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The Zakharov-Shabat operator is a kind of the one-dimensional Dirac operator and appears as one of
the Lax pair for the defocusing or focusing nonlinear Schrédinger equation. This operator is self-adjoint
in the defocusing case and non-self-adjoint in the focusing case provided the potential is real-valued, and
the eigenvalues play an important part to construct the exact solution to the nonlinear Schrddinger
equation. In this doctoral thesis, we present the results related to the distribution of eigenvalues of the
Zakharov-Shabat operator in the semiclassical limit.

In Chapter 1, we explain the background and outline of our study. In Chapter 2, we introduce the
exact WKB method to systems of two linear first order differential equations, which is the main tool of
our study. We also review the property of the solutions, and construct the exact WKB solutions to the
Zakharov-Shabat eigenvalue problems.

In Chapter 3, we consider the self-adjoint Zakharov-Shabat operator. Real eigenvalues exist when the
square of the potential has a simple well. We derive the distribution for the eigenvalues by by reducing
to the connection problem of the solutions near the singular point. In particular, there are two types of
representation for the distribution of eigenvalues because of the difference of singularity for the
solutions depending on the form of potentials. Moreover we show that the eigenvalues stay real for a
sufficiently small non-self-adjoint perturbation when the potential has some PT-like symmetry.

In Chapter 4, we consider the distribution of eigenvalues of the non-self-adjoint Zakharov-Shabat
operator with a simple well type potential and a double well type potential. In the simple well case, we
show that all of the eigenvalues are purely imaginary for sufficiently small semiclassical parameter. In

the symmetric double well case, we observe the eigenvalue splitting with an exponential estimate.
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