SW curve on the 2d theory is identified as the classical limit of the following

2
al TN T2 A, 2cnen Cn
2:_<| ()]|V2 >:_ St 2N211+ N - (2.45)
(N/2) + +
@y~ T

Here, we make the change of variables as z — (CN/Q)%Z and z — (cN/g)_%x in (2.45) so
that the coefficient of 1/2V%2 is 1, then the SW curve (2.45) corresponds to (2.44). To be

easy to understand this relation, we define new parameters by
Ck

(cx)

Then, the relation between the 2d and 4d parameters is given by

N
Vi = for 0<k< 5 (2.46)

2%

N N N N
2 2 2 2
dh — CICN—k—0 B Gy A
k= E T 9 2 E YeVN—k—¢ m = s = YeVN _yp s (2.47)
-N N
=5k <C%) N =5k =0 2 =0
Nk Nk k
2 2
_ CgC%fkie § : C%JrZ*k aF(AlaDN) 2 :E 0 T
U = 1_2k 1_2k O - VeVN _j—p ’}/@Jr%fka (A1,DN) >
(=0 (c%) N (c%) N ¢ =0 =1
(2.48)

where F4, py) is the prepotential of the (A;, Dy) theory as following

Fiarny) = lim (162108 Z(4,.0y)) - (2.49)
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Note that all the 4d parameters is independent of ¢/, when we take 7 = (v0, -+ , Yn/2-1)
and cy/; as independent variables, but we need to prove the cy/, independence of %}"( A1,DN)-
We will explain this in subsection 3.1.

Recall that we consider the case of even N. The colliding limit construction is not
known for odd N on this state, and therefore the actions of Lg,---, L~—1 have not been
specified by the parameters c;,. We will discuss the action of Virasoré and Heisenberg

generators on |IV/?) for odd N in subsection 3.2.
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3 U(2)-version of the generalized AGT correspondence

In this section, we will show the extension of the generalized AGT correspondence as
reviewed in subsection 2.3 to U(2)-version. Then one obtains the Nekrasov-type formula for
the (A1, Dy) theory coupled to the U(2) gauge group. In subsection 2.2, the U(2)-version
of the original AGT correspondence has been obtained by the direct sum of the Virasoro
primary vertex operator and the chiral vertex operator for extra Heisenberg algebra in
(2.27). Our strategy is to introduce an irregular state of Vir @ H and to find the Nekrasov-
type formula for the (A, Dy) theory as a sum over a pair of two Young diagrams.

In the next subsection 3.1, we introduce the irregular state of Vir & H for rank even N

and construct this by the colliding limit construction. Moreover, We will discuss the case
of odd N in subsection 3.2.

3.1 In the case of (A, Deven)

We first show that an irregular state corresponding to the U(2)-version of the generalized
AGT can be constructed by the colliding limit construction when N is even. Application to
this state, we then propose the Nekrasov-type formula for the (Aj, Deyen) theories labeled

a pair of two Young diagrams.

3.1.1 Irregular state of Vir ¢ H

Recall that the original AGT correspondence is extended to the U(2)-version when the
algebra in the 2d theory is Vir & H. Here, We extend the generalized AGT correspondence
to the U(2)-version. The same argument as in subsection 2.3, an irregular state |1(2V/2)
is a state in the highest module of Vir & H. In particular, the irregular state for even N
is constructed by colliding limit construction of the regular states (2.27). To see that, we
start with the state

[TV ) | Vi) o) . (3.1)

=1

)

|¢§(Zla )y %

N4

The action of J-(y) = >~ ¥ " 'ax on it is given by

|z

i(Q - O-/i>zz'
— yly—z)

1=

J><y)|¢§(21, e ,z%» - _

‘(ﬁg(zlv"' X

[z
S~—
~
~—~

©w
[\
SN—
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Similarly to (2.41), we take the colliding limit z; — 0 and «; — oo with ¢ kept fixed, and
then we define the irregular state of Heisenberg algebra as

(N/2)y : H .
™) = collidlilrgl limit W%(Zl’ %

) - (3-3)

w2

We see that the irregular state of Heisenberg algebra is characterized by

o

for Nk
ar I ?) = ’ (3.4)

—ic [ IN?Y for 1<k <

w|2

Since we now consider the direct sum of Viraso and Heisenberg algebras, the irregular state
TN/ is decomposed as

[TOR) = (1) @ |1;7%) (35)
where |I(V/2)) is satisfied with (2.43). Hence the new irregular state is defined as follows:

0 for N < k

LTy = { MTY) for ¥ <k<N B9
N _ ~
</\k + Zei1k£C£+k%> |[TEN/2)) for 0<k< %
0 for ¥ <k
ax| T2 = 2 : (3.7)

—ick|_/f\(N/2)) for 1

IA

=~
IN
|2

where we again denote \ as

\ - szzvz/iizv/g cocp—y for T <k <N .
k= _ .
- Z?:o coch—e+ (k+1)Qcr for 0<k< %

3.1.2 Nekrasov-type formula

According to (2.5), the instanton part of the Nekrasov partition function is decomposed
as the contributions from the gauge sector and the matter sector. Let us start with the
non-conformally gauged AD theory described in Figure 3 for even N. Recall that the flavor
symmetry SU(2) C SU(2) x U(1) of the (A;, Dy) theories is gauged by the SU(2) vector
multiplet, and this theory is constructed by compactifying 6d N' = 2 A; type SCFT on a
sphere C with two irregular punctures. Since the theory involved the (A;, Dy) theories in

the matter sector, the Nekrasov partition function of the theory cannot be evaluated by
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the supersymmetric localization technique. However, we can read off the contribution from
the (Ay, Dy) theory at the fixed point labeled by (Y;,Y3) on the U(2) instanton moduli
space via U(2)-version of the generalized AGT correspondence.

To see that, similarly to the case of Lagrangian description, we first propose that the

instanton part of the Nekrasov partition function can be decomposed as

2 A,D vec A,D NA,D ~ 7 ~
ZUTQ() VON) = 2 > AP (MiFRED Zvee () ZE0P%) (0 . d,u) 2550 (a, i, d, @) L (3.9)
Yi1,Ys

where by = 4/N, and we regard Z%ffv ) and é&i;flv ) as the contributions from two
different (Ay, Dy) sectors, and m, d = (dy,--- ,d%_l), and 4 = (uq,--- ,u%_l) (or m,
d= (dy,- - ,J%_l), and u = (uy,- - - ,ﬂ%_l)) respectively the mass parameter, the relevant
couplings, and the VEVs of Coulomb branch operators in the (A, Dy) theory. The same is
true of the parameters with a tilde. Since the two (A;, Dy ) theories have different couplings
to the U(1) subgroup of the gauge group, gé’il)}flv ) and Z&il)}flv ) are not identical.

On the 2d side, the Nekrasov partition function of the theory is given by

Zh ) = (T 7). (3.10)

As shown in [44], there exists a unique orthogonal basis |a; Y7, Ys), which is a linear com-
bination of descendants of |a) at level (|Y7| + |Y3|)!° such that

(a: Y1, Yo Va(D)|b; We, W) i
= _ zbifunc a,b,a), 311
(alV,(1)|b) Y. Yo, ws ( ) ( )

where the RHS is the contribution from the bi-fundamental hypermultiplet shown in (2.12),
‘A/a(l) is the vertex operator reviewed in subsection 2.2, and Y, and W}, are Young diagrams.
In particular, |a; ), ) = |a) is the highest weight state satisfying (a|a)=1, Lo|a) = A(a)|a)
and L,|a) = apla) = 0 for n > 0, and we denote a few examples of |a; Y7, Ys) in Appendix
A. Here, the conjugate (a; Y, Ys| is not the usual hermitian conjugate of |a; Y7, Ys), i.e.,
for |a; Y7, Ys) given by a linear combination of L7 - LT};’paTel . ~a7iq€q|a>. The conjugate
(a; Y1, Yo| is obtained by replacing each of these states with (ala,’ - - - ay! Li” - - - L without
changing the coefficients of the linear combination as discussed in [44]. And also, recall

that Zy°%, (a) = 1/2ZP"2%, 1. (a,a,0), the orthogonal basis is satisfied with an equation as

1= 2%, (a)]a; Y1, Ya)(a; Y1, Ya| . (3.12)
Y1,Y2
10The “level” is the sum of the levels of Virasoro and Heisenberg algebras.  For instance,

m m. n n p q
L™ - LT ay eay |a) has level 7 | mgk; + > -7 nil;.
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Then inserting (3.12) into the RHS of (3.10), one is given by

B =37 2R () (TP Y, V) (a2, Y T2) (3.13)

Y1,Ys2

Comparing (3.9) with (3.13), we can interpret the expression (3.13) as a sum over the
fixed points of torus action on the U(2) instanton moduli space. Recall that [T/} and
(IW/2)| correspond to each of the AD theories. Therefore, we regard the factor Zl(,ﬁl}}QDN )

and ZNX(/’S}QDN ) as respectively

(a,on) (Y3, Yo TN/ Sy (TN Y1, V)
YL,Y2 (a|TV/2y Y1.Y2 (TWV/2)|q)

, (3.14)

where we define the perturbative part as Z,e = (f(N/ 2|a) (a|f (N/2)y since the perturbative
part makes the power series in A start with 1.

Let us focus on the left relation of (3.14). As discussed in subsection 2.3, the LHS
of (3.14) is independent of cy/o, and then the cy/, dependence of the RHS needs to be

canceled by a constant of proportionality. To see that dependence, let us consider the form
(a; Y1, Yal (Lo — D) TNP) = (A = Ay + V] + [Yal) (0 V1, Y| TV) 0 (3.15)

On the other hand, from (2.43), the above expression is identified in terms of 7 and cy/, as

New 0
2 | (a; Yy, Yo T2y o 3.16
2 Ocw <a7 1 2| > + ) ( )
2 |y

where “- - -7 stands for the derivative with respect to . The equivalence between the above

two equations implies that

Ag—ADcy+|Y7 [+ 5

<a; Y1, Y2’f(N/2)> = (CE)Q N fY1,Y2 (7) ) (317>

where fy, y,(7) is independent of ¢y /2. To see that all 4d parameters are indeed indepen-

dent of cy/9, as discussed in subsection 2.3, let us consider a function

2(A, — A
1og<a|f<N/2>>:—( aN )

*~logex +log foe(7) (3.18)
where we set Y1 = Y5 = () in (3.17). This implies that > 10g< TWN/2)y = 6%@ log fyo(7) is

independent of ¢y 2. Note that the cy/,-independence of all the 4d parameters follows from
that of 52~ log(a| TN/2)y.

24



The above results imply that the cy/» dependence of the RHS of (3.14) is canceled by
72\Y1|+|Y2\

the factor ¢, /2 N and therefore the left relation of (3.14) is explicitly given by

oM+l (a; Y1, Y| TWV/2))
(a| TN/2))

A1,D
27 = (Cenpa) : (3.19)
where ( is a possible numerical constant independent of all variables.
The same argument as the above, we can also show the right relation of (3.14). Recall
that the conjugate (a; Y1, Y3| is not the usual hermitian conjugate of |a; Y7, Ys). Note that

the factor ng‘f}}flv ) is obtained from Z&ﬁg}f]v ) by replacement as follows:

G T, Qo Q' (3.20)
Therefore the right relation of (3.14) is given by

(A1, DN) _ ( poox _oMil+IYa| <T(N/2)|G7Y17Y2>
ZY1,Y2 _< CCN/2> N <T(N/2)|a> . (321)

3.1.3 Identification of a dynamical scale

Here, we show how the 4d dynamical scale A is identified with the 2d parameters. Inserting
(3.19) and (3.21) into (3.13), one is given as

2% (A1,D ~ MltYal _yece A1,D S(A1,D ~ 7 ~
ZY1><,§/21 v = Zpert Z <_C2CN/2CN/2)2 N ZY17Y2(@)Z§(/171Y'2 N)(a7 m7d,u>Z)(/1’ly'2 N)(a7m7d7 u) )

Y1,Y2
(3.22)

where Zpery = (I0/2]a)(a|TV/2)). Comparing (3.9) with (3.22), the 4d dynamical scale is
identified with

A2 = —CQCN/QE;/Q . (323)

Recall that the cxys (or ¢y /,) independence of the (A, Dy) theory is related to conformal

invariance. Since the U(2) gauge coupling breaks the conformal symmetry of the two

(A1, Dy) theories via the dynamical scale, it is natural that A depends on ¢y, and E*N/Q.
We show that the above proposals (3.19) and (3.21) are consistent with the SW curve.

The SW curve of the theory is written as [26]

A2

2 _ N2 N-2_, .
ot = AT T N

(3.24)
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where A is equivalent to the dynamical scale A up to a numerical factor. While on the 2d

theory, one can be evaluated as follows:

T(N/2) TIN/2) )
2 T)L) 2 neo (cny2)
ST EN = (Cnp) =" R (3.25)

1

We here change the variables in (3.25) as z — z <—CN/2/E;[/2)% and T — x (—CN/Q/E]’(,/Q)_N
so that the coefficient of 2V =2 is equivalent to that of 1/2¥"2 then these coefficients are
(—cN/QE}‘\,/Z). Comparing this with (3.24), we see that AZ = —cN/QE;,/Z. This relation is
consistent with (3.23) up to a numerical factor (.

3.1.4 Consistency with a free fundamental hypermultiplet

Here, we show that our proposals are consistent. Recall that the (A;, Ds) theory is a theory
of a free hypermultiplet in the doublet of U(2). Therefore, we can check the consistency
of our proposals to compare the Nekrasov formula for the (A, Dy) theory with that for
(anti-)fundamental hypermultiplet.

We first consider (3.19). When N is two, the irregular state [I) is characterized by

L™= 0 for k>2, (3.26)

Lo Ty = 2Ty | (3.27)

Ly |TMY = 2(Q — co)ey [TV (3.28)

Lo|TW) = (ACO e ) 7MY | (3.29)
and

a, Ty = 0 for E>1, (3.30)

ar[TV) = —icy [TM)Y | (3.31)

By computing the ratio (a; Yy, Ya|T™) /(a|I™), we then find that !

Cl)_|Y1_|Y2 <(1, ;1, ig‘j\(l)> fund
—— — =2z a,m) , 3.32
< 2 {a|IM) 1, i ) ( )

where Z{};‘?{}z is the contribution of a fundamental hypermultiplet as appeared in subsection
2.1, We see that (3.32) is entirely consistent with (3.19) for ( = —1/2. The mass parameter

1'We checked this statement for |Y;| + |Yz| > 6
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m is related by

m = co— % , (3.33)

The above relation is also consistent with (2.47) up to a numerical factor.
The same argument as the above, we can check the consistency of an anti-fundamental
hypermultiplet. Let us consider (3.21); we then find that

ro o A LE A GO TP VA v
Cq <[ |a’7 1) 2> ti-fund ~
— — Zanl un: , , 334
(_2 ) —([(1)\61) Y1,Ys (a,m) ( )

and the mass parameter m is also relate to ¢y by

= (50 - %) . (3.35)

This is also consistent with our proposal for { = —1/2.

3.2 In the case of (A, Doqqa)

In this subsection, we extend the U(2)-version generalized AGT correspondence to the
case of the (Aj, Dy) theories for odd N. Recall that these theories are also obtained by
compactifying 6d ' = (2,0) SCFT of type A;, therefore, similar to the case of even N, we
assume that the Nekrasov formula for the (A;, Dy) theories for odd N is identified with

(41,Dn) (a; Y7, Yo | TWV/2))
e iomy

Here, the irregular state |IV/?) for odd N is decomposed as |[T(V/?) = [T(V/2)) & |]§{N/2)>,
where |I(V/?)) is the irregular state of Virasoro algebra satisfied with (2.33), and |I}IN/ 2)) is
that of Heisenberg algebra. For odd N, the irregular state |/("/?) cannot be obtained by
the colliding limit construction, hence an explicit expression for the action of Ly, -+, Ly-1

2
on |IN/2)) has not been identified. Moreover, it is difficult to find the action of a;,--- ,ax-

(3.36)

1

2
on |I}IN/ 2)), and therefore one cannot compute

<a|a%é e a‘{lL};L/; e Lflll |T(N/2)>
(a| TN/2))

for n; > 0 and m; > 0 without understanding these actions. This means that computation

: (3.37)

of (3.36) looks hard since (a;Y1,Ys| is a linear combination of (ala, ---a{' L? --- LPL.
However, we will discuss that (3.37) can be computed if we focus on the classical limit
¢; — 0 and turn off the relevant couplings and the VEV of the Coulomb branch operators
in the (Ay, Dy) theory below.

27



3.2.1 DMatrix elements in the classical lmit

Here, we show that subalgebra {L,~o} reduces to the commutative algebra in the classical
limit ¢, — 0. Then we propose the conjecture that the matrix elements can be evaluated

by the product of follows:

(alan | TN/)
<a|f(N/2>>

(a] L, T72)
(al TOV72)

(1 : b, = , (3.38)
for n,m > 0.

To see that, we focus on the four-dimensional scaling dimension. Recall that the SW
curve of the (A, Dy) theory is written as (2.35). Since the SW 1-form xdz has four-
dimensional scaling dimension 1, we see that the stress-energy tensor and the coordinates
(z,2) in (2.35) have four-dimensional scaling dimension Ayq(2) = —2/N and Ay(T'(2)) =
Ayq(2?) = 2(142/N), and therefore Virasoro generators associated with four-dimensional
scaling dimension

Aga(Ly) =2 (1 - %) . (3.39)

Recall that we set €165, When we need to recover the full ¢;-dependence, we rescale all

A1a/2 Therefore, the Virasoro

quantity of dimension Ayq in two-dimensional theory by (e;€2)
generators L, are replaced by (e1e3)!~~, and one can rewrite Virasoro algebra (2.28) as

following;:
Ly, L) = (n—m)(er€2) Ly (3.40)

for m,n > 0. This implies that the subalgebra {L,~o} reduces to the commutative algebra
in the classical limit. Therefore, in the classical limit, we can regard {L,~o} and {a,>o} as
commutative, and then they have a simultaneous eigenstate. We propose that the irregular
state is asymptotically equivalent to a simultaneous eigenstate in the classical limit.'? Then

the matrix elements (3.37) are evaluated by (3.38) as

(alad ceall LPr ...L%’j\(Nﬂ)) ¢ | k |
é (a|f(]$/2)> = | [T ) { T C0n) ) - (3.41)

i=1 j=1

where b, for \_%J <n < N are eigenvalues A, in (2.33).

12When N = 4, despite the action of L; on the irregular state |IA(2)> involves 028%1, |f(2)> approaches to
a simultaneous eigenstate in the classical limit, and then the eigenvalue of L; regarded as the VEV of the

Coulomb branch operator u; in section 4.
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3.2.2 Nekrasov-type formula for (A;, Dogaq)

Similarly to the case of even N, we must remove an unphysical degree of freedom from the
RHS in (3.36). To see that, let us first consider evaluating the four-dimensional scaling
dimensions of {ay,} and {b,}. From (3.39), we see that

A (b)) = 2 (1 . %) : (3.42)

Note that b, for n > N have negative scaling dimensions; therefore, we see that these pa-
rameters stand for irrelevant couplings. However, the prepotential related to the Nekrasov
partition function in (1.1) is defined in the infrared, so such irrelevant couplings must be
zero. Indeed, this is consistent with (2.33).

The 4d scaling dimension of {a,} are evaluated by the highest module |a;Y7,Y3) of
Vir @ H as shown in Appendix A [45]. For instance, ZS&’DN ) is evaluated by (A.2) and
(3.38) as

Zl(:fé’DN) ~ —i(El + € + 2@)(11 — bl . (343)

Here, the 4d scaling dimensions of two terms in (3.43) must be equivalent. Recall that
the highest weight a of |a) is the VEV of the scalar in SU(2) vector multiplet in the four-
dimensional theory, which has 4d scaling dimension one. Also, we see that 2-background

parameters have 4d scaling dimension one, i.e. Ayq(a) = Ayq(€1) = Agq(€e2) = 1. Thus, one

obtains
Aga(ar) = Aga(by) =1 =1 — % | (3.44)
Similarly, one obtains for Z(D%’éj ) and Z(ngf 0 ) follows:
Asa(az) = 2A44(6)) —3 =1 — % | (3.45)
Asa(as) = 304 (by) —5 = 1 — % | (3.46)

We can find the 4d scaling dimension of a, for all m by the same analysis for Zglb’DN ) with
Y1 =[1,---,1]. The basis |a; Y7, D) are written as

V1]
la; Yy =[1,--- 1], 0) = </\/'(Y1)e|lyl|_1 H(2a+j61 +€2) | a_pyy

j=1

Loen M ...)|a>, (3.47)
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where a numerical factor AV/(Y}) is independent of ¢; and €,.> We then obtain the factor

3[1,---,1],0 as

Y1
2~ N T 20+ G+ e + (<)M (3.51)

J=1

This implies that {ay,} have 4d scaling dimension:

2
A4d(am) = mA4d([]1) —2m+1=1- Wm . (352)
Note that the SW curve of the (A;, Dy) theory is described by (3.38) as
1 by_1 1 by 1
2 _ _ -
L ((_b]\/)NNl N+ + o) 2 2 +
bM bl 1 aQ

b2 toot———= |+, 3.53
(—by) 2w 273 (—by)v 2% ] 22 (3.53)

where we made the change of variables as # — (—by) vz and z — (—by)¥ 2z in (3.53)
so that the coefficient of 1/2¥+2 is 1. Since the (A;, Dy) theory has no exactly marginal
coupling and Ayy(Lg) = Auy(by) = 0, the parameter by has no counterpart in four-
dimensional theory. This means that by is an unphysical degree of freedom in the four-

dimensional theory. Since the VEVs of the Coulomb branch operators have 4d scaling

dimension larger than one, we see that by,--- ,b No1oare identified with the VEVs of the
Coulomb branch operators. On the other hand, the relevant couplings have 4d scaling
dimension smaller than one, and therefore b LEEREAAE by_1 are identified with the relevant
couplings.

13As shown in [45], The Virasoro generators L, are rewritten by the free boson representation as

L, = Z CkCh—n +1(nQ — 2a)c, , (3.48)
k#0,n

where [cp, ¢ 0ntm,0. Then the orthogonal basis |a; Y7, () are obtained as
—e2
|a; Y1,0) = Qy, ()33 (2)]a) (3.49)

where Qy, (a) = (—¢;)M! [T kyevy (2a + jer + kez), and Jg,:eé)(x) is the normalized Jack polynomial. We
here recovered the full ¢;-dependence. The variables x = (a1, za, - - ) are related to

a_p — C_p = —i€1Dp () , (3.50)

where p,(z) = Z‘f;lll xl.
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Let us now turn off all the relevant couplings and the VEVs of the Coulomb branch
operators in the (A, Dy) theory. This means that

b, =0, for n#N, (3.54)

and this is equivalent to the condition that b,, = 0 unless Ayq(b,,) = 0. We assume that a,,
is independent of a; therefore, a,, is equal to zero unless Ayy(a,,) = 0. According to (3.52),
Ayq(a,,) # 0 for odd N, and therefore one obtains

Ay, =0, (3.55)
for all m. We conclude that the matrix elements (3.37) reduce to

1 for ¢=k=0

<a|a%z cooq? Pk .. 'Lﬁ11|f(N/2)>
== 5n1,N(bN)p1 for (= 0, k=1 > (356)

mi T ng

(al TOV72)

0 for the others

when all the relevant couplings and the VEVs of the Coulomb branch operators in the
(A1, Dy) theory are turned off. To compute the Nekrasov partition function of the (As, As)
theory, we will use this statement in section (5).

In the remaining part, we explicitly identified the Nekrasov formula Z}(,ﬁ}f)N ). Recall
that by is the unphysical degree of freedom in the four-dimensional theory. Hence, the
unphysical parameter by must be removed from the RHS on (3‘;3|6?§ ‘The result (3.56) is

17

implies that (a; Y7, Ya|T™/2) /(a|T™N/2)) is proportional to (by) ~~ -, and therefore the
Nekrasov formula for the (A, Dy) theory for odd N is identified with

“paal (a; Vi, Y| TOV)
(a|TV/2)

2007 (a) = (€by) , (3.57)

where £ is a possible numerical factor related to the rescaling of the dynamical scale.

3.2.3 The a independence of a,,

Here, we give supporting evidence for the a-independence of a,,. Let us consider the
theory described in Figure 3. According to the U(2)-version of the generalized AGT
correspondence, the Nekrasov partition function for the U(2) gauge group is given as
Zyey(a) = (TW/D|TWN/) and by inserting (3.12) into this, one obtains

Zye(a) =Y AbIERRD Zee (0) (TN a; V1, Vo) (a3 Y2, Yo TV/?) (3.58)
Y1,Ys
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where (_/f\(N/Q)| and |f(N/2)> correspond to two (Aj, Dy) sectors. On the other hand, the

relation between the partition functions for U(2) and SU(2) gauge group is

Zye)(a) = 2Zua) Zsue(a) , (3.59)

where the U(1)-factor Zy(yy is independent of a since the VEV of the scalar field in the
SU(2) vector multiplet and a is neutral under the U(1) gauge group. the SU(2)-version
of the generalized AGT correspondence implies Zgyr2)(a) = (I&/2|IV/2). Furthermore,
in analogy with [44], the U(1)-factor is identified with Zy ) = (ILN/2)|I}IN/2)>. Below, we
set all the parameters in two AD theories to be equal since <f (N/2)| is the conjugate of the
state |I1N/2)). Then Zyy(a) is written as

2 2
Zyey(a) = [TV = [lrermy [ 1) (3.60)

Note that Zsy(2) and Zy(1) can be expanded in power of the dynamical scale A as

Zsu)(a Z Ak Z2V @) Zogy =y ANz (3.61)

where by = 4/N is the cofficient of the one-loop beta function. Since the identification

Zua) ’]I (/2 )‘ implies that the expansion coefficients ZEU W

|IHN/2)), we claim that Z[U(l)

are related to the state
are provided by <aH\I§{N/ 2y and

T N/2
(alan| TN (anlam| ")
(alTV/2) (au 15"

(3.62)

am =

where |ag) is the highest weight state of Heisenberg algebra that we have used in (2.30).
Using (3.61) and (3.59), one can obtain

_ Z Abo(k—l—Z)ZIfU(?)(a) Zly(l) . (363)

k=0

By comparing this with (3.58) order by order, we can read off Z:U(z) (a) and Z,i](l). Let us

perform this comparison at O(A%), O(A%), and O(A?™) below.
We first compare the terms of O(A%), then we will find

SU(2 U N2
75" (a) 27V = {ay [TV 2 [{am| IS (3.64)

where we used (2.30) and (3.5). Since the identification ZgU(z)(a) = {ay |[IN/2)|? has been
already discussed by [26,27], we see that the identification

U N
28" = au|I3?)? . (3.65)
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Note that the a-independence of |(a H\IEN/ 2)>| follows from that of Z. M,
We compare the terms of higher orders of A. To simplify this comparison, we set

€1 = 1/e; = i below. For the terms of O(A%), the equation of this comparison is written as
SU(2 U@ SU(2 U@
Z ()(a>Zo()+Zo ()<G>Zl()

= Z255(T s, 0as 03, OT) + Z555(TD ;0,000 03 0,011 ) . (3.66)

Using the identification of Z; ve, (3.65) and the orthogonal basis |a; Y1, Y2) shown in [44],

one can obtain the RHS as

1 2 500 SU(2 N/2)y |2
53 v LI P2 + 22579 a) [anlar 1) (3.67)

If we identify ZfU@) and Z{](l) as

27" a) = — 5 Slav LI P L 27 =2l 1) P (3.68)
it is a solution of the equation (3.66). Hence, under the identification, we see that the

a-independence of |(aH|a1|Il(LIN/ 2)>| follows from that of Z. W,
For the terms of O(A%0); one obtains
23" a) 20V + 27 a) 21 + 257 () 7))
= 250 e, 1) P 4+ 225 (s B 0T P + 2 (s o)
+ 25 {a; 0, | T2 + zgf@ (a; 0,F TNy 2 (3.69)
Using the above identifications, we see that natural identification

—1+8a? [{ay |Li [TN/D)4
i a1

., (<](N/2)|L_2|av><av|L1|](N/2)>2 <1(N/2)I(L_1)2|av><av|L§N/2)>) ] (3.70)

SU(2) _ 1 22 N/2)\ |2

(ay [ I(N/2) (IIN/2)|ay)

N/2
{am|a | 157P)]*

(3.71)
au|y "))

73V = amlas| 1) + 2

solves the equation (3.69). Under the above identifications, since Zg(z), |(aH|a1|]§{N/2)>|,
and |(aH\I§{N/ 2) )| are independent of a, |<aH|a2|I§{N/ 2)>| is also independent of a. Using the

same procedure for the higher order, one can argue that

(amlan| I57)

(a|I")

la,| = (3.72)
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is independent of a for all m. Indeed, we have checked this argument up to m = 4. The
above discussion is only about |a,,|; however, it helps to explain the a-independence of a,,

for all m.
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4 The (A3, A3) theory

In this section, we evaluate the instanton part of the Nekrasov partition function of the
(A3, A3) theory by application to our proposals as discussed in subsection 3.1 and study
S-duality for this theory. This theory cannot be engineered by compactifying 6d N' = (2,0)
theory of type A;, while it is known to be constructed by “type As”. The (As, A3) theory is
known to be the SU(2) superconformal theory with two copies of the (A;, D,) theory and
a fundamental hypermultiplet described by the quiver diagram in Figure 2 for (p,q,7) =
(2,4,4).

In the following subsection, we apply (3.19) to this theory. And then, by using the

result of this computation, we study the S-duality of this theory in subsection 4.2.

4.1 Application to the (A3, A;) theory

In this subsection, we apply our proposal, as discussed in subsection 3.1, to the (As, A3)

theory to compute the instanton part of the Nekrasov partition function of this theory.

4.1.1 Partition function

To apply our proposals to the theory, let us replace SU(2) gauge group in Figure 10 with
U(2). There is a difference between Zi(,’ill}fN ) and §§i§fN ) which is how these theories
couple to the U(1)-part of the gauge group, but there give the same contribution to the
partition function of SU(2) gauge theory. Therefore we here focus on the case of two AD
theories corresponding to Z)(,ﬁli}f“). Then the Nekrasov partition function of the theory is
evaluated as

Zuey = Zpar Y a" I ERS (@20 (0 M) [ [ 205 (aomidiw) . (4)

- “’pert
Y1,Ys =1

where Z3%%, and Z{"y} are regarded as the contributions of the vector multiplet and funda-

mental hypermultiplet, as reviewed in subsection 2.1. The factor Zx(/ﬁ}fo can be regarded

as the contribution from the (A;, D,) sector, and and de(r%)

is a perturbative part that
makes series in ¢ start with 1. Since the (As, A3) theory has a vanishing beta function,
this theory is superconformal, and the instanton expansion is denoted by an exponential of
marginal gauge coupling ¢ instead of a dynamical scale. The parameters m;, d;, and u; are
respectively a mass, relevant coupling with dimension 1/2 and the VEV of Coulomb branch

operator with dimension 3/2 of each of the (A;, Dy) theories. As discussed in subsection
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thnf(F%men>

1

Figure 10: The quiver diagram of the (As, A3) theory, where (p,q,r) = (2,4,4) in Figure
2.

3.1, Zi(,il)}f“) is represented by inner product (a; Y1, Y2|T®) as

. 7@
el (a; Y, Yol [1%) .

ZEPD (g m dou) = (Ceo)” — 4.2
809 (a,m, ) = (Ge2) o (1.2
Here, we set the numerical factor as ( = —1/2 to be the straightforward expression below.

The variable of the numerical factor ( is related to the rescaling of the marginal coupling

g. The action of L; and a; on the irregular state |f )} is given as

LI®y= 0  for k>4, (4.3)
Ly|[T®) = —|T?) (4.4)
Ls|T®) = —2¢,6,|T?) | (4.5)
Lo[T®) = (e} + e5(2¢0 = 3Q))[T?) | (4.6)
L1|f(2)> = (CQai - 201(00 - Q)) |f(2)> ) (4-7)
C1
LolT®) = (A tod 0,2 7)) (4.8)
0 Jdc C1 862 ’
and
—ic | T®) for k= 1,2
x| T = HI) . (4.9)

0 for k>2

According to (2.47) and (2.48), the 4d parameters are identified by the 2d parameters as

follows:

2
c? 2c, 2cpc1 OF(Ay,D4)

=2co + — , d=—, = — , 4.10

m= 2+ = A v (4.10)

where F4, p,) = lim, oo (—€1€2108 Z(4, pay) is the prepotential of the (A;, Dy) theory.
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4.1.2 Prepotential

The prepotential of this theory is defined by the classical limit of the Nekrasov partition

function as
fU(Q) = 6111130 (—6162 IOg ZU(Q)) s (411)

and Zy(9) is decomposed into the contributions of SU(2) gauge theory and U(1) factor.
We see that the Nekrasov partition function of the (As, A3) theory is obtained by

Zu(2
Zlay ) = 3 = (4.12)
U(1)
and the prepotential is also defined as
FlAg,4) = Ell_n)q0 (—6162 log Z(A37A3)) . (4.13)
The prepotential further splits into the perturbative part and instanton part as
Fiasan = Foad ™ + Fos™ (4.14)

and the instanton part is generally expanded by the exponential of marginal coupling q as

inst

Fiar =3 Fgt . (4.15)
k=1

Below, we will evaluate the expansion coefficients of the above expression F;.
Note that (4.15) is identical to the instanton part of (4.11) as

U(2)

U@ _ Z

Finst = 611_13% <—€1€2 log ZT(?> ) (4.16)
per

up to U(1) factor. The problem of computing the coefficients Fj, is eventually equivalent

to that of calculating the matrix elements as
(alLy - Liay? - ap [T?) . (4.17)

Using (4.3)—(4.9), this further reduces to computing

k
T = (e~ 20— Q) ) (). (@.15)
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where (a]_/f\(2)> is the Nekrasov partition function of (A, Dy4) theory, whose SU(2) flavor sym-
metry is not gauged. The above equation means that we need to know the c;-dependence
of (a|T®) to compute (4.1). The ¢; expansion of (a|1?) is studied in [33]. However, in the
classical limit, we do not need to know it. Indeed, we here recover the full ¢;-dependence
by ¢ — ci/+/€1€2, then we see that (4.18) is eventually given as

E
2

(a LET®) = (c2)2 (—u)*(alT®)) . (4.19)

We can evaluate FlA343)

st by eliminating the a-independence and the perturbative part from

Zy(2) and using the result in (4.19).

4.2 S-duality

Here, we will evaluate the instanton part of the prepotential of this theory. Then we show
that this instanton part is related to the instanton part of the SU (2 SQCD with four flavors,
and we study the S-duality of the (As, A3) theory via that of the SU(2) SQCD with four

flavors by using discovered a prepotential relation.

4.2.1 On the UV gauge coupling

To study the S-duality of the theory, let us first focus on the case in which all the dimen-
sionful 4d parameters are turned off except for a (and -background parameters ¢;). Since
Fuy = limg, 0 (—6162 log ZU(I)) has scaling dimension 2, it must be proportional to a? in
this case. Since the VEV of the scalar field in the SU(2) vector multiplet a is neutral under
the U(1), the U(1)-factor Zy 1) is independent of a. Therefore, this implies that Fy 1y = 0.
By using the above discussions, the prepotential of the (A3, A3) theory, in this case, is given
as

1 13 23
Filad) gy = (=g + —¢* + ¢S +--- | a®. 4.20
inst ((La) 4(] + 128q + 384(] + a ( )
Remarkably, this expression is similar to the instanton part of the prepotential of the SU(2)
gauge theory with four flavors whose all mass parameters are turned off (2.15). We find
the following relation between (4.20) and (2.15):'
2P (ga) = Folb ' (¢%a) (4.21)

inst inst

14We checked this statement up to order O(¢®).
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We assume that the perturbative part also satisfies with 2]-";3%”43)@; a) = féﬁ{f 4(qz; a),

then one can extend the relation (4.21) to the “full” prepotential:
2F (43,45 (¢ @) = Fy=a(a®sa) - (4.22)
The perturbative part is generally written as
Foert = (log g + X)a* (4.23)

where X is a constant and is related to the one-loop part. Therefore we need to prove a
relation 2X (4343) = XNr=% 5o that we obtain (4.22), but we leave for future work. The
relation (4.22) means that one can study the S-duality of the (Ajs, A3) theory via that of
the SU(2) gauge theory with four flavors. To see that, let us first denote the prepotentials
of two theories by the IR gauge coupling as

Fias,an(q;a) = (log qr) a® Fn,—a(g;a) = (log qir) a” | (4.24)

where gigr and ¢r are a function of the UV gauge coupling ¢. As discussed in subsection
2.1, the SU(2) gauge theory with four flavors is invariant under PSL(2,7Z). Its actions on
the IR and UV gauge coupling are written as (2.19) and (2.20). Similarly, the (A3, A3)
theory is known to be invariant under PSL(2,7Z) [34,35,37]. However, unlike the SU(2)
gauge theory with four flavors, PSL(2,Z)-action has only been studied in the IR language.
Below, by using the surprising relation (4.22), we will discuss the action of PSL(2,7Z) on
the UV gauge coupling via the SU(2) gauge theory with four flavors.
The relation (4.22) implies that the prepotential F(4, 4,)(q; @) is obtained from Fy,—4(q; a)

by the non-trivial replacement
¢—¢, Tr— g - (4.25)

Hence the IR gauge coupling qir is related to ¢ by

2 92(‘112R)4

PRV Vi 4.26
RUAL (4:26)
this means that
2 20 1672
TR = — log g = —& 4 —~ (4.27)

is the modulus of the elliptic curve, which corresponds to the double cover of a sphere with

four punctures whose cross ratio is ¢, and then the elliptic curve is identified as the SW
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curve of the theory. The curve has the T and S transformations of the S-duality group
identified as

1
TZTIR—>TIR+1, SITIR—>——. (428)
TIR

Recall that the S-transformation for the N' =4, SU(2) SYM and the N' =2 SU(2) SQCD
represented the exchanging the minimal magnetic monopole with the W-boson and the
quark, with 1/2 of the electric charge of the W-boson, while the T-transformation for
the two theories exchanges this monopole with the dyonic particle whose electric charge
is equivalent to the quark. Therefore, (4.27) means that the S and T-transformation
exchanges the minimal magnetic monopole with the electric particle and dyonic particle
whose electric charge is 1/4 of that of the W-boson, respectively.

From (4.26), we see that the action of PSL(2,Z) on the UV gauge coupling is given as

T: ¢ — —— S: ¢ —=1-¢. 4.29

(e q q (4.29)

We have checked that (4.20) combined with the classical part F (As.4s = (log q)a? is indeed
invariant under the T-transformation up to O(¢®).

Let us now turn on all the mass parameters. Then the instanton part of the prepotential

is a function of three mass parameters in addition to ¢ and a; one obtains

(a2 + Mlemga’z) q°
1
+ o8 [13@ + (M* + 2M?(m3 + 8mymy + m3) +mim3)a >
— (BM*(m7 +m3) + 6M*mim3)a* + 5M*mimiaC|g* + -, (4.30)

where “~” means that the LHS in (4.30) is equivalent to the RHS up to a-independent

terms. Comparing this with (2.21), we find the relation with massive deformations as

2FAA) (4, M,my,ma) = Fod

inst inst

2 a,—M,—M,my,ms) . (4.31)

Note that two of the four mass parameters of the SU(2) SQCD with four flavors are
identified with each of the mass parameters of two (A, Dy4) sectors in the (Asz, A3) theory,
and the other two mass parameters of the former are identified with the mass parameter

of a fundamental hypermultiplet in the latter.
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4.2.2 On all the parameters

In the previous section, we found the S-duality transformations (4.29) when we turned off
all dimensionful parameters except for a and ¢;. Here, let us turn on all the parameters in
this theory, and we extend (4.29) to the S-duality transformation for all the parameters.
However, since S-transformation is a strong-weak transformation, it looks hard to find by
using order-by-order computations. Thus, we here focus on the T-transformation. We
computed the prepotential for generic values of all the parameters, and then we found that

this prepotential is invariant under the T-transformation in (4.29) follows:'?

iq d_>d1+qd2
/—1_q27 1 /—1—(]2’

where my and ms are kept fixed. Note that the above transformations can be interpreted as

q — d2 — ZdQ , Mo — —Ma, Uy — —1Uy , (433)

the extension of the T-transformation in (4.29) for all the parameters. This transformation
is consistent with a symmetry of the SW curve.
The SW curve of this theory is written as [34]

0=a'+qe?2® + 24 + C370£L'3 + 007323 + 027091;2 +mxz + co7zz2 + c10T 4+ copz+cop , (4.34)

where q is a non-trivial function of ¢ig, and the SW 1-form is A = xzdz. As shown in [34],

in the weak coupling limit g — oo, the parameters m and ¢;; in (4.34) are identified by u;,

d;, m;, M and u as'®
1 1 1 1
C30 = qid; , Co3 = qtds , C20=4Q%2My , Co,2 = Q2Ma ,
3 3
m=qM , c10=q%u; , Co1 = qius , Co0 = qU . (4.35)

Note that the curve (4.34) is invariant under the transformation q — —q combined with
the follows:

3mi 3mi

c30—> —€4cC309, Cog3——€ 4C3, Cog—>—iCag, Co2—1Co2 ,

uxd _mi
m-—-m, Cypo— —€4Co, Co1— —€ 4Cy1, Coo— —Cop0 - (436)

15The instanton part of the prepotential is a function of all the parameters in this theory, and is expand

in power of a as

As, As - -
Fan ™ = 37 Fanla, M. {mi}, {w}, {di})a > . (4.32)
k=—1
In appendix B, we show the first few terms F_o, F5 and F4. We find that the expansion coefficients Foy
except for k # 0 are invariant under (4.33). Since we here removed the U(1)-factor that is independent of

a and do not explicitly know it, Fy cannot be evaluated without it.
16

41



Below, we show that this transformation is identical to the T-transformation. To see
that, we consider the case that the hypermultiplet in the (As, A3) theory is decoupled,
i.e.M — oco. Then the theory reduces to the non-conformally gauged AD theory described

in Figure 3, for N = 4. one needs to keep

A (4.37)

Sl=

finite so that all the periods of the curve are finite in this limit, where A is identified with
the dynamical scale of the resulting theory.!” Note that, by standard argument, the gauge
coupling of the CFT and the dynamical scale mass-deformed theory are related by

A ibR-5
27 =€ ot (4.40)

This implies that

A 2
_QZGIRJF 196277

q=e R (4.41)

and therefore “q — —q” is interpreted as the T-transformation in (4.29).
Note that in terms of u;, d;, m;, M, and u, (4.35) reduces to

d2 — ng , mo — —My , Uy —> —1Uy , (442)

where dy, uy, my, M, and u are kept fixed. We see that the above expression is identical
to (4.33) at the leading order of q. Thus, (4.33) is consistent at the level of the SW curve,

and (4.35) is interpreted as a weak coupling limit of the T-transformation.

"In this limit q, M — oo, the curve reduces to

A3Cy, U A3Cio ACso A3C3, A2
i, U : : 0,8 4.
7 + 73 + 73 + i + 75 + 76 ( 38)

X2 — K2Z2 —+ K%CO,:J,Z + KC(LQ =+
where we take the new variables as

XEi(\/Ex%—&—%\/QA\/x/z), zZ

z/x (4.39)

and A = —A/2. The SW 1-form is written as %X dZ up to exact terms. Indeed, this curve is identical to
(3.24) for N =4.
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5 The (Ay, A;) theory

This section will discuss the (As, As) theory. This theory cannot be engineered by com-
pactifying 6d N = (2,0) theory of type A;, but it is known to be constructed by “type
Ay” [76]. The (A, As) theory is a superconformal theory with SU(2) gauge group coupled
to a fundamental hypermultiplet, one (A;, D3) theory, and one (A, Dg) theory described
in Figure 2 for (p,q,r) = (2,3,6). By applying our method to the theory, we compute the
instanton part of the Nekrasov partition function, and study the S-duality of the theory
via a prepotential relation.

In the next subsection, we apply our method to this theory to compute the partition
function of this theory and study the S-duality of this theory. This theory consists of
the three matter sectors: the (A, Dg) sector, the (Aj, D3) sector, and a fundamental
hypermultiplet. In subsection 5.2, we show that the SW curve of the (A, As) theory splits
into the SW curve of each of the three sectors in the weak coupling limit. In subsection
5.3, we will discuss the S-duality from the SW curve of this theory.

5.1 Application to the (A,, A;) theory

In this subsection, we apply our method to the (As, As) theory described in Figure 11 and
study the S-duality of this theory. We first consider the gauge group U(2) instead of SU(2)
to apply our proposals to this theory. The same argument as discussed in section 4, we

focus on the case of the AD theory corresponding to Z}(,ﬁll}fﬁ).

5.1.1 Computation of prepotential

The Nekrasov partition function of the theory is evaluated as

U(2 v un A1,D A1,Dg
Zuw = 2ot Y MMz (0) 280 (a, M) 2V (0, d ) 20500 (a,mud o), (5.1)

- “’pert
Y1,Y2

where Zgly’f‘?’) and Z&iﬁ}fﬁ) can be respectively regarded as the contribution from the

(A1, D3) sector and the (A, Dg) sector, and de(j’ is a perturbative part that makes series
in ¢ start with 1. ¢ and a are the exponential of marginal gauge coupling and the VEV of
the scalar in SU(2) vector multiplet. The parameters d and u are respectively the relevant
coupling and the VEV of the Coulomb branch operator in the (Aj, D3) theory, and m,
d = (di,ds) and u = (uy,ug) are respectively a mass, the relevant couplings and, the

VEV of Coulomb branch operators in the (A, Dg) theory. These parameters have a scale

43



(As, D) {2% (A1, D3)

1

Figure 11: The quiver diagram of the (As, As) theory, where p = 2, 3,6 in Figure 2.

dimension as

(=0, =5, d=ll=2, W=l=3. [&l=2. (62

(A1,De)

According to our proposal, as discussed in subsection 3.1, Zy. 'y ™ is represented by

inner product (a; Yy, Ya|T®) as

vival (g Y1, Y, |T®)

2P (a,m,dw) = (Ces) (5.3)
(alT®)
The action of L, and aj on the irregular state |f 3)) is given as
LilI®)y =0 for k>7, (5.4)
Le| 1) = |ﬂ3>> (5.5)
L5|f(3)> = —20203|f( )> (56)
Ly T®) = — (2 4 2¢301) [T?) | (5.7)
Ly|T®) = 2 (cr¢5 + c3(co — 2Q)) [T¥)) (5.8)
Ll) = (e — eazeo - 3Q) — &) 119 (59)
1
7®) 4 4 7®)
L1|I > = 203— +Cco— — 201(00 - ) |I > s (510)
802 8 C1
and
—ic | T®Y for k=1,2,3
0| T®) = I . (5.11)

0 for £>3

Here from (2.47) and (2.48), the 4d parameters are identified by the 2d parameters as

follows:
2 B 2
mzz(cﬁ@), Y dgzc;m(m@),
C3 Cy C3
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C3 801

2 2 OF _ 2 OF,
Uy = C§/3 ( CoCa + C] . (Al,De)> ’ Uy = 5 1/3 (20001 . ch’f“ (aACl,D6)> ’
k
k=1

(5.12)

where F4, ps) is the prepotential of the (A;, Dg) theory, which is defined by a classical
limit of the Nekrasov partition function of the theory.

On the other hand, the contribution of the (A, Ds) sector can be evaluated in subsection
3.2, when the parameters d and u in the (A;, D3) theory are turned off. In this case Z(Y’ili}QD?’)

is identified as

J-gal (o ¥i, Yol /%)
(a|I63/2)
Below, we consider this case so that we study the S-duality of the (Ay, As) theory via the

20077 (a) = (¢bs (5.13)

Nekrasov partition function of the theory, and we set the numerical factor as ( = 2§ to be a
simple expression in the following. Similar to the case of the (As, A3) theory, the variables
of the numerical factors ¢ and ¢ are related to the rescaling of the marginal coupling q.
Recall that we have considered the gauge group U(2) instead of SU(2). The partition
function of the (A,, As) theory is obtained by removing U(1)-factor from Zy (s as

Zu)
Zlasds) = 5 - (5.14)
U(1)
The prepotential is given by this partition function Z4, 4, as
Flasas) = im (—ereplog Z(a,.45)) (5.15)

and this further splits into the perturbative part and the instanton part as Fa, a5) =
flgfri’%) + Fli245) - Recall that since the VEV of the scalar field in the SU(2) vector
multiplet a is neutral under the U(1), the U(1)-factor is independent of a, and therefore
the instanton part is evaluated by removing the a-independent terms.

To study the S-duality of the (A, As) theory, let us turn off the couplings and the
VEV of the Coulomb operators in the (A;, Dg) sector, in addition to d = v = 0. Then the
prepotential is a function of ¢, a, and the mass parameters. One obtains
]:(AQ’AS)(q; a,m, M) ~ % (a2 -+ mMBa_2> ¢

inst 2

1
R

3
o3 13a? + (—m2M2 + 8mM? + 3M4) a2

4

9 5
— <—m2M4 + 3M6> at + Zm2M6a_6

7 E+0),  (5.16)
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« 7

where “~” is means that the LHS and the RHS are equivalent up to the a-independent
terms. Remarkably, this expression is similar to the instanton part of the prepotential of
the SU(2) SQCD with four flavors. This similarity has also appeared in the case of the
(As, As) theory. Indeed, this instanton part corresponds to that of the SU(2) SQCD with
four flavors as following:'®

3 F(Az,45) (q:a,m, M) = FNs=4 <q3;a’ T’ M, M, ]\/[) . (5.17)

inst inst 9

Note that one of the four mass parameters of the SU(2) SQCD with four flavors is identified
with the mass parameter of the (A, Dg) sector, and the other three are identified with the
mass parameter of a fundamental hypermultiplet.

In subsection 5.3, we will show that this relation of the mass parameters is consistent
with the SW curve of the (As, As) theory. The same argument as discussed in section 4,
we assume that the relation (5.17) can be extended to the full prepotential as'’

3»7:(A2,A5)(C]§ a,m, M) = -FNf:4 <q3aa7 %7M7 M? M) : (519)

5.1.2 S-duality

Here, we study the S-duality for the (As, As) theory. Let us turn off the mass parameters,
i,e., m = M = 0. We then denote the prepotential of this theory as

Fasa5)(g; a) = (log gir) a” (5.20)

where qrr is a non-trivial function of the marginal UV gauge coupling q. The prepotential
relation implies that the prepotential F(a, 4;)(¢;a) is obtained from Fy,—4(q;a) by the
replacement ¢ — ¢°.

Recall here that the prepotential of the SU(2) SQCD with four flavors is written as
Fn,—4(q; a) = (log gir) a*, where we again used gr instead of gg in (2.16) to distinguish
qir in (5.20). Hence, in terms of the IR gauge coupling, the replacement is identical to
QiR — qir, and therefore the IR gauge coupling gir is related to ¢ by

3 V4
¢ = 02(gir) . (5.21)

03(q?R)4

18We have checked this statement up to O(q°).
19This means that we expect to satisfy the relation as

pert

8F o™ (a:a,m. M) = Fod 7 (%5, 5 M. M M) (5.18)
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This means that

3 SQIR 2411
TR = — loggr = — + —;
™ 7r Jir

is the modulus of the elliptic curve, which corresponds to the double cover of a sphere with

(5.22)

four punctures whose cross ratio is ¢3, and this curve has the PSL(2,Z)-action on the IR
gauge coupling mg generated by
T:mr > mr+1, S:TIR—)—L. (5.23)
TIR
As the same argument, (4.27) means that the S and T-transformation exchanges the mini-
mal magnetic monopole with the electric particle and dyonic particle whose electric charge
is 1/6 of that of the W-boson, respectively. The S-duality transformation (5.23) means,
in terms of the UV gauge coupling ¢, that the PSL(2,Z)-action on the (As, As) theory is
generated by
T:q3—>q3q—_1, S =1—¢. (5.24)
Let us now turn on the mass parameters and the VEV of the Coulomb branch operators
uy and up. Then the prepotential F(4, 45) is a function of u; and us, in addition to ¢, a,
and the mass parameters. We find that F(4, 4;) is invariant under the follows:
q— qu , m— —m, Uy — e , Uy — €3 uy , (5.25)
(1—-4¢%)3
with M kept fixed. This transformation is interpreted as an extension of the T-transformation
in (5.24). This consistency check will be shown in subsection 5.3
We expect this transformation to be further extended to non-vanishing all the pa-
rameters. The same argument as discussed in subsection 4.2, we expect that the T-
transformation on the relevant couplings d, d;, and dy involve a non-trivial ¢g-dependence.
In particular, we assume that the T-transformation on d and ds mix these parameters since
these parameters have the same scale dimension.
However, Zl(/ilx}QDN ) for odd N discussed in subsection 3.2 can be evaluated only if all the
dimensionful parameters in the (A;, Dy ) theory are turned off. Hence, we cannot explicitly

check the case of the non-vanishing d and v for our method.

5.2 Three matter sectors

In the remaining section, we show that the surprising relation (5.19) is consistent with the

SW curve of the theory. To see that, in this sub-section, we first discuss how the parameters
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of the (As, As) theory correspond to these of the three matter sectors in the (Ay, As) theory.
The SW curve of the (A, As) theory is written as [25,46]

1
0=2a®4 2% — —222% — quz* + co2® + 2(c112 + c10)

+ 00525 -+ 00424 + 60323 —+ 60222 “+ Cp12 — Coo s (526)

where the SW 1-form is A = xdz and q is a non-trivial function of ¢ig. We show the scaling
dimension of these parameters in (5.26). Since the period § X is the mass of a BPS state,
the SW 1-from A has the scaling dimension one. Thus, these parameters in (5.26) have the
scaling dimension as

2 1 %+ j
W=%, =3, lal=2-7

[ql =0. (5.27)

This means that ¢;; with 0 < [¢;;] < 1 are the relevant couplings, ¢;; with [¢;;] > 1 are the
VEV of Coulomb branch operators, and ¢;; and cg3 are the mass parameters. In particular,
coo corresponds to the VEV of the scalar in SU(2) vector multiplet. The same argument
as discussed in [34], these parameters are renormalized so that the periods must be kept
finite in the weak coupling limit ¢ — 0. We can find the renormalized parameters as

leij]

Cij=q2 ¢y for 1#7, Cii =qer Coo = qcoo - (5.28)

In terms of these parameters, the curve (5.26) reduces to

1
0= $3 + ZG — a$222 — qa:z4 + q7%020372 + :l:(q*IC’nz + q%Clo)

+q 5C2° +q 3Cuz" + q 2C032° + q 3 Coa22 +q ¢ Corzt — q ' Coo - (5.29)

Below, we show how ¢;; are related to the parameters of the three matter sectors in (A, As)
theory. To see that, let us consider the curve (5.29) splits into the three sectors in the weak

coupling limit q — 0 with C}; kept finite.

5.2.1 (A, D;) sector

In the region |z/z| ~ q*3, in terms of new set of variables ¥ = q 3z and Z = q3z, the

curve is described as

0=73"— 3222 + Cy1* + 7(C11Z + C1o) — Coo - (5.30)

48



By shifting and rescaling the variables, the curve further reduces to

/ C? Cz
0=X2+ Z* 4250022 + 41/ Coo — %Z — 23 (C’m - %) , (5.31)

where we defined X = 251'(55 + %(Ef2 - CQO)) and Z = —275i%. Note that the above
expression coincides with the curve of (A, D3) theory.?® Here, we see that Cyy and (Cyp —
C%,/4) correspond to the relevant coupling and the VEV of the Coulomb branch operator
in the (A, D3) theory, respectively. In particular, \/m is a mass parameter
associated with an SU(2) subgroup of the SU(3) flavor symmetry gauged by the SU(2)

vector multiplet.

5.2.2 (A, Dg) sector

-1/3

In the region |z/x| ~ q~'/?, the SW curve reduces to

0= 22224+ + C1177 + Cp52° 4+ Couz* + Cp32° + Cpp2? + Cpuz — Cop (5.33)

where we defined 7 = q %z and 7 = qéz. By shifting 7 — 7 + C11/(22), the curve is
written as

C Ch
Con 00—~

ﬁ:%+&@“ﬂh?+%ﬁ+%ﬁ_?— = (5.34)

where the SW curve is invariant under the above shift up to exact terms. Note that the
above expression coincides with the curve of the (A;, Dg) theory.?! Hence we see that Cos
and Cy, are the relevant couplings, Cys and Cy; are the VEVs of Coulomb branch operators,
and Cps and \/m are mass parameters in the (Aj, Dg) theory. In particular,
v/Coo — C%, /4 is associated with an SU(2) subgroup of the SU(3) flavor symmetry gauged
by the SU(2) vector multiplet.

20The known expression of the curve of the (A;, D3) theory is written as [25, 26]
=24 dP+meztu, (5.32)

where the SW curve is A = zdz, and d, m, and u are respectively the relevant coupling of dimension 2/3,

a mass parameter and the VEV of a Coulomb branch operator of dimension 4/3 in the (A, D3) theory.
21From (2.44), the (Ay, Dg) theory is written as

2
2_0, U9 U1 m d2 d1 1

In terms of w = 1/z, the curve reduces to the expression of (5.34).
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5.2.3 A fundamental hypermultiplet

In the region |z/x| ~ 1, the curve reduces to
0= —x222 + Cnxz — Coo . (536)

This curve describes the SU(2) superconformal QCD in the weak coupling limit, as dis-
cussed in [34]. Here, Cy; is the mass parameter of a fundamental hypermultiplet.

From the above discussions, we see that the curve of the (Ay, As) theory splits into the
curves for three sectors, and then the parameters C;; are identified by the parameters of
the three sectors in the (Ag, As) theory as

C
dy = Cps dy = Cyy m:_%, up = Coa , up = Co1
C? C
d:CQ(), u:Clo—%, :—1—121 (537)

5.3 Consistency with the SW curve

We have found a surprising relation between the prepotential of the (A, As) theory and
that of the SU(2) SQCD with four flavors in subsection 5.1. In particular, one of the mass
parameters of the latter is identified with the mass of a fundamental hypermultiplet in the
(Ag, As) theory and the other mass parameters of the latter are identified with the mass of
the (Ay, Dg) sector.

In this subsection, we show that the T-transformation (5.25) coincides with a symmetry
of the curve. We rederive the relation of the mass parameters in (5.19) from the curve at

the end of this subsection.

5.3.1 7T-transformation

Here, we show that the SW curve of the (Ay, As) theory can be represented by that for
the SU(2) superconformal QCD, and a symmetry of the SW curve can be interpreted as a
weak coupling limit of the T-transformation for all the parameters.

We see that the curve (5.26) is invariant under the following transformation:

27 4mi 2mi 27i

q—es3q, Clp —~> € 9 Clo, ci1 —~> € 3¢, Co0 —> € 9 Cy
i _mi 2mi
Cor — —€°9 Co1 Co2 — —€ 9 Cp2 , Co3 —7 €3 Co3
4mi 2mi i
Cog —> €9 Coq , Cos — € 9 Cps , Coo — —€3Cyo , (538)
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and at the same time, we take the change of variables as x — e~5'zand z — %z In
the weak coupling limit ¢ — 0, this transformation reduces to a transformation of the

parameters in the three matter sectors as

27

27 e
q—esq, di — —e 3 dy dy — —e3dy , m— —m,

2mi

up — e s u, Uy —> €3 Uy , (5.39)

with the other parameters kept fixed. We can interpret this as the T-transformation for
all the parameters. To see that, let us turn off ¢;; except for coo. Then the curve (5.26) is

written as
0= (z — /q2%)(z + /q2°) (m — %) — Coo - (5.40)

In terms of w = z/2? and v = 23, the curve can further reduce to

2 Coo

Ve = g <w - (1_‘) . (5.41)

Changing the variables preserved the SW 1-form up to exact term,?? we find that the above

expression is equivalent to the following curve:

' = (7* —u)* - fit, (5.44)

where we defined f = 1 — q and u = i/WTCOO’ and the coordinates are defined by

7 =ivuw and y = uz/v Here, the SW 1-form is now written as “L%x up to exact terms.

The curve (5.44) is a known expression of the SU(2) SQCD with four flavors. Since w is
the VEV of the scalar in the SU(2) vector multiplet, we note that ¢y is indeed identified

with it. The equivalence of the SW curves of the two theories, in this case, means that the

22Here, we consider the change of variables:

=, :
GVIT VT4 1+\/? JT( 1\/}“) , (5.42)

w% Yy , 23T

Then the curve is reduces to

N‘H

U
v? = I i) ful (5.43)

and the SW curve is now written as %wdv up to the exact term.
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(A1, Dg) @ (Ay, Ds)

Figure 12: Decoupling a fundamental hypermultiplet from the (As, As) theory

(Ay, As) theory is indeed the SU(2) superconformal theory.?® This curve has an S-duality

transformation [1,77]:

Vi—f—=—/1-f, u—u. (5.45)

In terms of q and c¢qg, this means that

q— e%q : Coo — —€3 cop - (5.46)
Note that (5.38) is an S-duality transformation since this coincides with the action of
(5.38) on q and cp. In particular, we show that this transformation is regarded as the
T-transformation below.
We consider that the hypermultiplet in the (As, As) theory is decoupled, i.e., Cy; — o0,
and then the resulting theory is the non-conformally gauged AD theory described in Figure
12. To be finite periods, one needs to keep

1

finite in this limit C';; — oo combined with weak coupling limit ¢ — 0, where A is identical

to the dynamical scale of the resulting theory.?* Similarly to (4.40), the gauge coupling of

23The same argument of the (As, A3) theory was discussed by [34].
%41n the limit C1; — oo and q — 0, the curve (5.26) reduces to

A1/3
X2 = A/3Cy5 23 + AY3Cp4 22 + ANCy3Z + N2/3Coy + Cos

Coo + 202 A2/3C A3 A2
_ Coo . T 0, 20 + 2
7 73 74 75

(5.48)

where we take the new variables as

Xz—ja(;)é—i—z?’(;)g, Z (i)é (5.49)

and the SW 1-form is written as A = XdZ up to exact terms. Indeed, this curve is identical to that of the

resulting theory

T ()| T3/2)
x2z—< A| (i)' ) : (5.50)
(I63)|163/2))
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the (Ay, As) theory and the dynamical scale of the mass-deformed theory are related by

A 87T2>
— =exp | R — — | - 5.51
o p ( IR N ( )
This implies from (5.47) that
1672
q X exp (2i91R — 27T > . (5.52)
IR

This means that the action of (5.39) on q coincides with the T-transformation in (5.23).
Therefore, (5.25) is interpreted as a weak coupling limit of the T-transformation of generic
values of all parameters.

5.3.2 Relation of mass parameters

Here, we rederive the relation between the mass parameters in (5.17). Let us turn on the

two mass parameters. Then the SW curve (5.40) is modified as

1
0= U2 (U} — \/a) (U) + \/a) <U) — a) +v (C03 + an) — Coo - (553)
By shifting v as v — v — (co3 + c11w)/(2Ps(w)), the curve reduces to

9 Coo (cos + an)2

YT By(w) 4Py (w)?

(5.54)

where we defined Ps(w) = (w—./q)(w+4/q)(w—1/q), and the SW 1-form is now A = —3vdw
up to exact terms. Note that (5.54) is an expression of the mass-deformed curve of the
SU(2) SQCD with four flavors.
Recall that the mass-deformed curve of the SU(2) SQCD with four flavors is given
as [13]
2 U My (w)

VT Bw) T Byw)?

(5.55)

where the SW curve is now A = vdw. Here U is the VEV of the scalar in SU(2) vector
multiplet, and My(w) is a fourth-order polynomial of w and related to the mass param-
eters. Since there is a constraint on My(w) coefficients, the polynomial My(w) has four
independent coefficients.

Comparing (5.54) with (5.55), we see that (coz3+cp1w)? /4 is identified with My (w). Thus

two mass parameters of the former are identified with the mass parameters of the latter.
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To see this identification, let us focus on the residues of the SW 1-form. The residues
of the SW 1-form are known to be identified with the linear combinations of the mass
parameters. For SU(2) SQCD with four flavors, these residues are obtained by my,--- ,my

of fundamental hypermultiplets as
ma + mso ms + my . (556)

We see that the SW 1-form has four simple poles at w = 4,/q, 1/q, and co. Thus the

residues of the SW 1-form at these simple poles are obtained as

ai
Co3 + 611\/a Co3 + q

T12(q-1/y9) _6<§—\/a> (§+\/6) v 0
In the weak coupling limit q — 0, one reduces to
w oM., 0. (5.58)
Note that if two mass parameters of the former are identified as
mlzg, me =mz=my =M, (5.59)

(5.58) coincides with (5.56). This means that the mass-deformed SW curve of the (As, As)
theory is identified with that of the SU(2) SQCD with four flavors when the mass param-
eters of the two theories are related by (5.59). The relation of mass parameters completely
coincides with that for the prepotential (5.17). Therefore this is a non-trivial consistency

check of our method.
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6 Conclusion

In this thesis, we have proposed the Nekrasov formula for (A;, Dy) theory as given in
(3.19) and (3.57) by extending the generalized AGT correspondence to the case of U(2)
gauge group. This Nekrasov formula Z&ig}f]v ) has been regarded as the contribution from
the (Ay, Dy) theory to each fixed point on the U(2) instanton moduli space. To that end,
we have first defined the irregular state of Virasoro and Heisenberg algebras (Vir & H) in
section 3. we have shown that the action of Vir @& H on the irregular state for integer-rank
has been completely determined as (3.6) and (3.7) by the extension of Gaiotto-Teschner’s
colliding limit construction [27]. For half-integer-rank, we have guessed that the sub-
algebra {L,~¢} reduces to the commutative algebra in the classical limit ¢; — 0, and
then the matrix elements have been evaluated by (3.38). In particular, in the case of
the dimensionful parameters in the (A;, Dy) theory turned off, we have shown that the
non-vanishing eigenvalue in (3.38) was only by.

As we apply our formula to the (As, As) theory, which is the SU(2) superconformal
field theory coupled to two copies (Aj, Dy) theories and one fundamental hypermultiplet
described in Figure 10, we can evaluate the Nekrasov partition function. In section 4,
when we turned off some parameters, we found that the prepotential relates to that of the
SU(2) superconformal QCD in (4.20) or (4.31). From this relation, we have read off how
the S-duality group acts on the UV gauge coupling via replacing of the gauge coupling of
SU(2) SQCD with four flavors as ¢ — ¢?. And also, we have found the action of S-duality
group on all parameters. That replacement is consistent with the replacement of the Schur
index of the two theories as q — q2, however, q in the Schur index is different from the
gauge coupling ¢ and is a non-trivial function of ¢ [38].

In section 5, we have applied our formula to the (As, As) theory, which is the SU(2)
superconformal field theory, including one each of (Aj, D3), (A, Dg), and fundamental
hypermultiplet in matter sector described in Figure 11. When all the relevant parameters
and the VEVs of the Coulomb branch operators in this theory are turned off, we can
evaluate the Nekrasov partition function of this theory, and then we found an analogous
relation in the case of the (As, A3) theory. From this relation, we have also read off the
action of the S-duality group on the parameters, including the UV gauge coupling. Also,
we have shown how the T-transformation acts on all the parameters at the level of the
Seiberg-Witten curve,

The existence of the prepotential relation between the two conformally gauged AD

theories and the SU(2) with four flavors provide the non-trivial consistency check for our
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fourmula (3.19) and (3.57), since the curves of these theories have the same form.
The T-transformations of the (As, A3) theory and the (Ay, As) theory correspond to

2
(Ag,Ag) : 9[R — GIR + ; 5

3
(Ag, A5) . 91R — 91R + ; .

The T-transformation of the N’ = 4 SYMs exchanges the minimal magnetic monopole with
the W-boson, while that of the N = 2, SU(2) with four flavors exchanges the monopole
with the quark, of which electric charge is 1/2 of the W-boson [1,3-6]. This means that
the T-transformations exchange the monopole of minimal magnetic charge with the dyon
whose electric charges are respectively half and 1/3 of that of fundamental quark for the
(As, A3) theory and the (A, As) theory, which are consistent with [35].

We have also applied our formula to the SU(2) superconformal field, including three
(A1, D3) theories in the matter sector, of which all the relevant couplings and the VEVs
of the Coulomb branch operators were turned off. We have found that the prepotential of
this theory vanishes. This is the same situation in the case of N' = 4 super Yang-Mills
theories. Indeed, the Schur index of this superconformal theory is related to that of the
N =4 SU(2) SYM by changing variables, which has been studied in [78].

There are natural future directions. The most important direction is understanding the
origin of the relations of the prepotentials (4.20) and (5.16). It would also be important
to generalize our works to SU(N) gauge theories coupled to Argyres-Douglas theories. To
that end, we need a U(N)-version of the generalized AGT correspondence. The SU(3)-
version of that has already been studied in [29]. The other important direction is the study
of the Nekrasov-Shatashvili limit [79] of (As, A3) and (As, As) deformed by Q background,
which combines our formula with the results [80-83]. It is also interesting to study the
uplift of our formula to five dimensions. The AGT correspondence of five dimensions has
been studied in [84-93].
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A Special orthogonal Basis

The orthogonal basis |a; Y7, Ys) that have been used in section 3, is defined as the solutions
to (3.11), which were first found in [44]. When we recovered the full ¢;-dependence, the

first few examples of the orthogonal basis are written as follows:

|a;H,0) = ( —i€a(€1 + €9 + 2a) (€1 + 262 + 2a)a_
— (e1 + €3 + 2a) (1 + 2€5 + 2a) a?
+ 2i(eg + 269 +2a)a_ 1L —ex(eg + €2+ 2a)L_o + L%l) la) ,

\a;Dl (Z)) = ( — iEl (El + € + 2&) (261 + € + QG)CL,Q
— (e1 + €3 + 2a)(2¢; + €3 + 2a)a?
+ 22(261 + €9 + 2&)0171[/,1 — 61(61 + €9 + 2&)[/,2 —+ L%l) ’CL> s

la;0,0) = ( —ier€a(€r + €2)a_o — (€] + €5 + €160 — 4a?)a?,

+2i(e1 + €2)a_1 Ly —e16aL_o + L31) ja)

]a;@, 0) = ( — 2ie5(ep + €3 + 2a)(er + 2¢5 + 2a) (e + ez + 2a)a_s
— 3ea(€1 + €3 + 2a) (€1 + 2€2 + 2a) (€1 + 3€ex + 2a)a_sa_4
+i(e; + a4 2a)(e1 + 262 + 2a) (61 + 3ea + 2a)a®
+ Biea (€1 + 269 + 2a) (€1 + 3€3 + 2a)a_o L
+ 3(€y + 265 + 2a)(e1 + 3ey + 2a)a® | L,
+ iea(€1 + €2+ 2a)(e1 + 363 + 2a)a_1L_»

— 3@(61 + 362 + 2a)a,1L%1 — 63(61 + 462 + 4@)(61 + € + 2CL)L,3

+ 62(361 + 562 + GQ)L_QL—l - Lil) |CL> )
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la;H, 0) = ( —ie16a(€1 + €2 + 2a) (€1 + 263 + 2a)(2¢1 + €2 + 2a)a_3
— (€1 + €2) (€1 + €2 + 2a) (€1 + 2€2 + 2a)(2€; + €3 + 2a)a_sa_4
+i(e1 + €2+ 2a) (€1 + 2e2 + 2a) (261 + €5 + 2a)a’
+i(€er + €2) (€1 + 265 + 2a)(2€; + €2 + 2a)a_o L4
+ 3(€1 + 265 + 2a) (26, + € + 2a)a® | L,
+ (e + €3+ 2a) (€] + Serea + €5 + 2(e1 + €3)a)a_1 L,
—i(5ey + Heg +6a)a_1L* | — erez(er + €2 + 2a)’L_3
+ (] + 3erea + €5 + 2(e1 +€2)a)L_o Ly — L3_1> la) | (A.7)

la;1T13,0) = ( — 2ie2(e; + €3+ 2a) (31 + €3 + 2a)(2e1 + €3 + 2a)a_s

—3e1(e1 + €3 + 2a)(3€; + €2 + 2a)(2¢; + €3 + 2a)a_sa_4

+i(e1 + €3+ 2a)(3€; + € + 2a) (261 + €3 + 2a)a*

+ i€ (3€1 + €9 + 2a)(2¢1 + €3 + 2a)a_o L4

+ 3(3€1 + €2 + 2a) (261 + €3 + 2a)a* | L_,

+ i€y (€1 + €9+ 2a)(3€; + €2 + 2a)a_1 L

—3i(3e; +ex +2a)a_1 L? | — €5(e1 + €3 + 2a)(4ey + €3 +4a)L_3

4 er(5er + 3es +6a)L_ol_y — L? 1) la) | (A.8)

]a;H, 0y = ( — 2ierea(e) + €) (€ + €3 + 2a)a_s
— e(e1 + €3+ 2a) (36 + €16z + 265 — 2600 — 4a*)a_sa_y
+i(ep + €3 + 2a) (€] + €160 + 265 — 2620 — 4a®)a’ |
+i€a(3€} + Tereg + 265 + (4ey + 6ex)a + 4a®)a_o Ly
+ (365 + Teren + 665 + (deg + 269)a — 4a*)a* | L,
+i€a(3€1 + €2 — 2a) (€1 + €3 + 2a)a_1 L
—i(3€y + 5ey +2a)a_1 L? | — ere3(er + o +2a)L_3
+ (e + 6+ 2a)L_oL_g — L?il) la) (A.9)
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la;10,0) = ( — 2ictex(€r + €) (€1 + €2+ 2a)a_s
—e1(€1 + €2 4 2a)(2€3 + 3ereg + 363 — 2e1a — 4a*)a_sa_,
+i(ep + €3 +2a) (265 + €160 + €3 — 2e1a — 4a®)a? |
+ i€ (263 + Tereg + 365 + (66, + 4ex)a + 4a?)a_oL_y
+ (662 + Teren + 365 + (2e1 + dey)a — 4a*)a* | L,
+ €1 (€1 + 3ea — 2a) (e + €o + 2a)a_1 L
—i(5e1 + 3ea +2a)a_1 L | — Erex(er + e + 2a)L_3
+e1(e1 +3€a +2a)L_oL_4 — L_1> la) . (A.10)

It is straightforward to obtain |a; Y3, Y]) by using the relation |P;Y3,Y;) = | — P; Y1, Y3).

B Deformed prepotential

Here, we list the first terms of instanton part of the prepotential in (4.32):

Ba, 256,
81 T 61 T or6

2

q
Fy = §MU1U2+ 16(

2701

Fo=¢+ ¢ +0(¢"), (B.1)

— 8d5M*my — dyui — 16 M*mymy — 2myus — 2m2u%)
3
+ ;’—4(12d§d2M2 — 6d12dy Muy + 12dyd3M? — 6dyd2Mus + 16d,dy M
+ 24d,dg M*my + 24dydy M?my + 3d1dyu? + 3dydyus;
— 12d1Mmaus — 12ds Mmyuy + 12Mujus) + O(g") | (B.2)
3
Fi= 6_%1 (4d2M2 2+ Ad2MPu? + 8MP*maul + 8MP*mau? + u%ug)
3
+ ZS ( — 12d%d%MU1U2 + QOdfdgM?’ul — 24d%Mm2u1u2 + 20d1d§M3U2
— 18dydo M*u3 — 18dydy M*uj + 40d, MPmoyugy + 5dy Muiy — 24d5 Mmiuius
+ 4Od2M3m1u1 + 5d2Mu:{’ — 48Mm1m2u1u2) + O(q4) . (B?))

It is straightforward to check that there are invariant under (4.33).
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