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The present thesis consists of four parts.

In Chapter 2, we introduce a framework of a discrete stochastic calculus based on Parisian walk, a
special kind of symmetric random walk in the complex plane, listing some results analogue to those for
complex Brownian motion. This analogy also suggests some discrete analogue of the notions in complex
analysis including conformality. We also discuss, as an application to mathematical finance, a
Parisian-walk analogue of Heston's stochastic volatility model.

In Chapter 3, an expansion of the transition density of Hyperbolic Brownian motion with drift is
given, which is potentially useful for pricing and hedging of options under stochastic volatility models
of SABR type. Since the expansion is convergent, which is normally hard to prove, we can apply
Bally-Kohatsu’s exact simulation interpretation. The simulated random variable implied by our
expansion has finite moment of any order, unlike the general situation where the variance explodes.

In Chapter 4, in view of application to pricing of Barrier options under a stochastic volatility
model, we study a reflection principle for the hyperbolic Brownian motion, and introduce a hyperbolic
version of Imamura-Ishigaki-Okumura's (110) symmetrization. Some results of numerical experiments,
which imply the efficiency of the numerical scheme based on our hyperbolic version of
110-symmetrization, in spite of the discontinuity caused by the symmetrization of the drift coefficient,
are given.

In Chapter 5, we prove that the time-average of exponential of a fractional Brownian motion is a
PCOC, continuous process increasing in the convex order by finding a martingale that has the same
one-dimensional distribution. Some extensions including PCOC property of space-time harmonic
functional of a fractional Brownian motion and some potential applications to quantitative finance,

especially pricing of VIX options under rough volatility are discussed.



