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Chapter 1

Introduction

The theory of stochastic calculus is one of the main mathematical subjects estab-
lished in the 20th century. It certainly evolved probability theory and mathematical
statistics, and made great efforts in many other fields. Stochastic processes having in-
dependent and stationary increments such as Wiener processes and Poisson processes
are usually called Lévy processes. The marginal distributions of Lévy processes are
always infinitely divisible in a certain sense. Conversely, every infinite divisible dis-
tribution induces a Lévy process and they are often studied analytically in terms of
characteristic functions. In this thesis, we pick up such processes and discuss some
prospects of stochastic calculus through characteristic functions in relation to number
theory and representation theory.

This thesis consists of three parts. Two of them are based on papers accepted
for publications in mathematical journals and the rest is of original results. The first
part is taken from Aoyama and Yoshikawa [7] with some modifications. Several defi-
nitions and propositions are added and the proof of one theorem which was omitted
in Aoyama and Yoshikawa [7] is also given. Chapter 2 is the first part, where we dis-
cuss multivariable and multiple zeta functions and their definable multidimensional
discrete distributions. Zeta functions are one of the rich classes of functions in math-
ematics. The Riemann zeta function is regarded as the prototype and now variously
extended. Historically, it is well-known that the Riemann zeta function generates a
one dimensional infinitely divisible discrete distribution in the region of absolute con-
vergence. As a generalization of the Riemann zeta function, the Hurwitz zeta function
is also well-known. In Hu, Iksanov, Lin and Zakusylo [14], the Hurwitz zeta distri-
butions are introduced, and their infinite divisibilities are studied. In recent years,

multidimensional Shintani zeta functions are introduced by Aoyama and Nakamura



[5] which are of multivariable and multiple zeta functions. These functions enable
us to define a new class of multidimensional discrete distributions called multidimen-
sional Shintani zeta distributions which is also introduced by Aoyama and Nakamura
[5]. In this chapter, we show that this class includes many kinds of multidimensional
discrete distributions. In fact, multinomial or negative binomial distributions are of
the multidimensional Shintani zeta class, which allows us to define some classes re-
garded as their generalizations in view of zeta distributions. We draw exact outlines
of these classes by giving the necessary and sufficient conditions for some cases of
multidimensional Shintani zeta functions to generate probability distributions. We
also consider their infinite divisibilities.

The second part consists of original researches. In chapter 3, we show some results
of them, which are focused on Euler products. It is well-known that the Riemann
zeta function has the Euler product in the region of absolute convergence. This is
usually regarded as a key to show the prime number theorem. However, the infi-
nite divisibility of the Riemann zeta distribution also can be shown by this fact. As a
generalization of the Euler product, Aoyama and Nakamura [3, 4] introduced multidi-
mensional polynomial Euler products which were generalized to be multivariable and
multiple infinite products. Furthermore, they gave the necessary and sufficient condi-
tions for those products to generate some infinitely divisible characteristic functions.
In their cases, non-principal Dirichlet L-functions, which is one of the well-known
zeta function, are not included. As a new result, we show that these functions can
generate infinitely divisible characteristic functions in some cases. We also treat some
products of two multidimensional Shintani zeta functions and consider their possi-
bilities to generate characteristic functions. The necessary and sufficient condition
for a product of a real-valued Dirichlet L-function and the Riemann zeta function to
generate an infinitely divisible characteristic function is given as a main result.

The last part is based on Yoshikawa [26] in addition to several fundamental facts.
Chapter 4 is the part, which consists of a study of a Fermion Fock space on Wiener
functionals and its applications. As is well-known as the Wiener chaos expansion,
all Wiener functionals with finite second moment can be expanded by using Hermite
polynomials and an orthonormal Gaussian random basis. This expansion induces a
representation of the Heisenberg algebra with some symmetric structure, which is a
basis of Malliavin calculus. On the other hand, in Akahori et al. [2], an anti-symmetric

calculus is studied by constructing a representation of a Clifford algebra on Wiener



functionals. First, in chapter 4, we obtain that all Wiener functionals in the Fermion
Fock space, which generated by the Clifford algebra acting on the vacuum, can be
expressed as a polynomial of first order integrals and second order anti-symmetric
integrals. The second order antisymmetric integrals are called (generalized) stochastic
areas, which have some relations with soliton solutions of the KdV equation (see,
Aihara et al. [1]). Since Lévy found that the characteristic function of the stochastic
area was explicitly given by trigonometric functions, there have been many studies
related to the formula (see, e.g. Helmes and Schwane [13]). Secondly, in chapter 4,
we see explicit forms of the characteristic functions of some joint distributions with
stochastic areas. As an application of the first and second results, we propose an

approximation scheme based on the anti-symmetric calculus over Wiener space.
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Chapter 2

Multinomial distributions in
Shintani zeta class

Multidimensional stochastic models in mathematical finance and so on are now well-
studied. As to obtain more properties of them, we focus on some multidimensional
discrete distributions in relation to a class of multiple zeta functions. The class of
multiple zeta functions called “multidimensional Shintani zeta functions” was first
introduced in Aoyama and Nakamura [5], where a class of probability distributions
called “multidimensional Shintani zeta distributions” associated with these zeta func-
tions is definable. In this chapter, we show that this class includes many kinds of
multidimensional discrete distributions. We pick up some cases of multidimensional
Shintani zeta functions and introduce some classes of probability distributions which
contain generalized multinomial and negative multinomial distributions. More pre-
cisely, we give some necessary and sufficient conditions for the functions to generate
probability distributions in view of zeta functions and consider their infinite divisi-

bilities as well.

2.1 Infinitely divisible distributions on R

Infinitely divisible distributions are known as one of the most important class of
probability distributions. They correspond to some essential stochastic processes such
as Wiener processes and Poisson processes. In 1930’s, such stochastic processes were
well-studied by P. Lévy and now we usually call them Lévy processes. We can find
the detail of Lévy processes in Sato [25]. First, we mention some known properties

of infinitely divisible distributions.



Definition 2.1 (Infinitely divisible distribution (see, e.g. Sato [25])). A probabil-
ity measure 1 on R? is infinitely divisible if, for any positive integer n, there is a

probability measure p,, on R? such that
= py s
where p* is the n-fold convolution of f,,.
Example 2.2. Normal, degenerate and Poisson distributions are infinitely divisible.

Let fi(z) := [pa €™ pu(dz), = € R% be the characteristic function of a distribu-
tion p on R where (-, -) is the standard inner product in R?.

The following is well known.

Proposition 2.3 (Lévy-Khintchine representation (see, e.g. Sato [25])). (i) If u is

an infinitely divisible distribution on R?, then

7i(2) :exp{ 1(2,Az>+i<%z>+/d (ei<m> o Mza) )y(dm)}, zeR?

2 R IREAEE
(2.1)
where A is a symmetric nonnegative-definite d x d matriz, v is a measure on R?
satisfying
V({0}) =0 and / min{|z[2, 1} v(dz) < oo, (2.2)
R4
and v € R,

(ii) The representation of ji(z) in (i) by A, v and 7 is unique.
(iii) Conversely, if A is a symmetric nonnegative-definite d x d matriz, v is a mea-
sure satisfying (2.2), and v € RY, then there exists an infinitely divisible distribution

p whose characteristic function is given by (2.1).

The measure v and (A, v, ) is called the Lévy measure and the Lévy-Khintchine
triplet of an infinite divisible distribution p, respectively. In chapter 2 and 3, we treat

the following infinitely divisible distributions called compound Poisson distributions.

Definition 2.4 (Compound Poisson distribution (see, e.g. Sato [25])). A probability
measure i on R? is called compound Poisson if its characteristic function can be

written by

() = exple (3 — 1)}, TeRY,

for some ¢ > 0 and some probability measure p on R? with p({0}) = 0.



Here the measure cp is the (finite) Lévy measure of a compound Poisson distri-
bution p. The Poisson distribution is a special case when d = 1 and p = 4;, where ¢,

is a delta measure at z.

Remark 2.5. Note that any infinitely divisible distribution can be expressed as the

weak limit of a certain sequence of compound Poisson distributions.
Next, we mention Lévy processes.

Definition 2.6 (Lévy process (see, e.g. Sato [25])). A stochastic precess {X; : ¢t > 0}

on R? is a Lévy process (in law) if the following conditions are satisfied.

(1) For any choice of n > 1 and 0 < t; < ¢ < --- < t,, random variables
KXoy Xty — Xty Xty — X4y, ., Xy, — Xy, are independent (independent in-

crements property).
(2) PriX,=0] = L.

(3) The distribution of X,;; — X, does not depend on s (stationary increments

property).

(4) Tt is stochastically continuous, that is lims,; Pr[|X; — X;| > ¢] = 0 for any
e > 0.

Remark 2.7. We note that if g is an infinitely divisible distribution, then u'* is
definable for every ¢ > 0 and is also infinitely divisible. Let {X; : ¢ > 0} be a
Lévy process on R? and p be the distribution of X;. Then, for every t > 0, the
distribution of X; is infinitely divisible and is given by u®*. Conversely, for any
infinitely divisible distribution u, there is a Lévy process whose distribution at time
1 is . This one-to-one correspondence shows the importance of the class of infinitely

divisible distributions in the studies of Lévy processes.
Example 2.8. Wiener processes and Poisson processes are Lévy processes.
We use the following Lévy precesses in section 2.5.

Definition 2.9 (Subordinator). An increasing Lévy process on R is called a subor-

dinator.



Definition 2.10. Let {X; : t > 0} be a Lévy precess on R? and {T'(¢) : t > 0}
be a subordinator. Suppose that {X; : ¢ > 0} and {T'(¢) : t > 0} are independent
processes with right-continuities and left-limits. Then, a transformation {Y; : ¢t > 0}
of {X; :t > 0} defined by Y; = X7 is called a subordination by the subordinator
{T(t):t>0}.

Subordinators and subordinations are often utilized. We can find more details of

the following two propositions in Sato [25].

Proposition 2.11. Let {T'(t) : t > 0} be a subordinator. Then, there exist a Lévy

measure p and a real number B such that
>0 and / min{1, s} p(ds) < oo, (2.3)
(0,00)
and we have Ele™T®] = (=% ¢ 4 >0, where

U(w) = fw +/ (e —1) p(ds), w e C with Rew < 0. (2.4)
(0,00)

Proposition 2.12. Let {Y; : t > 0} be a subordination of a Lévy process {X; : t > 0}

on R? by a subordinator {T(t) : t > 0} with a Lévy measure p, a real number 3 and

a function U satisfying (2.3) and (2.4). Then, {Y; : t > 0} is a Lévy process on RY,

and we have

E[6i<Z’Yt>] _ 6t\II(logﬁ(Z))’ t>0, z € RY,

2.2 Zeta functions and distributions

Zeta functions are one of valuable functions in mathematics and some other related
fields. In mathematical statistics, they appear in several objects. One is that discrete
distributions on R are definable by them. In this section, we introduce one variable
zeta functions and their definable discrete probability distributions on R. Then, we
also introduce multivariable zeta functions and corresponding discrete probability dis-
tributions on R?. They include multidimensional discrete distributions with infinitely
many mass points which, we may say, is the case not treatable enough compared to
finitely many or continuous cases. By applying the infinite products representations
of zeta functions, the infinite divisibilities of them are focused as well.

First we introduce the Riemann zeta function and the Euler product.

10



Definition 2.13 (Riemann zeta function, Euler product (see, e.g. Apostol [9])). Let
¢(s) be a function of a complex variable s = o + it € C, for o > 1, t € R, given by

¢(s) = ni (2.5)
- (1—%)_1, (2.6)

where PP is the set of all prime numbers. The function ((s) given by (2.5) and the
infinite product (2.6) are called the Riemann zeta function and the Euler product,

respectively.

It is well-known that the series in (2.5) and the infinite product (2.6) converge
absolutely in the region ¢ > 1. The Riemann zeta function ((s) is analytically
continuable to the whole complex plane as a meromorphic function by applying the
Riemann’s functional equation. We can find the basic properties of zeta functions in
Apostol [9].

Next, we introduce the following probability distribution on R associating with

the Riemann zeta function.

Definition 2.14 (Riemann zeta distribution). For each ¢ > 1, a probability measure
ity on R is called a Riemann zeta distribution, if

—0

n

- ({—1logn —, neN.
po ([ logm}) = £
Then we have its characteristic function f, as follows:
: ((o+it)
folt :/elm,ug dr) = >——=, teR.
() R (dz) (o)

This class of distributions is introduced by Jessen and Wintner [15] without nor-
malization as to give an example in the studies of infinitely many times convolutions.

As a probability distribution, it is first appeared in Khinchine [16].

Proposition 2.15 (See, e.g. Gnedenko and Kolmogorov [12]). The characteristic

function f,(t), t € R, is a compound Poisson with a finite Lévy measure N, on R:

1%ﬁwzéﬂf“—nmwm

where

No(dr) =33 Z’Tm 51r00p(d).

peP r=1

11



This proposition implies that the Riemann zeta distribution is infinitely divisible.
As a generalization of the Riemann zeta distribution, the following zeta function can

also generate a probability distribution on R.

Definition 2.16 (Hurwitz zeta function (see, e.g. Apostol [9])). For 0 < u < 1 and
o > 1, the Hurwitz zeta function ((s, u) is defined by

oo

1
s, u) = ——, s=o0+4it, t eR.
C( ) nzo(n+u)s

We note that (s, 1) is the Riemann zeta function. For 0 <« < 1 and ¢ > 1, put
C(o +it,u)
((o,u)

Then f,, is a characteristic function of a probability distribution ., on R which is

fa,u(t) = , € R.

called the Hurwitz zeta distribution. This class of distribution is introduced by Hu,

Iksanov, Lin and Zakusylo [14] and its infinite divisibility is studied as well.

Proposition 2.17 (Hu, Iksanov, Lin and Zakusylo [14]). The Hurwitz zeta distribu-
tion [y, 15 infinitely divisible if and only if
1
U= = or u=1.
2
This proposition comes from the fact that the Hurwitz zeta function has the Euler
product only when v =1/2 or 1.
The Riemann zeta function is now variously extended. Let m,r € N and 5 € C™.

For N\jj,u; >0, where 1 < j <r and 1 <[ < m, a function

Z H()\ll(m Fu) 4+ A (e + ur))_sl

ni,...,nr=0 [=1
is a generalized Barnes multiple zeta function called the Shintani zeta function.

Aoyama and Nakamura [5] introduced the following functions.

Definition 2.18 (Multidimensional Shintani zeta function, Aoyama and Nakamura
[5]). Let d,m,r € N, § € C% and (ny,...,n,) € 7%,. For Nj,u; > 0, ¢ € R¢,
where 1 < j < rand 1 < I < m, and a function 0(nq,...,n,) € C satisfying
0(n1,...,n.)] = O((ny + -+ + n,)%), for any € > 0, we define a multidimensional
Shintani zeta function by

Z O(ny,...,n,) 27)
T2, (Na(ny 4+ wg) + - -+ A (e 4+ w,) ) (@05) :

.nr=0

12



Here we write (¢, 5) := (¢, &) 4 1(¢, ) for ¢ € R? and 5§ € C?, where &, € R? and
§ = & +it. We call the function 6(ny,...,n,) a character of the multidimensional
Shintani zeta function, which is derived from Dirichlet characters (see Definition 3.1).

The absolute convergence of Zg(5) is also given.

Proposition 2.19 (Aoyama and Nakamura [5]). The series Zg(§) defined by (2.7)

converges absolutely in the region miny<;<,, (¢, @) > r/m.

We denote by Dg the region min<;<,, (¢, &) > r/m of absolute convergence of
the series Zg(5). Suppose that 6(ny,..., n,) is non-negative or non-positive definite,

then we can define the following class of distributions on R¢.

Definition 2.20 (Multidimensional Shintani zeta distribution, Aoyama and Naka-
mura [5]). For each & € Dg, a probability measure ;3 on R? is called a multidimen-

sional Shintani zeta distribution if, for all (ny,...,n,) € Z%,,

Then, its characteristic function fz is given by the normalization of Zg(S) as the

Riemann zeta case.

Proposition 2.21 (Aoyama and Nakamura [5]). Let fz be a characteristic function
of a multidimensional Shintani zeta distribution pugz. Then fz(8) is given as follows.

Zs(G +it) -

FB = [ O pg(dr) = 3

| Zs(3)
Remark 2.22. This class contains both infinitely divisible and non infinitely divis-
ible distributions on R?. By applying the Euler products, some simple examples of

compound Poisson case on R? and generalized cases on R? are given in Aoyama and

Nakamura [3] and Aoyama and Nakamura [4], respectively.

As in this section, by following the history of zeta functions and distributions,
Aoyama and Nakamura [5] introduced multidimensional Shintani zeta functions and
their definable distributions on R?. In Aoyama and Nakamura [5], some examples

of known distributions which belong to the multidimensional Shintani zeta class are

13



given. Though, it is not sufficient for understanding this new class. In this chapter,
we focus on the characters of multidimensional Shintani zeta functions and show the
relations with some known discrete distributions on R¢. We also consider the infinite
divisibilities of them which were also studied by applying generalized Euler products
called the multidimensional polynomial Euler products introduced by Aoyama and
Nakamura [3, 4]. Our purpose is to give them and show some new results. We show
that multinomial and negative binomial distributions belong to the multidimensional
Shintani zeta class in section 2.3 and 2.5, respectively. In section 2.4, we give some
necessary and sufficient conditions for certain multivariate functions to be characteris-
tic functions which contain generalized multinomial distributions. Some properties of

characters and infinite divisibilities are also studied throughout these three sections.

2.3 Generalized multinomial distributions

Many discrete distributions including the multinomial ones can be represented in
terms of multidimensional Shintani zeta functions by choosing suitable characters. In
this section, we consider and study some cases of them.

First, we consider a generalization of multinomial distributions by expressing

them such as multidimensional Shintani zeta functions.

Definition 2.23. Let d,m € N, 7, ¢ = (¢;)%_; € RA\{0}, ¢(I) € Rand j(I) € N\{1},
where 1 <[ < m. For each N € Z>(, we define a character 5 by

(o))" Wy S
0 R0 1 - e CRRECDIED SUEE) N

0 (otherwise),

9]\[(711, ey Ny,

where (ny,...,n,) € 7%, and a N-multinomial function Zg n by

> HN(nl,...,nm) 5 . = 4 d
Zsn(8) = Z szl(nle)(a@,S—a—i-ltEC,tER.

N1,y Nm =0

Here we regard 0! = 1, 0° = 1. We can see that all of these functions are of the

multidimensional Shintani zeta class and, by the multinomial theorem, we have

e k(1) =$@5 )k m R
RPN | b %? | :(Zas(zxj(m‘“”@)'

kitotkm=N  I=1

14



Now we put

and

fl = (xlk)zzl, ik = —Cg logj(l)

q(l) ==

S dlo) (5 (o))~ o

Suppose that ¢(1),...,¢(m) have the same sign. Then, the character Oy is
nonnegative or nonpositive definite, so that fz x is the characteristic function of a

multidimensional Shintani zeta distribution pz given by

M ({ Zculog n + 1), chdlog nl+1)}>
=1
H nl+1 (,9)
=1

0 (otherwise).

9 ?7,1,...

We note that ;" ¢(l) = 1 and ¢(I) > 0 for all 1 <[ < m, therefore we can define

the following subclass of the multidimensional Shintani zeta class.

Definition 2.24. Let N € N, #,...,7, € R? and ¢(1),...,¢(m) > 0 such that
St a(l) = 1. A probability measure px on R? is called a generalized N-multinomial

distribution, if

N({g}x”nl,...,gxldnl}) S 1’—”[ (q

=1

gf‘)nl, (When lz::nl = N).

The class of multinomial distributions is a special case of this class above when
m = d and T4, ...,7, are the standard basis of R?. We have that the characteristic

function of uy is fzn and, by using ¢(1), it can be written as follows:

)

=1

Next, we consider a class of compound distributions including the class of gener-

alized N-multinomial distributions.

15



Definition 2.25. Let @, & € R?\ {0}, ¢(I) € R and j(I) € N\ {1}, where 1 <1 < m,
and Oy be a character given by (2.8). For each nonnegative integer valued random

variable T' satisfying

o0 m N
Pr(T=0)#1 and Y Pr(T = N)(Z |q(z)|) < o0, (2.9)
N=0 =1
we define a character 61 by
brn, ) = 30 Pr(T = Ny et 4q)
(it (D))~ tao))
where (ny,...,n,) € Z%;, and a T-multinomial function Zgz by
> Or(ny, ..., ny) L.

Zs1(3) = §=d+iteC? teR.

— T2, (e + 1)

We also can see that all of these functions are of the multidimensional Shin-
tani zeta class. The character 6 is nonnegative or nonpositive definite whenever
¢(1),...,¢(m) have the same sign. Therefore, T-multinomial functions can generate

the following subclass of the multidimensional Shintani zeta class when 07 is so.

Definition 2.26. Let & € R? and nonnegative integer valued random variable T sat-
isfying (2.9). A probability measure piz 7 on R? is called a T-multinomial distribution

if, for all (n1,...,n,) € ZZ,,

HT(nl c. nm)
5 1 1), 1 } _ A, )
2 T({ ZCll og(n; + ZCld og ng+1 ) ZS,T(U) Hz:1(nl n 1)<cm>

The characteristic function fzr of pzr is given by

Z&T(a" + 1£> -

ar(t) = —— teRe
far(t) 757
The series Zg (7 + it) converges absolutely by the condition (2.9), and so that we
have
Lo Pr(T' =N - On (i, nm
Dan(3 18— (=) N )

S oGO T 2 T + 1)

7777

Pr(T' = N) = - N\ —{&),G+if
NSO RC OILCLLN )

M 10

I

16



=Y Pr(T = N)(iq(Z)ei@@)N, feRY,

N=0 =1

and Zgr(0) =Y 5_o Pr(T= N) = 1. Thus, we obtain

00 m o N .
for@® =3 Pr(T = N)(Zq(nem@) . {eRY
N=0 1=1
which is a characteristic function of some compound distribution.

Next, we show that some important distributions belong to this class.

Proposition 2.27. The class of T-multinomial distributions includes the following

distributions.

(i) N-multinomial distributions.

(ii) A compound Poisson distribution with a finite Lévy measure Nz on R given by

m

Na(dz) = XY~ q(l) 6z, (dx),

where A > 0 and ¢(1),...,q(m) > 0.

(iii) Let K € N. A compound Poisson distribution with a finite Lévy measure

N ey.x) on R given by

NaGw,K)(dﬂf)Zzw > b Oy mz (d),

ny !
r=1 ni+-+nm=rkK

where 0 < v < 1 and ¢(1),...,q(m) > 0 with >"  q(I) = 1. In particular,
when | = 1, fz 6,1 is the characteristic function of a geometric distribution

with a parameter 1 — v and a vector .

In the following, we give the proofs and note that the logarithm is taken as the

distinguished one whole through this thesis.

Proof. (i) Let o be a delta measure. If 7" = Jy, then we have Or(nq,...,n,) =
On(ni, ... ,ny) forall (ng,...,n,) € ZZ,. Hence, we have fzr= fzn.

(ii)) Let A > 0 and Po(\) be a Poisson random variable with mean A. If T =
Po()), then we have

fz.po( (£) = 3 ]/\\,—N,G_A(i q(l)ei@”a)N = eXp{A (iqa)ei@@ - 1) } teR”

N=0 ’ =1 =1

17



This is the characteristic function of a compound Poisson distribution with a finite

Lévy measure Nz.

(iii) Let 0 < v < 1, K € N and G(v, K) be a nonnegative integer valued random
variable whose distribution is given by

Pr(G(v,K)=KN) = (1-y)9", N € Zs,.

If T = G(v, K), then we have, for each t € R?,

i m . A\ KN 1—7x
fa.c0.5)(t) = 1—)N qlelm’i> = — — .
G(vy K)O NX:O( ) (lz:; ( ) > 1—~ (25:1 q(Del(ggl,i})K

This is the characteristic function of a compound geometric and also a compound

Poisson distribution. Its Lévy measure is given by Nz q(y k), since we have

I—7
fa.c0.00) () = - —

—ep{X L X e O e g1 - )}

ny !
r=1 nitAtnm=rk

—

R4

(€i<x’£} — 1) Ngyg(%}()(dw)}, FE Rd.

In the equation above, we note that Nz g, r)(R?) = log(1 — 7)™ O

2.4 Conditions to be characteristic functions

In the previous section, we treated cases with nonnegative or nonpositive definite
characters. Therefore, we now consider the case when the characters are not so.
We again use the notations in section 2.3. Under some additional conditions, the

following lemma gives a criteria for fz 7 to be a characteristic function.

Lemma 2.28. Let j(1),...,j(m) be relatively prime. Suppose that R?-valued vectors
Cly- -, Cy are linearly independent over R or ¢ = -+ = G, (# 0). If there exists
1 < ly < m such that q(ly) < 0, then there exists ty € R such that Re fz.1(t) > 1.
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If this lemma holds, then fz is not to be a characteristic function. By applying

Lemma 2.28, we have the following result.

Theorem 2.29 (The necessary and sufficient condition for fzr to be a characteris-
tic function). Let j(1),...,5(m) be relatively prime. Suppose that R%-valued vectors
Cl, ..., Cm are linearly independent over R or ¢, = -+ = ¢y, (£ 0). Then, fzr is a

characteristic function if and only if ¢(1),...,¢(m) have the same sign.

For the proof of Lemma 2.28, we use the linear independence of real numbers
and the Kronecker’s approximation theorem in the same way as in Aoyama and
Nakamura [3, 4]. The Baker’s theorem given below is useful to discriminate the linear

independence of real numbers.

Proposition 2.30 (Baker [11]). The numbers ~," - - -7151 are transcendental for any
algebraic numbers vy, ..., vn, other than O or 1, and any algebraic numbers By, ..., By

with 1, By, ..., B, are linearly independent over the rationals.
By using this fact, we have the following.

Proposition 2.31 (Nakamura [22]). Let j(1),...,j(n) be relatively prime and wy,
W, ..., Wy with w; =1 be algebraic real numbers which are linearly independent over
the rationals. Then {w;logj(l) | 1 < 1 < m} is also linearly independent over the

rationals.

The (first form of) Kronecker’s approximation theorem given below is a key of

the proofs in this section.

Proposition 2.32 (See, e.g. Apostol [10]). If rq,...,r, are arbitrary real numbers,
if real numbers 0y, ..., 0, are linearly independent over the rationals, and if € > 0 is

arbitrary, then there exist a real number t and integers hy, ..., h, such that
|t9k—hk—7”k|<€, 1<k <n.

Proof of Lemma 2.28. Put

m

L:=Y q(l)—qlle) > ql) =1,
1#£lo I=1
and take ng € N and 0 < € < L such that
Pr(T'=mny) >0, (L—e)(1—¢€)—1)Pr(T =ngy) —2¢>0. (2.11)
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Then, we note that
L—e>1 (L—e)(1—¢) >1.

By the absolute convergence of the series (2.9), there exists a natural number N > ng
such that

N
> Pr(T=n)- 1‘ <e (2.12)
n=0
sup Z PT(T _ n)(Zq(Z)ei@l,{}logJ’(l)) ’ < Z PT‘(T = n)(z |q(l>|> < €.
teR? N 11 =1 n=N+1 =1
(2.13)
First we consider the case when ¢, ..., are linearly independent over R?. Let
Wi, Ws, ..., wy, With wy = 1 be algebraic real numbers which are linearly indepen-

dent over the rationals. Then, there exits t; € R? such that ((¢,%1),. .., (Cn, 1)) =

(W1,wWa, ... W), since &, . . ., €, are linearly independent over R. In this case, we put
wy log 5(1) T T
g, = LS < <), Na=1- (——< <—>.
! o (1<1<m), cosNa € 5 <a<g
Next, we consider the case when ¢; = --- = ¢, (# 0). In this case, we put
log 7 (1
HZZM (1<i<m), cosNa=1—c¢ (—E<0z<i>.
2T 2 2
In both cases, we have that 6y, ... 6, are linearly independent over the rationals.

Therefore, by Proposition 2.32, there exists T, € R? such that
m —1
0% 1] < minfe fsinal) (3 k0] )
=1
m -1
) £
=1

|28 _ 1| < min{e, | sin o} (
!

Now we have

Zq(l)eiQﬂToel — L

=1

< 3 L@l = 1] + [q(lo) €27 + 1]
1#£lo
< min{e, |sina}.

m 1

This implies that

m

Z q(1)e*Tob _ L‘ <€,

=1

<

Re (i q(1)e?m o0 L) ‘

=1
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m

Z q(l)€i27rT0€l _ L

=1

m
’ < |sina,

Im (Z q(l)ei2ﬂT00l> ‘ <

=1

so that, for each 1 < n < N, we have

Re ((Zm: q(Z)eiMO@l)n) > (Re ( g q(Z)eﬁ”Toel) ) " cosna (2.14)

=1
€)" cos N

€)(1—e).
By taking o € R% such that ty = T ﬂ when ¢, ..., ¢, are linearly independent

over R, or Ty = (&, o) when & = --- = &,, and by the inequalities (2.11), (2.12),
(2.13) and (2.14), we obtain

> (L
> (L

n=0 =1
>(L—e)(1—€> Pr(T=n)+Pr(T=0)—c
=> Pr(T=n)+((L-e1—-e—1)Y Pr(T=n)—¢

>14+(L—€)(1—¢€)—1)Pr(T =ny) —2_e> 1.

We have treated only the cases with nonnegative or nonpositive definite char-
acters. In the following, we give an example of characteristic functions when the

characters are not so.

Example 2.33. We retake &, ¢i,...,6, € R\ {0}, ¢(1),...,6(m) > 0 and j(1),
..,j(m) € N\ {1} such that

Let E, be the Euler numbers which are integers given by

1 2 > E,
coshz e*+e* — n!
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For each (ni,...,nn) € ZZ;, we define a new character by

Opn(ny, ... ,ny) = Z (g)n% On(na, ... ny),

where 0, is the character given by (2.8). Then, for each n € Zsg, Opn(j(1)™,
coyjm)km)y > 000 S0 ko= 4n, and Opn(G(D)M, L d(m)Em) < 00F Y R =
2(2n + 1). Therefore, this character gy is neither nonnegative nor nonpositive defi-
nite.

However, the multidimensional Shintani zeta function Zg gy corresponding to
the character fgn converges absolutely and we have

[e.e]

. . QEN(nl,...,nm)
Fen@ED = 2L TGt e

M yenny Ny =0

B =, /m\" E, > On(ny, ... ,np)
_Z<§> n! 2 T, (my + 1)t@a+in

=0 e T =0
S5 (éas(oua))-@ﬂﬂ)"

m -1
:(cosh (gZ¢(z)j(1)—<5lf>ei<flf>>) , teR

We also have the following equation.

1 zx 1
W—exp{/ﬂ{(e 1 zx)l/(dx)}, z€C, |z <1,

where v is a Lévy measure on R given by
v(dr) = dx/x(e® —e™™).
Thus, we obtain
Zs.pn (5 4+ it)

= exp {/ (el‘ﬂil pOIH~ NN g Z ¢(l)j(l)‘<a’5>ei@l’5>u(dm)}
R I=1

— exp ii, a:j(iqs(z)j(w-@@ei@lﬂ)ju(dm)
= J: Jr —1

exp{i 3 (/xg ”(dg”))ﬁ (¢(l)j(2—!<q7a>)kzeizﬁlkl@,z}}_

§=2 kytthm=j YR =1
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Then, we can see that

(i) = Zs.pn (5 + it)

Zs.pn(0)
:exp{z S ([ vtan) [ e 1
J=2 ki+tkm=j =1

is a characteristic function of a compound Poisson distribution with a finite Lévy

measure Nz, given by

. m (1) —(C1,0) ki
v => Y (f o o)) TG b )

J=2 ki+- +k3m7j

Therefore, some of multidimensional Shintani zeta functions may generate probability

distributions even if their characters are neither nonnegative nor nonpositive.

2.5 Generalized negative multinomial distributions

In this section, we treat characteristic functions of negative multinomial distributions
in the sense of multidimensional Shintani zeta functions, and consider the infinite

divisibilities of them as well.

Definition 2.34. Let d,m € N, &, ¢1,...,¢, € R*\ {0}, ¢(0),...,¢6(m) € R and
J(1),...,7(m) € N\ {1} such that

min (¢, &) > Z|¢ )| < ¢(0). (2.15)

1<I<m

For each ¢ > 0 and a character 0,04 given by

eneg(c) (711, v 7nm)
—c ek N 1 (—o()" .
| ORI T [T (1= GO)M),
= (Zl:l kl) ; 111 i
0 (otherwise),
where (ny,...,n,) € ZZ;, we define a c-negative multinomial function by

6n69(0)<n1>" 7nm) N . Lo d 7 d
ZS,neg(c)(g)_ Z Hl 1(7’Ll—|—1)<€l7§> s S—O"I—lte(C, t € R*.
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Here

(2) o1, (m) - Dm0y e

n n!

We can see that all of these functions are of the multidimensional Shintani zeta class.

By the condition (2.15), the series Zg neq(c)(5) converges absolutely and we have

Z 3 neg(e)(5) = Z <;VC) p(0)~ N Z NI H (=o()™ | Hj(l)sz@ﬁ)

kid-tdhkm=N =1 ) =1

—c mo_ (1) (€13 Y
(N) p(0) N Y NU] ( ¢(Z)Jl(€f)! )

kit km=N =1

m

=3 () o0 (= o)

= (¢(0) — Zgzﬁ(l)j(l)@’g)) . §=F+iteC? teR
=1

N

Note that the last equation above is obtained by the generalized binomial theorem.

For 1 <1 < m, we put

- ¢(0) o(l) (1)~
0) = S D = . : .
1O = o s oty @ M o) S, ()i le) o
Then, we have
g(0) +4(0) > q(1) =1 (2.16)
=1
and, for t € R?, we also put
Zsineg(e) (T + it) c( S —i(@,1) lo '(l)) -
&,mneg(c ) = = =q(0 1—¢q(0 l 11087 .
fomeg(e) (D) Tena(@ — 10 a( );C]( e

Suppose that ¢(l) > 0 for all 1 <1 < m. Then the character 6.4 is nonneg-
ative, so that fz,eq() is a characteristic function. Therefore, c-negative multinomial

functions can generate the following subclass of multidimensional Shintani zeta class
as in section 2.3.
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Definition 2.35. Let 71,...,%, € R? and ¢(0),...,q(m) > 0 satisfying (2.16).
A probability measure fineq(c) on R? is called a generalized c-negative multinomial

distribution, if

Hneg(c) ({ Z T, - - Z Iu”z})
1=1

=1
(=) e oy T (a0 O
_(N)q(O) N!HW (When ny, N € Z>y and lzlnl—]\/>.

The class of negative binomial distributions is a special case of this class above
when m = d = 1 and z; = 1. We have that the characteristic function of fi,eq() is
Jmeg(c)- Moreover, generalized c-negative distributions are compound Poisson since

we have

famego)(t) = exp{—clog (1 —q(0) ) Q(l)ei@’i}) +clog q(O)}
=1

- exp{c Z %(CZ(O) zm:Q(l)ei(fz,E})’” — clog Q(O)_l}

r=1 =1

_eXp{ (Z i P ) e —logq(O)‘l)}

where {n;} = (n1,...,n,) € ZZ; and

_ T (NS
sy = |0 DO TS (e Yome=),

0 (otherwise).

Therefore, its finite Lévy measure Nyeq(e) on R? is given by

Nyeg(e) (d) —CZ Z i Am}) o e (do).

Next, we consider a subordination. Let {Xz(¢) : t > 0} be a Lévy process whose
distribution at time 1 is a generalized 1-negative multinomial distribution fi,eq1)
generated by a c-negative function Zg,eq1y. We take {T'(t) : t > 0} as a subordinator
independent of {Xz(t) : t > 0} and satisfies

Elq (1—q Zlq )

25
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We also put 7 :=T(1) and o := ¢pg — >0, ¢(1)j (1)@,

Definition 2.36. For any subordinator {T'(¢) : t > 0} satisfying (2.17), we define a

new character O by

Or(ny,...,ny,) =E |:0n€g(T) (ng,... ,nm)/ozT] ,

where (ny,...,n,) € 2%, and a T-negative multinomial function Zg cq(r) by

Or(ny.....my) . - )
ZS,neg(T)(g) = Z Z(nlj 1 ’) s=o0+1t e Cd, t e Rd.

Under the condition that ¢(l) > 0 for all 1 <1 < m, we put

Zs negr) (7 + i)

f&',ne t) = -
g(T)(‘> ZS,neg(T) (U)

We can see that fz ,eqr) is the characteristic function of a multidimensional Shintani
zeta distribution with a character ©p. Therefore, we also can define the following

subclass of multidimensional Shintani zeta class.

Definition 2.37. Let & € R\ {0} and {T'(¢)}+>0 be a subordinator satisfying (2.17).
A probability measure iz peq(r) on R? is called a T-negative multinomial distribution

if, for (ny,...,ny,) € 7%y,

& neg(T) ({ Zcu log(n; + 1), chd log(n; + 1)})

m
@Tnl,...,nm 65
7 H n; +1
Sneg(T) ) I—1

Since Zg peq(r)(7) = 1, for t € R?, we have

— 1 o G)T(nl’ .. nm) :|
a,ne t)=E|—
f ) g(T)(‘) Z Hl 1<nl + 1) &),G+it)

- n1,...,m =0

. q(O)T (1 — 4(0) i a(0) i@ logj(l)>_T:|

- =1

) exp{ (Z Z r ) lzzzlnz@,mogja)_l))”_

r=1ni,..., Nm =0

This implies that fz ncq(r) is the characteristic function of the distribution of Xz(7'(1))
which is compound P01sson. Moreover, similar to Theorem 2.29, we also have a

necessary and sufficient condition for fz,eq1) to be a characteristic function.
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Theorem 2.38. Let j(1),...,j(m) be relatively prime. Suppose that R*-valued vec-
tors €y, ..., Cy are linearly independent over R or ¢, = -+ = ¢, (# 0). Then, for
any subordinator {T'(t) : t > 0} satisfying (2.17), fsneqr) is a characteristic function
if and only if ¢(1) > 0 for all 1 <1 < m. Moreover, it is compound Poisson when
o) >0 forall1 <1 <m.

The following is the proof of theorem 2.38 which was omitted in Aoyama and
Yoshikawa [7].

Proof. Suppose that there exists 1 < [y < m such that ¢(lp) < 0. Then, we have

q(0) +q(0) Y~ q(l) = q(0)q(lo) > q(0) + q(0) Y _q(l) = 1.
141, =1

Since

q(0) > q(1) — q(0)q(lo) = ¢(0) ™" (Z p(1)j(1) = — qs(zo)j(zo)—@o@)

1l 1l

< 6(0)! (Z r¢<z>|j<1><flf>) <1
=1
we obtain

0<1-4¢(0)) a(l) +q(0)q(lo) < 4(0).
121y

Put

L:=1-q(0)> q(l) + q(0)q(lo)
1o
and take ng € N and 0 < € < ¢(0)L~! such that
Pr(1 <T < ng) >0, ((q(O)L’l (1 —e) - 1) Pr(1 <T < ng) — 3¢ > 0. (2.18)
Then, we note that
qO)L™ —e>1, (qO)L™'—e)(1—¢) > 1.

It follows from (2.17) that there exists a natural number N > ng such that

Pr(T < N)—1| <e, (2.19)
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sup
teRd

/(N,oo) q(0)" (1 —q(0) Zm: g(1)e i@ logj(l)> ‘“pT<du)

< /(N’OO) a(0)" (1~ 4(0) i a)]) " pr(du) <.

where pr is the distribution of 7. We can take —7/2 < a < 7/2 such that cos Naw =
1 —¢, and 6 > 0 such that

(2.20)

|(0)2~" — q(0) L™ < min{e, |sina|} whenever |z — L| < 6, z € C.

Now we follow the proof of Lemma 2.28. In the case when ¢, ..., G, are linearly
independent over R, let wy,ws, ..., w, with w; = 1 be algebraic real numbers which
are linearly independent over the rationals. Then, there exits #; € R? such that
(G, 11), .. (G, 1)) = (w1, wa, . .., W), SO that we put

log j(I
27
In other case when & = --- =&, (#0), we put
log j(I
g, . logil) (1<1<m)
27
In both cases, we have that 6y, ..., 6,, are linearly independent over the rationals.

Therefore, by Proposition 2.32, there exists T € R such that

m 1
‘eiQWTOQZO + 1| <0 (q(O) Z |Q(l)|> )
=1

| < (q<o> 3 |q<z>|)_ (L # 1)

Now we have
1= 400) Y a0 ™ — 1] < (0) (ol - 1]+ faa) e -+ 1)
=1 1£lo
< 0.

This implies that

Re (4(0) (1- 40 gqmemel)l —ao )| <
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1 (40) (1- 400 équwm@l)‘l) <[smal

so that, for each 0 < ¢ < N, we have

Re( (l—q iq IQWTO‘)Z) ) (2.21)
> (Re (q(O) (1—q(0) Y q(l)ei%TOGl)_l))ccosNoz

By taking t, € R% such that ty = Tyi; when ¢, ..., &, are linearly independent
over R, or Ty = (&), o) when & = --- = &,, and by the inequalities (2.18), (2.19),
(2.20) and (2.21), we obtain

Re fz7(to)

- RQE{ (1 —4(0 Zm: g(1)eHER) 1ogy<l>>T]
N =1 i
> Re (/ (1 —q(0 Z 27rT09l> T(dc)) — ¢
0

=1

> (1= )Pr(T < 1)+ (q(0)L" — &)1 - e)Pr(1 < T < N) —
— Pr(T < N) + ((q(O)L’l —O(1—¢)— 1)Pr(1 <T<N)—e(l+Pr(T <1))

> 1+ ((q(O)L‘1 —e)(l—¢)— 1>Pr(1 <T <mng)—3e> 1.
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Chapter 3

Infinite products in Shintani zeta
class

In the previous chapter, we have treated some multiple zeta functions which are of
multiple series. Similar to the fact that the Riemann zeta function has the Euler
product, some of them can be written by infinite products. We have mentioned
that the Hurwitz zeta distribution is compound Poisson if and only if the Hurwitz
zeta function has the Euler product. Infinite divisibilities of some of distributions
associated with the generalized Euler products are studied by Aoyama and Nakamura
[3, 4], so that we treat several cases of multidimensional Shintani zeta distributions

which can be written by those products in the present chapter.

3.1 Generalized Euler products

In this section, we give a brief introduction to generalized Euler products. First, we

mention Dirichlet characters and Dirichlet L-functions.

Definition 3.1 (Dirichlet character (see, e.g. Apostol [9])). Let ¢ be a positive
integer. A function y is called a Dirichlet character mod ¢ if it is a non-vanishing
group homomorphism from the group (Z/qZ)* of prime residue classes modulo ¢ to

C*=C\ {0}.

The character which is identically one is called the principal. By setting x(n) =
x(a) for n = a mod ¢, x(¢) = 0, we can extend the character to a completely
multiplicative arithmetic function on Z. We also note that |x| = 1, which follows

from its group homomorphism.
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Definition 3.2 (Dirichlet L-function (see, e.g. Apostol [9])). For s = o + it € C,
o > 1,t € R, the Dirichlet L-function L(s, x) attached to a character x mod ¢ is
given by

Lisiy) = o x(n) :H< _x(p)>1_

ns S
n=1 peP p

The Riemann zeta function is the case when its character is the principal. As in
the definition, the Dirichlet L-functions L(s, x) have forms of infinite products and
also converge absolutely in the same region o > 1 as the Riemann zeta function. It
is well-known that we can prove the prime number theory by Dirichlet L-functions.

As a generalization of the Euler product, the following multidimensional polyno-

mial Euler products are introduced by Aoyama and Nakamura [4].

Definition 3.3 (Multidimensional Euler Product, Aoyama and Nakamura [4]). Let
dym €Nand §€ C4 For —1 < op) <land g e R4 1<I<mandpeclP we

define a multidimensional polynomial Euler product given by
m . -1
Zp(3) = TTTT (1 = auopp 7). (3.1)
peP =1

The absolute convergence of Zg is also given.

Proposition 3.4 (Aoyama and Nakamura [4]). The product Zg converges absolutely

and has no zeros in the region min;<;<,, (¢, ) > 1.
For each ¢ € R? with min;<;<,,(¢,3) > 1, put

Z5(F + it)
Zp(@)

Note that every fz g is not always to be a characteristic function. Aoyama and

fap(t) =

Nakamura [4] showed that there are several necessary and sufficient conditions for
some fz g to be so.

Now we consider the following two conditions.
(LI) Re-valued vectors ¢, ..., Cp, are linearly independent over R.

(LR) Revalued vectors ¢, ...,G, are linearly dependent but linearly independent
over the rationals : ¢; = ¢, 1 < | < m, where v, are algebraic real numbers

and linearly independent over the rationals.
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Then, the following is also known.

Proposition 3.5 (Aoyama and Nakamura [4]). Suppose that R?-valued vectors ¢,
.oy G satisfy the condition (LI) or (LR) in (3.1). Then fz g is a characteristic
function if and only if cy(p) > 0 for all 1 <1 <m, p € P. Moreover, when cy(p) > 0
foralll <1 <m, peP, fzr is a compound Poisson characteristic function with its

nite Lévy measure Nz on R? given b
Y g )

Node) = S5 Leulp) 070 ().

peP r=1 [=1

3.2 Products of multidimensional Shintani zeta func-
tions

In this section, we see products of multidimensional Shintani zeta functions. One
of interesting objects is a class of the products which can generate characteristic
functions even if their characters are neither nonnegative nor nonpositive.

First, we consider a product of the Riemman zeta function and a Dirichlet L-
function with multivariable. Let N be a positive integer and y be a real valued non-
principal Dirichlet character mod N. For each &, ,¢ € R? with (¢, &) > 1,(¢, ) >

l,i=d+it, =4 +ilt, { € R we define the following functions:

. =1 1 \-!
(o) (0) == Z nen H (1 - W) ) (3.2)
n=1 peP
Loy oS XMy Xy 13
(@(%X) T Z n<5’ﬁ> - H p(aﬁ) ) ( . )
n=1 peP

(3 +it, x) (o (& + it)
L@@, x) (@)

These functions are of multidimensional Shintani zeta class. We have that (

L
o (B) ==

induces a multidimensional Shintani zeta distribution, but, by Proposition 3.5, L
does not. However, the product of ((z and L may generate characteristic functions

under some conditions. The following example is given in Aoyama and Nakamura [4].
Example 3.6. We consider the case when d = 1. Define a character y4 mod 4 by

1 n =1 mod 4,
x4(n) :==< —1 n =3 mod 4,
0 n = 0,2 mod 4.
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For s =0 +it,o0 > 1,t € R, put

Coa(s) == L(s,xa)C(s),  [fo(t) := oo +it) /o (o)

Then, (o) is the Dedekind zeta function of a quadratic field Q(i) of discriminant —1.
The Dedekind zeta function is defined by a sum of the absolute norms of ideals of
an algebraic number fields, and is also a product taken over all prime ideals. This
function is also well-known as the Riemann zeta function in number theory.

In view of the probability theory, Aoyama and Nakamura [4] showed that f,(t)
was a compound Poisson characteristic function with a finite Lévy measure N, on R

given by

ro

Na(dl') = Z T; rlog2 d-’L’ Z Z (1 + T<P = )%&ﬂogl’(dl’).

r=1 peP\{2} r=1

As a new result, we have the following.

Theorem 3.7. We have that fzz is a characteristic function if and only if (¢,& —
d') > 0. Moreover, when (¢,6 — ') > 0, fz5 is a compound Poisson characteristic

function with a finite Lévy measure Nz z on R? given by

Z Z & (p> p—T(a3>> 5_r10gp5(dl‘).

peP r=1

Proof. First, we show that fzs is a compound Poisson characteristic function when

(¢,d — d') > 0. Suppose that (¢,6 — &) > 0. Then, Nz is a measure on R? since
pfr<€,5/) + X(p) pfr(c”ﬁ) > pfr(é',&”> o pfr(c”,&') — pfr@,&”}(l . pfr<€,573’>) >0

for all » € N. Moreover, we have

Npo(®Y) =S Z "+ x(p)p )

peP r=1




so that Ny is a finite measure on R
If (¢,d) > 1 and (¢,d) > 1, both (& (¥) and Lz (u, x) converge absolutely and
they can be written by Euler products as in (3.2) and (3.3). Therefore, we have

f)—l C(g)O'—i-lijg)O'—FlL‘X)

log [543 ~
Cm(a) L(7,x)
(@) (1 — ~(@d)

—Zlog **urn:‘})(l X(P)P_@ﬂ)i{}

= )(1 = x(p) p~&a+in)
=> Z T L\ (p) pTED) (prED 1)

peP r=1
_ / (A 1) Ny o (da). (3.4)

R4

Thus fz s is a compound Poisson characteristic function with a finite Lévy measure

Ng,gl on Rd.

Next, we show that there exists £y € R? such that |fzz (to)| > 1 when (¢,6—7") <
0. This implies that fz 5 is not a characteristic function. Suppose that (¢,5—3a") < 0.
Put

D(#) = log | f5.(F)|
— % (log fz.5(t) + log f3.5(—1))

R -
=522 o) 4 pnEh ),

where ¢(p,r) = (p7 ") + x(p)p™" ) /r, and P~ := {p € P | x(p) = —1}. If
(¢,d — ") <0, then we have ¢(p,r) < 0 for all p € P~ and r» € N. Note that P~ is
not an empty set since x is a real valued non-principal Dirichlet character. We can
take 0 < € < —¢(po,1)/2 and K € N such that K > py and

- Z Z r)| < e/4, (3.5)

where Zp 2k 18 @ sum taken over all r € N and p € P with r > K or p > K. Now

we put

Pre:={peP|2<p<2K, x(p) =1},
Py :={peP|2<p<2K, x(p)=-1},
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_% SN 6 >0, C= s Z Z¢p,2r

pEIP"" r=1 pEIP’zK
Z Z o(p,2r — 1)
pEPQK
and take
€
0<é < —nv-—-—.
© S UK(CL - Cy)

Then, as in the proof of Lemma 2.28, it follows from Proposition 2.30, Proposition
2.31 and Proposition 2.32 that there exists Ty € R such that

12T}

P+ 1] <€, pePy, |¢° -1 <€, g€ Pl

Respectively, by using three factorizations;

" —1=(r -1+ +1),
2 —l=(z+D(x—-1)* 2+ 4. 4 1),
Tl = (D@ =2 1),

we have the following inequalities;

P — 1| <re, 1 <r <2K, p€PJ,

P — 1| < 2rd, 1 <r <K, p€ Py,

P!V L1 < (2r—1)é, 1 <r <K, p€Pj.
These inequalities imply that

_4K€/<pirTo +p—iTTo 2<0, 1<r<2K, pEPgK,
—AKe < p?To pp7T 9 <0, 1<r <K, pePyy,
—4 < p@r=VTo g i@ _ 9 < 444K, 1<r < K, p € Py

Thus, by (3.5) and taking #, € R? such that Ty = (¢, f,), we have

D(fo) > —¢ + = { > qu (p,r) (" +p7"0 = 2)

pe]P)+ r=1

+ Z Z¢ D, 27, 127'T0 +p —i2rTy 2)

pE[P’
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K
+‘§: §:¢@%%“—U0ﬂ%‘mm+p*@“ﬂﬁ_43}

PGPQ_K r=1
> —€ — 4K01€I +0- CQ -+ (4K€I — 4)03
= —€ — 403 - 4K(Cl - Cg)E/

> —c+4e — e =2¢ > 0.

Hence we have |fz g (fo)| > 1. This completes the proof. O

Next, we consider another product of multidimensional Shintani zeta functions.
Letm=1,reN and \y, =1, k=1,...,r. We take uy,...,u, € R and ¢,6 € R?
such that >°7_ u; = 1 and (¢,5) > r. For each function ¢ from N to R satisfying
|p(n)| = O(nc) for any € > 0, we define a character 6, by

Op(ni,...,n) =+ +n, 4+ 1), (n1,...,n,) € ZL,,

and for § = G+ it € C, ¢ € R? we also define a multidimensional Shintani zeta
function Z(s,v) by

01/;(711, s anr‘)
LR (g + u) + - 4 A (g 4 w,)) (@5

> Hw(nl,...,n,n)
+ Ao (ny + 1,) ) 609)

]
E
>
B
_|_
S

_l’_

= (n+1)
= RZ% A(r,n) (n+ 1)E7

where A(r,n) := #{(n1,...,n,) € Z%y | n1 +--- +n, = N}. Here we denote by 45
the number of elements in a set S.

We have the following.
Lemma 3.8. Fixr € N and N € Z>y. Then, we have

(i) Alr+1,N) =335 A(r, N =),
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(i) Ar+ 1, N+1)=A(r,N+ 1)+ A(r+1,N),

(i) (1—xz) " => " A(r,n)z" for|z| <1,

(iv) A(Lk)=Ak+1,1-1) if k>1>1,

(v) there exist P(r +1,1),..., P(r+ 1,7) > 0 such that, for all n € Z>q
Pr+1,1)+--+Pr+1r)=1, A(r+1ln)=> P(r+1j)(n+1y.

=1

(3.6)
Proof. We have (i), since
Ar+1,N) =t{(n1,...,np,np1) € L5 [ 01+ + 1 + 0y = N}

N
:ﬁ{U{(nla-.-7nr,Z)€Z;0’n1—|—...+nT+l:N}}
=0

N

=> #{(n1, ... n, 1) €ZLy | ma+ -+, +1= N}
N

= A(r,N —1).

We also have (ii), since

N+1
Ar+1L,N+1) =Y A(r,N+1-1)
=0
N
= A, N+1)+> A(r,N —1)
=0

=A(r,N+1)+A(r+1,N)

by (i).

Now we show (iii). Since the function (1 —z)~!

= ZZOZO x™ converges absolutely

in the region |z| < 1, we have

(1—x)" = (i x")r = f: gttne — iA(r, n)x".
n=0 M yeeey n,=0 n=0
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By differentiating both side of the equation of (iii) j times, we have

oo

rr+1) - (r+k—-1)(1-2)""7= Zn(n— ) (n—j+1A(r,n)z".

n=j
Since (1 —z)™"7 =3 JA(r + j,n) 2™, it follows from comparing the coefficients of
the variable x in the above equation that
(r+j5—1)!
(r—1)!
Taken=101—1,j=k—1+1, r =1, then the equation of (iv) holds.

1) !
A(r+j,n) = (n :L—']) ~A(r,n+j), n € Zso. (3.7)

Finally, we show (v). Obviously, we have A(2,n) =n + 1 for n € Z>,. So (3.6)
holds when P(2,1) = 1. Assume that r > 2 and there exist P(r,1),..., P(r,r—1) >0

such that
r—1

P(r,1)+ -+ P(r,r=1) =1, A(r,n) =Y P(r,j)(n+1), n € Zs.

j=1

By (3.7) and the assumption, we have

ZAr—i—ln :—Zn—i—l (r,m+1)a"

By comparing the coefficients of the variable z in the above equation for each n € Z,,

we obtain

Put



Then, we have

A(r+1,n)=> P(r+1,j)(n+1), n € Zs,

Jj=1

where
Pir+1,5)>0,1<j<r, Pr+1,1)+---+Pr+1r) =1,
since P(r,j) > 0,1 <j<r—1, and A(r + 1,0) = 1. Inductively, we have (v). O

Now we focus on Lemma 3.8 (v), which causes a certain compound distribution
when a product of a multidimensional Shintani zeta function and Z.(3,) can be a

characteristic function.

Example 3.9. Let » > 2. Put ¢ = x, where x be a real valued Dirichlet character.

We consider a normalized multidimensional Shintani zeta function f(;ﬁ/ given by

-~ Z 5 ‘t_) C _), .t —
T () = L(U—'_l_»a X) C(n(i/+13’ FeRe
Z1(d,x) (@)

For §=&+it € C, t € R and &; € RY with (¢,3;) = (¢,7) — j, we have

oo r—1
— X(n+ ]‘) . — O
ZL(S,X) = EOA(T,n>m: Elp(r,]) L(E')(O'J—f‘lt,X)
n= J=

by Lemma 3.8 (v). Thus we obtain

P = Z1(G + it x) (g (0" + i)

Z1(5,x) G (")
r—1

_ o #
—2 Zi(0 9(67;3()*)(5”) L(G; + it, x) (o) (3" + it)
j=1 c

r—1

Zﬁ(ﬁj) 2.5 (1),

j=1

where P(r,j) := P(r,5) L(3;,X)/Z.(,x) > 0. Note that Z;;i P(r,j) =1.

By Theorem 3.7, for each 1 < j <r —1, f5, 5 is a characteristic function if and
only if (¢,5; — d') > 0. If (6,6 — ') > r — 1, then f5, 5 is a characteristic function
for all 1 < j <r — 1. Therefore, we can see that f;,gr is a characteristic function of a

compound distribution.
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Chapter 4

An approximation scheme for
diffusion processes based on an
anti-symmetric calculus on Wiener
space

In this chapter, we show that every anti-symmetric multiple stochastic (Ito’s) integral
has a polynomial form of single and double ones. As an application, a new approxi-

mating scheme for the solution to a stochastic differential equation is proposed.

4.1 Backgrounds

Let X be a diffusion process in R%, d > 1, given by a solution to a stochastic differential

equation, which is written in the Stratonovich form as

d t
Xt:x+2/ Vi(X,) o dW7, (4.1)
=070

where z € R4, W = (W1, ..., W9) is a d-dimensional Wiener process, dt is denoted by
dW}? by a convention, and V;, j = 0,1,...,d are in C;°(R? — R?), smooth functions
whose derivatives of any order are bounded.

For the purpose of approximating the law of X, we use the so-called stochastic

Taylor expansion (or It6-Taylor expansion);

Xt—lj

N d t S1 Sn—1
“YY e Vi [ [ [ cawzodwi o awy
0 JO 0

n=1 j1,...,jn=0

(4.2)
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which is often a key ingredient (see e.g. Kloeden and Platen [17]). Here, as is

common in the literature, we identify the functions Vj,,...,V, , with the vector
field ", Vjil@i, and so on (Vj, is still a function). The expansion of N = 1, with

r — X,, and X; = X,

approximation. The expansions of N > 1 also imply a higher-order method, but the

.1, and by the repetition in 4, implies the Euler-Maruyama
method becomes by far problematic since when d > 2, no explicit form of the joint law
of multiple stochastic integrals are available. Many new schemes on this higher-order
higher-dimensional approximation problem have been proposed in recent years driven
by growing needs from financial practices. Among these, so-called Kusuoka’s scheme
(Kusuoka [18], see also Kusuoka and Ninomiya [19]), including Ninomiya-Victoir’s
[24] and Ninomiya-Ninomiya’s [23], and the cuvature method by T. Lyons and N.
Victoir [20] are well appreciated.

In the present chapter, we propose a new framework in which we rely on, instead
of generic multiple Wiener integrals, symmetric and anti-symmetric ones. It is well-
known that the former integrals are actually expressed by an Hermite polynomial of

first order integrals. In this chapter we point out that

e the latter are also expressed as a polynomial of first- and the second order

anti-symmetric integrals (stochastic areas),

e for which semi-explicit forms (the Fourier transform) of the joint distribution

are available.

These are the contributions of the present paper to the literature.
Here we state briefly another background of our study. Akahori et al. [2] con-
structed an isomorphism between L?(W4, 1) and the anti-symmetric Fock space over

L%([0,1] — RY);

o0

Wty = @ N\ L([0,1] » RY).
n=0 n
With this, all L?-martingales can be identified with an infinite series expansion of
multiple anti-symmetric stochastic integrals. In the present paper, we show that all
such integrals have polynomial forms of single and double ones. This will lead to a
new (anti-symmetric) calculus though this paper will not study further this subject.
This chapter is organized as follows. First, in section 4.2, a representation of a

Clifford algebra on L*(W? u?) is constructed as in the same way as in Akahori et al.
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[2]. Secondly, in section 4.3 given are the main result of this chapter and its proof.

Then in section 4.4, the new scheme is introduced, with some discussions.

4.2 Construction of a Clifford algebra on L?(W“, u?)

Let H be a real Hilbert space with an orthonormal basis {e, | n € Z + }. First, we
will construct a Clifford algebra acting on the Fock space over H.

We consider its n-th antisymmetric power H,, := A H, and define the creation
operator ¢, indexed by a vector h € H : ¢, maps H, into H,; as follows: For
uj€H (j=1,---,n),

Or(ur Ao Auy) =hAug A Ay,

where A is the exterior product. The annihilation operator ¢,, is indexed by an
element A’ of the dual space H* of H, mapping H,,1; into H,, as follows: For u; €
H* (j=1,---,n+1)

n+1

O (Ug A v ANtpyr) = Z(_l)ih/(ui)% Nty N U,
i=1

where a hat on a vector means that it is omitted. In particular, for the vacuum vector
[1)(=1€R), gy|1) =h, ¢p[1) =0.
Here, we note that the creation and annihilation operators have the linearity and

the boundedness, so that they are extended to the whole space.

Next we denote by e}, the dual element of e,, and define

=08, o=y

Then, some calculations lead to the relations

[©Ons Oml+ = [@h o]+ =0, (s @i+ = Ontm,0

where [A, B]; = AB + BA is the anti-commutator and d,,,,, = 1 if n = m, 6,,, =0
if n # m, n, m € N. Therefore, the creation and annihilation operators {¢,, ¢*, |
n,m e Z+ %} generate a Clifford algebra A, which acts on the Fock space @, , A, H
over H.

Secondly, let H = L%*([0,1] — R?) and we will identify the Fock space over

H with L? space of Wiener functionals in the following way. Let (wy){_, be the
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canonical basis of R? and ® be its tensor product. For each n € N we write A? :=

{(s1,...,8,) €[0,1]" | 51 < 89 < -++ < 8,}, and for each g" € L?(A™ — (R%)®"),
d
" (S1,...,8,) = Z Giroin (81,00 8p) Wiy @ - @ Wy,
ity in=1

1 51 Sp—1 )
I,(g") = Z / / .- / Gir i (815 -y 8p )W - dW;i,
- _.Jo Jo 0

where W = (W*)¢_, is the Brownian motion on W*.
It is well known in the standard Malliavin calculus that there exists an isomor-

phism
@L? (A" = (RDH®™) = L2W4ud), g™ — L(g").
We have also another isomorphism
@/\H - @E A" = (RHE™) gr s g"
n=0 n

by g"(51,...,8,) =n!g(s1,...5,) for (s1,...,8,) € A". (Here we note that a tensor
product ® in H is identified as follows:

(U @ - & up) (81, .., 8n) = Z W (1) -t (sp) Wy, ® - @ wi,

for u; = (u¥){_; € H. Then, uy & --- @ u, € L*([0,1]" — (R?)®"), and the exterior
product A in H is naturally defined through the tensor product ®').

Hence, the composition of the two isomorphisms brings about the isomorphism

é/\H L2OW? ud).

n=0 n

which induces an action of a Clifford algebra on L?(W?, u?) by the one on @2, A, H.
In the following, we consider the elements of the form @105 - - - 0, |1) in L2(W?, ud).

IS

For simplicity, we will see the case of d = 2 where a basis of L*([0,1] — R?) is

given as follows:

en(s) = (h"és)) Cen(s) = (hﬁs)) n€Zsot %
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where {h, | n € Z + 3} is a basis of L*([0,1] — R).
It is easy to see that for n,m € Z>q + %,

1 1
el = [ WL 1) = [ ha(s)an?
0 0

OnPp_m|l) = %(/01 o (t) /Ot hm(s)dethl—/Ol B (1) /Ot hn(s)dWslde),

- - ete.

In the next section, we shall see that the elements of the form ¢ips - - p,|1) in

L2(W? u?), are actually polynomials of ;]1), ;0;]1), (i,5 =1,...,n).

4.3 Anti-symmetric expansion

Let {(eF)%_, | k> 1} be a family of functions in L2([0,1] — R?). Define

f™ (s Z/ " ()dWi, s € [0, 1],

and

fﬂl STV ey Z/ nk fnl 250005 Mk— 1( )dW’l’i’ S E [07 1]7

where W = (W) is a d-dimensional Wiener process on some probability space and
J HdW denotes the It6 integral of H with respect to W. Then, the integration-by-
parts formula tells us that for p,¢ > 1 and s € [0, 1], we have

_.I_

I=
a
N

5

gh

3

E

E

=

S

3

5

S

S

=

Note that frvn2--m=1(y):=1 if p=1.
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Put

(enl o\ €ny A-- A enk)W = Z Sgn(O’)fn"(l)’nf’(Q)""’n”(k)(1),
ceS,

where &y, is the k-th symmetric group. Then we have the following.
Theorem 4.1. For ny,ne,...,n, € N, there is a polynomial F' such that

(Eny AN epy N Aen)w
- F((en1>W’ SRS (enk)W7 (enl A eng)Wa

oy (eny ANen)ws (Eng A eng)wy -y (Enyy A enk)W).
In particular, when k is even, we have
(enl AN ARERA enk)W = Pf[((em A enj)W)lﬁiJSk]’

where Pt[A] is the Pfaffian of an antisymmetric matriz A := (A;j)1<i j<on defined by

When k is odd, we have

k
(s Aemy Ao Nenw = Y cr(en)w PE((en, A eny)w)i<ijen i),
=1

for some cq,...,c; € R.

Remark 4.2. If {(eF)L, | k > 1} is a basis for L2([0, 1] — R?), then we have

1
PnpPng =" (pn1|1> = E(em AN VAR enk)Wa

where ¢, pn, - - - pn, are creation operators in section 4.2.

We shall use the following lemmas to prove the theorem.

Lemma 4.3. For each p,q € N,

jg: sgn(o) foWro®) (1) potD)olpta) (1)

0€Gp g

= Z sgn(o™)(ex, A Aewlen A+ Aey)w,
AEAp.q
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where the sum in the right-hand-side is taken over the set defined by {{ki}i_,, {l;}j=1}
€ N,y if and only if (1) kil; e Nand k; # 1 for1 <i<p, 1 <j<gq, (i) 1 <
ki <k < - <k <p+qgl <l <l <- - <l <p+gq, and for each
A= {{EY_ ALY Y € Apg, 0 = (Fr, .. Ky lu, - L) is a permutation such that
oMi) =ki, oMp+j) =1 1<i<p 1<j<q).

Proof. 1t suffices to rearrange the elements of the symmetric group. O]

Lemma 4.4. For each s € [0, 1] and k € N,

D senla) 1o (s) e (s) = 0.
UEGQk
Proof. 1t is clear that

S sgu(e) £ (s) £ (s) = 0.

ceG2

For k>2and [ =1,2,...,k, we assume that

D sgn(o) frew (s) frewrnee (s) = 0.

c€BGy;

Then, we have

Z Sgn(o.>fna'(1) (S)fn(,@) ..... N (2k+2) (S)

0€6ok 42

> sgn(a)f"ﬂv(s){f"o<2k+2><s>f”v<2) ----- e ()

On the other hand, we obtain

D7 sen(o) Ut (s) £k (s) fr sk (s) =,

0€Gok 12

and for7=1,2,...,d,

S sen(o) e (s) [ e (el () e (u)du = 0.
0

0€G2542
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Then by the assumption, we have

S sno)f () [ e ) e ) s ()i =0,

0€Gak 12 0

Hence, the lemma follows from induction since

D7 sen(o) o (s) free e (s) = 0,

0€Gak 12

Lemma 4.5. Forke N andp=20,1,...,k—1,

Z Sgn(g)fa(l),o@) (S>fo(3) ,,,,, a(2k+2)(s)

0€62k42
p
_ Z sgn(a){Zf"(3) ..... o(2k—21+2),0(1),0(2),0(2k—21+3),..., a(2k+2)(8)
0662k+2 =0
S
2k+2 ! 2k+1) S ok—2p11)
+§ :§ : E : €iy €iy Cirpia
i1=112=1 12pra=1 0

,f0(3) ~~~~~ o(2k—2p) ( )fff(l) ( )dW12p+4dW12p+3_ 'dWsill}7

S2p+3

Proof. Observe that

Z Sgn<0_>fa(1),a(2) (S>fa(3) ..... a(2k+2)(s)

062k 42
= 3 s { [ Pt
0662k+2 =1 0
4 /8 6;"(2k+2) (u)fa(?)) ..... o(2k+1) (u)fo(l),a(2) (U)dWé
0
+/ e?(2)(u)e?(2k+2)( )fo ( )fcr 3)yees o(2k+1)<u>du}
0
d s
= Y sl S { [ e A
0662k+2 =1 0
+/8 ef(%“( )fa(:a) ..... 2k+1( )fa(l),a(z)(wdwi}
0
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O [ e?(l)(v)e?(2k+2)(v)f"(3) ----- P (0)dvd W
0

It is clear that

> sen(o) / e/ (u) / &7 M (0) e P42 () 90 CRED (1) do V]
0

0€Gok 42 0
= 3 sale) [ ) [P @) )00 ) dud
el 0 0
2k+2
=0.

From Lemma 4.4, we have

57 senle) [ ) [ @ o) )y

0€Gak12

= 3 smulo) [ ) [ ) o ) O )
0€Gok 12 0 0

= 0.

Hence we have

Z sgn(g)fa(l),a@)(s)fa(g) ,,,,, U(%H)(s)

€S 12
= Y Sgn(a>{ FODrno@h2),0(1)0(2) (o)
0662k+2
Y / T / 7P () f7 0720 () po @) () aw S aw .
i=1 j=1

By calculating f"(3 """ 7(2k) () fe1o@)(v) similarly and repeating the procedure to
foB)no(@h=2) (qy) fo0@) (), ..., foB3no@h=2p42) (1) fo(1).0(2) (1) we see that this lemma
now follows. O
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Proof of Theorem 4.1. Fix k € N. If n = 2k 4 1, then we have

(e1 A+ ANep)w

= 3 sau(o) (1)

O'EGn

=y sgn(a){f"(")(l)f"(” ----- "0 (1)

ceG,

_ Z/O 6?(n_1)(u)€?(n)(u)fg(1) ..... a(n_g)(u)du}
i=1
= Z Sgn(g){fo(n)(l)fo(l) ..... a(n71)<1>

O’GGn

= Z sgn( ) Fom (1) peoln=1)q) (. Lemmad.4)

0'66”

= Z sgn(o?)(ex, A=+ Aer, (e )w. (. Lemma4.3)
AE€AR—11

If n =2k + 2, then Lemma 4.5 shows that

Z Sgn(a)fcr(l),a(Q)(l)fa(g) ,,,,, U(n)(l)

0’6671,
={p+er A Ne)w
Zd: Z 2k+2 P o (2k—2p+1)
+ / 21 / / 22 +4 (U/)
i1=1 i2p4a=1 '
,f0(3) ----- o(2k— 2p( )Jw(l) ( )dW12p+4dW;22PI§ dwgll

Taking p = k — 1, then above equation yields that

> sen(o) frOR (1) 0 M(1) = (k4 1) (e A Aen)w

O'een
so that
(e1 A+ Nep)
—— Z sgn )70(2)(1)f0(3) ----- 0(”)(1)
O'EGH
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2
= Z sgn (o) (e, A ery)wilen A Aey, )w- (.- Lemma4.3)
AEA2 n—2

Now, suppose that

(eny A ey A A ey )w = PE[((en; A en;)w)1<ij<or]-

Then, we have

1
(er A= Aeapro)w = Tl > sen(e?)(en, Aery)wlen A A )w

AEAS ok
1
=gz 2 s Ae)w

AEA3 2k, TEG;
k

— (€ry A 6k1)W> H(elT(Zifl) N €ZT<2i))W
=1
1 k+1

T (k+ 1)126+1 > sen() ] J(eowin Aeogan)w-

0662k+1 =1

By induction, we have completed the proof. O

Corollary 4.6. Let {(e¥)L, | k > 1} be a family of continuous functions from [0, 1]
to R? with finite variation. Put

~ d s
f(s) = Z/ e (u) o dW!, s €0, 1],
i=1 70

and

d s
fnl,ng,.‘.,nk(s) — Z/ e;lk (u)fm,m,...,nkfl (u) o dWé s c [()’ 1]7
i=1 70

where [ H o dW denotes the Stratonovich integral of H with respect to W. Define

o TN (1) Mg (2)5-em T
(eny A ng A Aen, )i == E [l M@)o k)
geSy

Then, we have

(ens Neny Ao Neg )w = (€ny Aeny A= Nen, )i

20



Proof. By Theorem 4.1, there exits a polynomial F' such that

(€ny A€ny A+ Aen)w
== F((en1)W> s (enk)Wa <€n1 A 6712)W7

o (eny Aen)w (€ng Aeng)ws -y (€ ) A€ )w)-
and similarly

(€ny A eny N Aen )i
= F<<en1)f/[77 ER) (enk)W7 <€n1 A en2)W=

oo (eny AN e )i (Eny A€y )irs - s (€ A enk)W)~

Therefore, it is enough to prove that (e,, )w = (en, )7 and (en, Aen, )w = (€n, Aen, )7

However, it is clear that

d 1 d 1
=3 [ er@edWi= [ @i = (en)u
i=1 /0 i=1 70

and
d d 1 s
en henlw =3 { [ ) [y eaniod:

i=1 j=1 0 0

1 s ] )
- / et (s) / e;*(u) o dW) o dWs’}
0 0
d 1 s ) ) O 1
— Z {/ 6?2(3)/ e;t (u) dedW;#—%/ e;*(s)e (s)ds
i=1 j=1 70 0 0

1 S B 1
- / e (s) / e§2(u)dede—5£ / e (s)el (s) ds}
0 0 2 0

Remark 4.7. Let X = (X%)%_, be a continuous semimartingale and the the quadratic
covariation of the distinct X* and X7 be zero. Then, even though we replace the
Wiener process W with X and the family of functions {(ef)L, | k > 1} with one

which enables us to define the stochastic integral by X, the claim is also correct.
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4.4 Applications

In this section, we introduce a new approximating scheme for the solution of a stochas-
tic differential equation, which could be an application of Theorem 4.1.

The basic idea is as follows: If the joint distribution of (e, )w, ..., (én,)w, (€ny A
Cny )W (Eny Nen)wy - oy (€n,_ Aen )w, k= 1,2,...are available, then we can explicitly
calculate the expectation of G({(en, A+ A€y )w i N1, N2, ...,k € Z+ %}k:l,z,...) for
a measurable function GG. This can be an anti-symmetric counterpart of the standard
Gaussian based approximations. In our new framework, the (joint) distribution of

the stochastic area(s) plays a central role.

Example 4.8. Here is an example. Let d = 2 and put

k k+1

n’ n

where ] |(s) is the indicator function of the interval [£, ®1]. Then, for each

n’ n

0<k<l<n-—1, we have the following equations.

1
(ew = —= (Wi —Wi), (2w =—=(Wia — Wi),

(ex Nef)w =

Sl— 3|+—3|—r3[—3|r

(e Ae)w
(g New =

(eﬁk A ef)w =
(e"p A\ ep)w =

The Fourier transform of the joint distribution have been obtained by Aihara et al.

1].

When we approximate the solution to a SDE, we rely on the stochastic Taylor
expansion (4.2), as is remarked in the introduction. The expansion gives, however,
a linear combination of multiple Wiener integrals, which is neither necessarily sym-

metric nor anti-symmetric. So we need to work on the following class:
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Definition 4.9. For the stochastic differential equation (4.1), or equivalently, its
associated vector fields V), Vi, ..., Vy, we say that it has a k-th order reduction if for

each n < k, the linear combination of stochastic integrals

d t S1 Sn—1 . . .
S VeV [ [ [ eawioawsoawy (1)
0o Jo 0

jl?"'vj’ﬂzO
is represented as a finite sum of polynomials of (¢;) and (e; A e, )w for a finite set of

functions ey, ..., ey in L2([0,T] — RY).

We note that every SDE has a 2nd order reduction since

Vi / / AW dWw?
= %(//dwideJr//dedW") +%(//dwidwj - //dedWi>.

Since every symmetric multiple integral is represented by an Hermite polynomial,
an SDE has a k-th order reduction if (4.3) is decomposed into a sum of symmetric
and anti-symmetric integrals. The following lemma gives a necessary and sufficient

condition for that:

Proposition 4.10. We keep the notations in the section 4.3. A linear combination

of multiple Wiener integrals

X = Z Z Z aig(l),...,ig(k)fig(l) ..... a(k)(1)7 (44)
k

1< < <ig<d 0€6y,

becomes a sum of symmetric and anti-symmetric integrals if and only if the following

condition satisfied: For each k > 2,1 <4y < --- < 4 < d, there exist A, _; and
By, .4, such that for all sgn(c) =1 and sgn(r) = —1 (0,7 € &y),
Aily--wik’ = aid(l)?"'7id(k§> _I— ai‘r(l)w"viT(k)’ Bilr"vik = aio‘(l)v“'vio(k) - aiT(l)?"'vi‘r(k)' (45)

Proof. Suppose that X is a linear combination of multiple stochastic integrals given
by (4.4) and there exist A;, _,;, and B;, ;, satisfying (4.5) for all 0 € &} := {0 €
Sk | sgn(o) =1} and 7 € & = {0 € S | sgn(o) = —1}. Then, we have

00
- i i E . . Lo (1)t (ks
X = § : Z { Z a@o‘(l)%-qlo‘(}g) + azg(l)’m%(k)}f (1) ( )(1)

k=l1<u<-<ix  ge&f €S,

K7

93



11<41<-<ig UEG; gSC
o0
=Y Y A X o) Bt $ o) presion (1))
k=1 1<i1 < <igp, €6y €6y

:Z Z {AZI ----- ik(eil ®ei2®"'®eik)w+ 1é ’k<€i1/\ei2/\"'/\eik)w}’

where (e;, ® €;, ©® -+ ® ¢;, )w is a symmetric integral defined by

(eil @ €i2 @ @ GZk Z f‘lg(l) ----- a(k) 1
cE€Gy
Therefore X is a sum of symmetric and anti-symmetric integrals.
Conversely, if X is a sum of symmetric and anti-symmetric integrals given by

o0

X:Z Z {Oil """ ik(eil@el?@ ®€lk)W+D11 77777 ik(eil/\eh/\"'/\eik)w}’

k=1 1<i1 <<y

then X is a linear combination of multiple stochastic integrals whose coefficients
in (4.4) are equal to (Cy,,. i, +2D;, 4.)/2 and (Cyy i —

and aZ 777777777 IR 1k

(1) br (k)
i.)/2 for each o € & and 7 € &, respectlvely ]

Wiy (1,emslir (1)
2D;,

77777

We give an example without 3-th order reduction, which is a 3rd-order scheme

in dimension 2.

Example 4.11. We use the [t0 expression;

X, = X0+/ ds+2/ S) AW,

where a = (a',a?), by = (b1,b%), by = (b},03) € CHR?* — R?). For f = (f1, f?) €
C?*(R? — R?), Ito formula implies that

700 = 100 + [ (a0 + 5 68X ds + Z / (F'by) (X)W

j=1

where f'a and b} f”b; are functions from R? to R* defined by
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By apply It6 formula to a and b respectively, we have

Xe = X =a(X,)(t = ) + 22: b;(Xs) (W] = W)
+/:/Su<a'a+%ib;a"bj>( dvdu+2//ab o) AW du
+Z// (o +3 Zb*b”bk> ) dv dW?
+ZZ//b’bk ) AW dw

=1 k=1

For each 7,k = 1,2, put
i 1
coo = d'a + 3 Z b;a"b;,  cjo = a'by, coji=ba+ 5 Z bpbibr,  crj = Dby
=1 k=1

and we also apply Ito formula to them, then we have

2 2

2 t u
X, — X, =a(X,)(t — s) + Zb (X)) (W] —w?) +ZZ% S)/ / AWkdwi
S (i) ) AWO dW* AW

[ e
+3 Z / / / Ch;0) (Xs) AW AW dW].

Note that W} =t in a convention.

2

k)
O

Next, we consider a discretization of X7. For each N € Nand n =0,1,..., N,
let A=T/N and t, = n x A. We take {e,, | m € Z>¢} as an orthonormal basis for
L*([0,1] — R) with ¢y = 1, and observe the Fourier expansion of triple integral :

tn+1 u v )
/ / / AW! dW* aw?
tn tn tn
1 u v
d Ao(l,k,j)/ / / AW dWk dwi

“”)Z(/ em(T Wldr //em ) AWk AW
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J 00 tn41 tn+1
:Z(/ ﬁu/t dWldu/ / V) AWk AW,

m=0

where o(l, k, 7) :== (3 + oy + dox + doj)/2 and

e (u) = ((u—=tn)/A), tn <u<tpi1.

1
VA

Therefore, we discretize Xt by replacing the triple integrals such as

// / ) dr dv du

and
/ / / 2 dAWEAWE AW (1, k, 5) # (0,0,0)
with
c(X;) /st /su /SU dr dvdu = c(X,)(t —u)®/6
and

qxgi(/:eg(u)/s dWldr // W) dWE AW, (1, k, ) # (0,0,0).

m=0

The N-th approximation of X™) of X is given by the following.

X(SN) :X07
2 2 2
N N N N 1 N k.j
X =X 4 a(XIO)A D 0 (XETAWT D7 " e (X)) AAT
j=1 j=0 k=0
1
+ ((660a (XM + B Z b; coobr) >A3/6
=1
2 1 N -
Y (@) S DG (XE) DD AL A4k,
3,k=0,(4,k)#(0,0) =1 m=0
2 2 2
DD (b ZAA” AL,
7=0 k=0 [=1

26



This corresponds to 2(+«) weak Taylor scheme, which needs to simulate double
stochastic integral. We can obtain an explicit form of the Fourier transform of their
joint distribution when we take a good orthonormal basis {e,, | m € Zs¢} such as

Walsh functions. In fact, we see that
(v) dv dWJ

a2 2 [t [

— 2\/_( di1(€m)w +dj2(e)w — (o N e ))a

A0 L f / / (v) AW du
(52 LEm)w + 0j2(em)w + (Em A €g); )
1 (((ém>w>2 ~ (60 N,

:2\/5
1 1 u
AAMi—/ / m(0) AW, AW, = ——
n,m n J, GO(U) 0 € (U) Wv Wu m
A A2 21/1 eo(w) /u%(u)dmﬂdvv2 ( (eo N e )W)
n,m n 0 0 v 2n =0 =“m )
il/le (u)/ue (v)dwldw2:i< — (eg A &) )
n J 0 o m v om 0 m )W
1
:2—< m 60W‘f‘(6 /\60) )

AA2 =
1 1 U

AA>L = /eo(u)/ em (V) AW 2 AW}
’ n

0
em(u)/ eo(v) AW du
0

o ([ ents) ) ate + Stenh) + (),

ISH

L
Herej: 1,2, 5jj = 1, 5jk =0 (j §£ k‘) and

)= (") e = (1)

/01 em (1) /Ouel(v)dwgdu—/olel(u) /Ou (v) dv dW?

(€ N €);
In above equations, it follows from the integration by parts formula

([irar)( [ i
[ eato) [ entmariant s [ ey [ estmaniant, xi=o12

o7



To obtain the Fourier transform of their joint distribution, we need that of W}, W2,
AY_ U, and Us,, where

1 1 1 1
Aia‘:/ wgdw;_/ Wi dws, Ui:/ wgds_/ Saw,
0 0 0 0

which can be obtained by Proposition 4.12 below.

The following proposition is supplementary to a result by Helmes and Schwane
[13].

Proposition 4.12. For each \;; € R satisfying

d d
=D Q=) == (Aax — M),
k=1 k=1

let A, S and V* be matrices given by N;j := \ij — \ji and S = AAN*, respectively. Here

A* denotes the transposed matriz of A. Denote unite matrixz by Iz, and put

G()) = f[ (%)5, F(\) = diag(@cot;@— 1)

and H(X) :== O(N)*F(XN)O(X), where O(X) is an orthogonal matriz and a diagonal
matriz V* = diag(v})) such that S = O(A\)*V*O(N). For each n, ¢ € R, we have

)

[exp{\/_ZZA”A”+\/_ZnJU +C]W7)}}

e
- Jdet(I; + 2AH (M) A¥)

2V + 2AH A AH O Q) — L (T + 2AHOVA) ¢ 0 )

exp { 2((Ls + 2AHNA") T AH (Vg AH(N)m) — (H(\), )

In particular, when d = 2, for each A\, ny, n2, (1 and (3 € R, we have

E [exp {\/—1()\14 +mUy 4 noUs + QWY + <2W12)}]

1 Acoth A — 1(
~ cosh A\ 2)\3coth A

AV =1(mG — 1) —nf —m3) — 2§\1c_c|)_t§12)\)

Proof. For each n € N, put
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en() := V2sin2n70, € (6) :== V2 cos 2nmb

and

an(s) = /0 en(0) d = %cn (V2e0(s) — €;(s)),
ar(s) := /05 er(0)do = %cn en(s),

where ¢, = 1/nm. Let (f,g);2 be the inner product in L?([0,1]) := L*([0,1] — R)
given by

(f. ghis = / f(s)g(s)ds, frg e L2(0,1).

Then we have the following equations.

1
<a07€0>L2 = 3> <an760>L2 =
2

V2

<a07 €n>L2 - _7 Cn, <a07 e;k7,>L2 = 07
{ap,em)rz = {(a), er V2 =0,
1
(ap, e )2 = —3 Crnms  (Qr,€m)2 = 5 CnOn.m-
We also put

1 1 1
§io = / eo(s) dW;v Sin == / en(s) dWsi7 §Zn = / en(s) dW;‘
0 0 0

Then, {&0, &ins & |7 =1,...,d,n € N} is a collection of independent Gaussian
random variables with mean 0 and variance 1, since {eg,e,, e’ | n,m € N} is an
orthonormal basis of L?([0,1]). By the Fourier expansion to the Brownian motion,

we have

Wi = (Wheohe + 3 (W, en)zen(t) + (W', €3) e (1)),

n=1

so that

/ Wﬁ dWsi = <Wj, 60>L?fz’,0 + Z (<Wj, €n>L2£i,n + <Wj, €Z>L2fi*,n)-
0

n=1
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By the integral-by-parts formula, we also have
1
(W7, en) e :/ W/ e,(s)ds
" . 1 .
= W{a,(1) —/ a,(s)dW}!
1 " ‘
= —/ (an, eo)r2eo(s) dW?!
0
. 1 .
_ Z{/ Uy em) p2em(s) AW +/ (am, €% ) g2 (5) dwg}
0

1
= §Cn( \/_530)

1
(Wj,e;)Lg :/ WSJ er(s)ds
" . 1 .
=Wl - [ ais)aw]
1 ‘ '
= —/ (ar,ep)rzeo(s) dW?!
0
_ Z{/ ar, em)r2em(s)dW; +/ (ay erVrzer (s) de}
0

1

= _5 Cp gj,n-

1
(W7 eq) 1o :/ W7 eo(s)ds
04 1 .
:Wf—/ sdW?}
0

1
=W —/ {ag, eo) 2e0(s)dW?
0

1 1
- {/ {ag, em) 12€m AW? +/ (ag, €} ) p2€r, dWS’}
0 0

m=1

<§go+f2cn§m)

l\')lr—l

Hence, we obtain

A = W7 dw, / Widw?

8“

\/§Cn(£i,0£j,n —&in&j0) + enl&inéG, — 5anj,n)}-

I
—

=1

3
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and
I 1 '
:/ W;ds—/ sdW;
0 0
1 .
:/ (1 —2s)dW;
0
1 .
— -2 / ao(s) AW
0

1
=& — 2/ (ag, €9) r2€0(s) AW
0

_22{/ o, em) 12m (s )dwj+/01<ao,e:‘n>me;(s) dWi}
= \/§ch&,n-
n=1

Observe that
Lo(Am: 2)

d d
{GXP { Z Zl )\ij{\/icn<€i,06j,n - fi,ngj,o) + Cn(fi,nf;n - fz*nfgn)}

+ \/lenj(\/ﬁcnfj,n)} §1,0=%1,---,8a0 = Zd]
j=1

— (\/%)2‘1 /R% eXPp {\/ji i Nijen{ V2(zi; — wi25) + (2iy; — yirs) }

i=1 j=1

d d
T 1
+ —12\/§Cn77j1'j—52(1‘?—|—y]2.)}dw1...dxddy1...dyd

:<%>d/ exp{ﬂi;ﬂn i = Aji) %
S (S n) VLS Vi~ 13
_ (%)d/wexp{rz fcn(mz 5= i)
. ;2 (14 gw ~af)a?



N |§w

d d
Z Z )\]ﬂ ]k — )\k]>ZEZZL‘J} dZL'l s dfd.

k=1 1i,j=1,i#j

Now, for each 7,7 =1,...,d, we put

d _1
~ 2
)\ij = >‘ij — /\jia an = (1 + Ci E A%) = (1 + C?LU2>_%.

Let D, be a matrix defined by D, := diag(c) (\)) and Zy,...,Z; be independent
random variables whose distributions are standard normal. Then, we have that S is
symmetric, positive definite, and therefore, there exist an orthogonal matrix O and a
diagonal matrix V* := diag(v}') such that S = O*V*O. Since

2,2
v n

E[exp {V=1(.D,2) - %SDHZ, D,Z) + “"(D,Z, D Z>}}

2.2
vecy,

2
_E [exp {\/—1<Oﬂ OD,Z) — %(VAODnZ, 0D, Z) + “"(0D, 2, ODnZ)}}

=yt [ o {(1+ &) HVEIO7 ) - S0t )} o

1 1 -
= (det M,,)"2 exp { — 5(1 + 2v*) " HM 1Ot Of}},

where M, = (1+ 2v?) "1 + A (1 + 2v?) "V, we obtain
L,(\n:2z)=(1+ cin)_%E {exp {\/ —1(V2¢,(n+ A*2), D, Z)
V22

2

[\3|3w

“n(SD,Z, DuZ) + 2 <DZDZ>}}

1

— (1+ 20?7 2(det M,,) "2
- exp { — 1+ E?) UM O+ A*2),0(n + A*z))}

»

By well-known formulas;

o0

H(l + UQCi)_%(det Mn)_% = f[ ﬁ (ﬁ)é = H (ﬁ)é = G(N),

n=1 i=1 n=
oo 2 o0 py py

c;, I 1 L Vvicoth /v — 1\
; 1+ c2v? M, = diag (Z m2n2 + ’U;\) N dlag( 20 = F(),

we have the following.

{exp{\/—zzkzﬁw 4 \/_Z n; U’ +CJWJ)}}

=1 j=1
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- e |

» exp {\/—_1<C,z> - %(z, z)} ﬁLn()\,n z)dz
= (V2 GO exp { — (Hn. )}

| /R e {VTIG2) - %(([d FRAH(NAY)z,2) — 2(AH (A, 2) } 2

B G(\)
 Jdet(I, + 2AH(M\)A¥)

— 2/ =1Ly + 2AH (M) AY) T AH (M), ¢)

exp {2{(L + 20H()AY) " AH (V. AH(A)n) — (H(Xn, )

_ %((([d + 2AH(A)A*)*1<,C>}-
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