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Superstrings are the most reliable models as an attempt to understand the fundamental structure of an
object. M-theory is the unified theory which contains superstrings. An attempt to understand
M-theory is to understand the theory on an M5-brane which is one of the ingredients. However, the
six-dimensional theory realised on the M5-brane does not have its Lagrangian description at present.
On the one hand, four-dimensional N=2 theories have two major descriptions: the Seiberg-Witten
theory and the Nekrasov partition function. In this sense, they are the most understood theories.
Therefore, by performing the dimensional reduction of the six-dimensional theory to the

four-dimensional N=2 theory, we can study the six-dimensional theory.

E-string theory is the simplest, six-dimensional theory. However, the least supersymmetry allows
only the toroidal compactification to obtain its four-dimensional N=2 theory. This theory is also
allowed to analyse by using the Seiberg-Witten theory. Thus, historically, we next expect that we can
use the Nekrasov partition function also in E-string theory. Such a Nekrasov-type partition function
was given in 2012. It was shown that this is almost correct by using the method of the genus

expansion and the method of the modular anomaly equation.

The co-author and | gave the proof by following the preceding study. Namely, the essential point of
our discussion is the reproduction of the Seiberg-Witten description in the thermodynamic limit. By
the analogy with matrix model, the profile function which characterise the partition function is
recovered by the resolvent. In E-string theory, due to the toroidal compactification, the resolvent is
given by an elliptic function. We generically showed that the Seiberg-Witten description of E-string
theory can be reproduced by the elliptic function. In the subsequent study, | extended this result to
more general cases. Moreover, the dependence of the Seiberg-Witten curve on the masses is

explicitly shown.



