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Abstract

This thesis addresses more reliable and precise novel positioning algorithms for auto-
motive applications using low-end single-frequency Global Navigation Satellite System
(GNSS) receivers. In addition, it refers to the detection and correction of Doppler-
observable outliers and precise point positioning (PPP)/very precise point positioning
(VPPP) algorithms using single or double-difference (SD/DD) observables based on the

GNSS regression (GR) models.

First, mathematical models of pseudoranges, Doppler shifts, and carrier-phase mea-
surements are derived as basic equations for the positioning. The GR models for DD-based
observables are shown, which are similar to the GR models for relative positioning algo-
rithms; however, all antenna positions are unknown. The Kalman filtering algorithms
for recursive estimation of all antenna positions and DD-based integer ambiguity of all

carrier-phases are derived.

Second, methods of detecting Doppler outliers that cause positioning errors at Doppler-
aided GNSS positioning for automotive applications and methods of correcting these errors
are referred. The detection method based on the innovation process in Kalman filtering
and that based on the measurements made on the basis of the difference between C/A code
pseudoranges and Doppler shift range-rates are referred. Then, two correction methods,

namely the Doppler outlier exclusion and Doppler outlier estimation, are proposed.

iii



iv

VPPP update algorithms based on geometric distance constraints estimate the param-
eters more precisely, including antenna positioning and integer ambiguities. Observables
by four antennas on a squared board in a static situation are used for the positioning.
Compared with the conventional PPP/VPPP algorithms, DD-based PPP/VPPP algo-
rithms are shown to generate more precise positioning results, i.e. approximately 50-cm
root-mean-square €rrors.

Finally, the estimation algorithms of Euler angles based on baseline vectors for attitude
estimation are referred. When we obtain very precise positions of antennas disposed in a
plane, we estimate the Euler angles from the baseline vectors of multiple antennas using
the least-squares method. The so-called GNSS gyro can be realized as an application of

the above-proposed positioning methods.
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Chapter 1

Introduction

A key issue in Global Navigation Satellite Systems (GNSS) for advanced driving assis-
tant systems (ADAS) or active safety systems (ASS) is to stably obtain the sub-meter-level
vehicle positions by autonomous driving. Multi-GNSS positioning by single-frequency re-
ceivers contributes lower dilution of precision (DOP) values even in satellite-signal blockage
areas; however, the bias error sources of the positioning, e.g. ionospheric delay, are re-
mained, and the positioning performances are approximately limited to more than one
meter. In order to achieve sub-meter-level accuracy, carrier-phase observables are addi-
tionally utilized, and estimation methods of the bias errors are applied for more precise

autonomous positioning.
1.1 Overview of the Global Navigation Satellite Systems

Global Positioning System (GPS), initiated by the U.S. Department of Defense, first
became operational (initial operational capability) with 24 satellites in 1993. By receiving
the navigation messages from four or more satellites, a GPS receiver can effectively fix
any three-dimensional positions on the earth. The GPS was originally developed for mil-
itary purpose, and is comprised of space segment of satellites, control segment of monitor

stations and ground antennas, and user segment of receivers. After removing selective



availability in 2000, the GPS has achieved several meter-level positioning by standard
point positioning (SPP), and rapidly been expanded to civil application markets [I]—[4].

In recent years, the GNSS or Regional Navigation Satellite Systems (RNSS), namely
not only GPS by the US, but also GLONASS by Russia, BeiDou Satellite System (BDS)
by China, Galileo by EU, and Quasi-Zenith Satellite System (QZSS) by Japan, have been
initiated or planning [5]-[8]. Until 2020, worldwide navigation satellite counts will surpass
130 satellites. Especially in Asian area, a receiver will be able to track more than 30
satellites at a time under open sky environments. QZSS by Japan will become operational
in April 2018, and can complement or augment the GPS for more accurate positioning.
Furthermore GNSS/RNSS will support multi-frequency signals, not only L1 band, but
also L2/L5 bands in the future. The multi-frequency observations can be utilized for real-
time kinematic (RTK) or precise point positioning (PPP) in order to correct ionospheric
propagation delays or to resolve carrier-phase ambiguities.

The GNSS has been applied in a wide range of fields, and played more and more
significant roles, e.g. SPP for various types of mobile vehicles planes/ships/cars or moving
human, or differential GPS (DGPS)/relative positioning based on monitor stations for
topographic surveying. The GPS time can be utilized for time synchronization functions.
The multi-GNSS positioning can provide more precise positions recently, and is expected

to contribute to more precise applications, e.g. lane-keep assistance or autonomous-brake

system in ADAS/ASS.

1.2 Positioning Methods for Automotive Applications

In recent years, the required specifications for automotive applications are dramati-

cally changing from (A) car navigations to (C) ADAS/ASS/automatic driving. The higher



accuracy positioning are also required by the changes as shown in Figure 1.1. In the case
of (A), SPP basically utilizes just C/A code pseudoranges of low-end single-frequency
receivers without augmentation data from reference stations. The SPP positioning meth-
ods can provide los-cost solutions and higher availability, however, have lower reliability
of observables and lower positioning accuracy. On the other hand, in the case of (B),
relative positioning for topographic surveying additionally utilizes carrier-phase (CP) ob-
servables which provide approximately one hundred times more precise pseudoranges, and
multi-frequency observables, namely L1 and also L2/L5/L6 bandwidth. The augmen-
tation data are also transmitted from reference stations through communication means.
Therefore the positioning has approximately centimeter-level accuracy. The positioning

accuracy of (B) targets less than (a)1.0m, (b)0.5m, and (¢)0.1m in stages. (B) employs
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Figure 1.1: Target of this study (C)



RTK equivalent positioning methods with augmentation information, such as RTK-PPP
(CLAS: centimeter-level augmentation system) or MADOCA-PPP (multi-GNSS advanced
demonstration tool for orbit and clock analysis). The positioning techniques of these
high-end receivers are gradually expanded to automotive commodity products. In the
case of this study (C), the target positioning accuracy is sub-meter level required for
ADAS/ASS applications. The positioning methods utilize not only code pseudoranges
but also Doppler shift frequency and carrier-phase pseudoranges of single-frequency re-
ceivers without augmentation data. Advanced positioning algorithms can provide higher
reliability of observables and higher positioning accuracy by Doppler-aided positioning or

PPP-based positioning.

In general, there are three major error sources of GNSS positioning [I]. First one
is GNSS satellite-related error source, e.g. clocks or orbits. Second one is GNSS signal
travel path-related source, e.g. ionospheric or tropospheric signal delays. Third one is
receiver-related source, e.g. observables or multi-path. GNSS observables for positioning
are affected by these error sources, and caused bias or random errors. The satellite-related
errors are globally caused, and the path-related errors are locally caused. According to
standard error model for code pseudoranges, the bias noises are dominant except for multi-

path, and the total amount of the errors is approximately five meters.

PPP-based positioning which utilizes carrier-phase observables needs to resolve inte-
ger ambiguities. They are comparatively easy to be resolved by fixed-point positioning
under open sky environments, however, they have degraded positioning accuracy under
signal blockage areas or multi-path environments. Under these difficult environments,
Doppler shift observables (DP) are effectively utilized to improve positioning accuracy or

availability.



In order to improve the reliability of these observables, the outlier detection and correc-
tion methods based on the GNSS observables. Although there are a lot of literature about
detection of the outlier or the robust Kalmanfilter [9], [I0] to overcome these problems,
we propose the following two methods: 1) statistical tests on the innovation processes
of the Kalman filter, 2) statistical test on the difference between C/A code delta-ranges
and Doppler-shift range-rates. Method-1 is derived by modifying the cycle slip detection

algorithm in [I1], [I2]. Method-2 can be also applied to carrier-phase delta-ranges.

Augmentation data utilized by the high-end receivers depends on positioning infras-
tructures, e.g. reference stations. In order to remove these error sources and realize the
accuracy equivalent to relative positioning, the high-end receivers utilize the various meth-
ods with augmentation data, namely Satellite Based Augmentation System (SBAS), L1
band experimental signals (LEX) and so on. SBAS broadcasts wide-area differential aug-
mentation data from geostationary satellites, and can correct the satellite orbits and clocks
and the ionospheric signal delays, and achieve one meter or less positioning accuracy [13].
RTK-PPP based on LEX signals broadcasts State Space Representation (SSR) data from
QZSS, and correct satellite orbits or clocks, and ionospheric or tropospheric signal delays
and achieve centimeter-level positioning accuracy [14]. However, the GNSS observables of
reference stations at the same timing are needed to generate augmentation data. MSAS
(SBAS by Japan) needs the observables obtained at 12 monitor stations, and LEX needs
the observables obtained at approximately 200 reference stations of GEONET in Japan.
As the numbers of reference stations are not sufficient in the developing areas, the precise

positioning based on augmentation data likewise RT'K-PPP becomes impossible.

In order to resolve the issues of infrastructure dependency, the autonomy-oriented

PPP are effective to improve positioning accuracy for automotive applications. PPP uti-



lizes carrier-phase observables from multiple rover antennas (receivers) by low-end single-
frequency receivers without any augmentation information [I5]-[20]. We have enhanced
our previous PPP algorithms, and applied double-difference (DD) observables among mul-
tiple antennas to the algorithms and derived the DD-based GR models (DD-PPP). The
DD-based technique needs additional rover antennas (receivers), however, it utilizes the
cancellation of several bias error sources by DD-based observables at added antennas with-
out any externally transmitted data. Additionally we have been developing Very Precise
Point Positioning (VPPP) algorithms [21]-[25], the geometrical distances among the an-
tennas are utilized as the constraints to improve PPP positioning estimates. VPPP is also

applied to DD-PPP by the geometrical distance constraints.

1.3 Summary of Contents

This thesis mainly addresses following three topics:

i) Detection and correction of observable outliers for automotive

ii) PPP/VPPP algorithms by or not by DD-based observables among multiple antennas

iii) Euler-angle estimation by baseline vectors among multiple antennas

In Chapter 2, the mathematical models and the characteristic features of three in-
dependent GNSS observables, namely L1-C/A code psudoranges, L1 frequency carrier-
phase pseudoranges, and Doppler frequency shifts, are referred. Then, the GR models for
PPP/SD-PPP/DD-PPP algorithms among multiple antennas are derived, and the devel-
opment to Kalman filtering positioning are shown.

In Chapter 3, the methods of detecting Doppler outliers which cause positioning errors
at Doppler-aided GNSS positioning for automotive, and correcting the errors are referred.

The detection methods are based on the innovation process in Kalman filtering, and based



on the measurements, namely the differences among C/A code delta-ranges, carrier-phase
delta-ranges and Doppler range-rates. The correction methods are the Doppler outlier
exclusion, and the estimation.

In Chapter 4, VPPP algorithms are applied to PPP/SD-PPP/DD-PPP with multiple
antennas by using constraints of geometrical distances among antennas’ positions and
common receivers’ clock errors based on the minimum mean square (MMS) methods.
Then, the experimental results of the following four positioning methods among multiple
antennas in a static environment are shown.

(a) PPP (Precise Point Positioning)

(b) VPPP (Very Precise Point Positioning)

(c) DD-PPP (Double-Difference Precise Point Positioning)

(d) DD-VPPP (Double-Difference Very Precise Point Positioning)

In Chapter 5, the GR model of baseline-vector estimation based on the DD-PPP GR
model is derived, and the updating equations based on baseline-vector length constraints
are also derived. The estimation algorithms of Euler angles based on baseline vectors
for attitude estimation are referred. The experimental results of the Euler-angle values by
least-squares method using six baseline vectors of four antennas are shown for the so-called

GNSS gyro.



Chapter 2

GNSS Regression (GR) Models

2.1 Introduction

GNSS receivers basically generate three types of raw measurements, namely C/A code
pseudoranges, carrier-phases pseudoranges, and Doppler shift frequencies. The raw data
means the source data for calculating the fixed antenna positions connected to the re-
ceivers, and are generated at baseband processes after down-converter processes of GNSS
RF signals. In general, L1-C/A code pseudoranges and Doppler-shift frequencies are mea-
sured at the acquisition stage of satellite signals in GNSS receivers. Receivers conduct a
search process over the space of code-phase shifts and Doppler-frequency shifts, and rou-
tinely measure them in the carrier tracking loop of an acquisition stage. Doppler observ-
ables are obtained by frequency-locked loop (FLL) and less affected by noises or multipath
compared with C/A code pseudorange observables obtained by delay-locked loop (DLL),
and more robust than carrier-phase observables obtained by phase-locked loop (PLL) [3].
GNSS receivers have the same hardware components of the DLL, the FLL, and the PLL,
however, their loop bandwidth affect the noise characteristic and the signal dynamics of
the raw data [26]. Therefore high-end GNSS receivers for millimeter-level topographic

surveying can provide less positioning fluctuations of SPP which mainly utilizes C/A code



pseudoranges compared with single-frequency GNSS receivers for meter-level mobile ap-
plications. Our proposed PPP/VPPP positioning algorithms are applied to economical
single-frequency GNSS receivers.

In this chapter, first, the mathematical models and the characteristic features of mea-
surements are referred. The GNSS measurement equations are referred in a lot of litera-
ture [I]-[3]. Regardless of the kinds of receivers, the same mathematical equation models
can be applied to the measurements. The models are composed of the geometrical distance
based on the measurement principle and the error terms composed of satellite-related, sig-
nal travelling-related, receiver-related sources, and observation noises.

Second, the GR models of conventional PPP algorithms for a single antenna are shown.
PPP techniques are basically one approach to achieve sub-meter level positioning accuracy
using carrier-phase observables without baseline vector analysis from reference stations.
Then, the expansion equations by individually applying the PPP algorithms to multiple
rover antennas (receivers) are shown.

Lastly the GR models of novel PPP algorithms based on the single difference (SD)
or the double difference (DD) GNSS observables among multiple antennas (receivers) are
referred. The models are derived from the GR models of relative positioning algorithms,

however, all antennas’ positions are unknown parameters.

2.2 Mathematical Models and Features of GNSS Measure-
ments

The C/A code pseudoranges ph(t) at GPS time (GPST) ¢ is derived from the signal

travelling time as follows [26]:

pu(t) = cltu(t) — Pt — 7)) + eq(t), (2.1)
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where ¢ (= 2.99792458 x 108[m/s]) denotes the speed of light, t’(t — ;) is the emission
time measured by the satellite clock, and t,(t) is the arrival time measured by the user’s
receiver clock. 7% is the signal travelling time from the satellite to the receiver for the code
pseudoranges, and el, is the measurement error.

The relationship between the time of the satellite or the receiver clocks and the GPST

are as follows:
Pt —718) = (t —1B) +6tP(t — 72),  tu(t) =t + tu(t), (2.2)

where 6tP is the satellite clock bias, and dt,, is the receiver clock bias. Egs.(2.2) are

substituted in Eq. (2.1), and then we obtain the following equation:
pu(t) = clt +0tu(t) — ((t — ) + 6t7(t — 7))] + e, (1)
=l + [0ty (t) — OtP(t — TB)] + €L (t). (2.3)
The travelling time 7} multiplied by the speed of light can be modeled as follows:
el =rb(t,t —10) + 0IL(t) + 6TY(¢), (2.4)

where 7 (t,t — 7%) is the geometric distance between the receiver position at time ¢ and
the satellite position at (¢t — 71)). 0I; and §TY reflect the delays of GNSS signals trav-
elling through the ionosphere and the troposphere, respectively. Finally we obtain the

mathematical model of C/A code pseudoranges as follows:
Ph(t) =B (t,t — 72) + ¢ [0ty (t) — 0tP(t — 7)] + 01E(t) + 6TP(t) + €b(¢). (2.5)

The carrier-phase observables ¢l (¢) at GPST ¢ is derived from the signal travelling

time 7% as follows:

Put) = dult) — P (t — 7)) + N + € (1), (2.6)
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where ¢, (t) is the phase of the signal generated by the receiver clock at the arrival time,
and ¢P(t — 71) is the phase of the signal generated by the satellite at the emission time.
NP is the integer ambiguity. €},(t) is the measurement error. We simplify Eq. (2.6) by the

following equation:

PPt —T1h)=¢"(t)— fxT, (2.7)
then we obtain as follows:
p P
Sty = § xr+ Np () = EETT ey ),
AP (t) = rP(t,t — 7B) + ANP 4+ Aéb(¢), (2.8)

where f and A are the carrier frequency and wavelength, respectively. r4(¢,t — 7%) is the

geometric distance between the receiver position at time ¢ and the satellite position at

(t—T1h):
AP (t) = rP(t,t — 7B) + ¢ [0ty (t) — 0tP(t — 72)] + SIE(t) + 0TE(t) + ANP + Xeél'(t). (2.9)

Doppler shift frequencies are equivalent to the range rate, and can be regarded as a
projection of the relative velocity on the satellite line-of-sight vector [26],[27]. The Doppler
shift is actually measured as the pseudorange rate, and proportional to the line-of-sight
velocity of the user relative to the satellite over the time interval. The mathematical model

of Doppler shift can be obtained by differentiating Eq. (2.5) as follows:
ph(t) = 18 (t,t — 78) + ¢ [5ty(t) — 6tP(t — TE)] + 0I(t) + 6TE(t) + éb(t),  (2.10)

where 0t,(t) and §tP(t — 7}) are the receiver and satellite clock drifts.
We analyze Doppler frequency shift accuracy compared with L1-C/A code pseudor-

anges. C/A code delta-ranges are the time-differenced pseudorange observables over two
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consecutive times (epochs), namely P](),*A,u(t) - p%A’u(t —1). On the other hand, Doppler
shift range-rates are receiver-satellite values based on Doppler frequency shift observables,
namely M1 D7, ,(t). pga,(t) is a C/A code pseudorange, and D7, () is a Doppler fre-
quency shift between satellite p and receiver u at epoch t. A; is wave length of carrier
wave and calculated by ¢/ f1. ¢ denotes the speed of light, and f; is L1 central frequency,
namely f; = 2 x 77 x 10.23 [MHz] = 1575.42 [MHz]. In theory delta-ranges are nearly
equal to range-rates. C/A code pseudoranges and Doppler shifts observables are proved

to be independent (p.186 in [2]).

Fig.2.1 shows an example of the comparison between the delta-ranges (red line) ob-
tained from code pseudoranges and the range-rates (blue line) obtained from Doppler
shifts. The observables was collected from a u-blox NEO-7N receiver equipped in the test

vehicle moved in Tokyo, Japan, on April 2, 2014. The satellite elevation is 55-56 degrees
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(brown line), and the C/No (Carrier to Noise ratio) values [28] (black line) calculated
by the baseband process of the receiver are degraded to approximately 30dB-Hz from
45 dB-Hz because of multipath indirect waves. The delta-ranges have several tens of me-
ter fluctuations when the C/No degradations. On the other hand the range-rates have
small fluctuations. The Doppler shifts are less affected by the indirect waves, and can
stay more accurate than code pseudoranges even under multipath environments. Doppler
observables therefore have the potential to be utilized to smooth the code pseudorange

noises in GNSS difficult environment.

2.3 GNSS Regression Models among Multiple Antennas

2.3.1 GR Equations for GNSS Measurements

First of all, similarly to [I5]—[20], we formulate all observed positioning data consisting
of the L1 carrier-phase, pseudoranges based on C/A code, and Doppler shift frequency by
using the GNSS regression models. The natural extensions of GNSS regression models for
multiple frequencies of GPS, Galileo, Compass/BeiDou, GLONASS, and US-GPS mod-
ernization are also similarly formulated. Namely, we consider the following fundamen-
tal measurements of L1 band carrier-phases ¢I£1,u(t) (equivalently, ¢T£17u(t) as the unit

of length), pseudoranges pf, A,u(t) based on the C/A code, and Doppler shift frequency
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p'%m’u(t), respectively, as follows [2], [26], [29], [31]:

Peawu(t) =it t = 7) + 6I0(t) + 0T (t) + c [dtu(t) — 017 (t — 71)]

+0bcaw — 0G4 + €0 (1), (2.11)
qyil,u(t) = >\1%01£1,u(t)

=rP(t,t —1P) — 0IF(t) + 6TP(t) + c[dtyu(t) — 0tP(t — TP)]
+0br1w — 067y + MNE + Mgl (0), (2.12)

Ppi(t) = 56t —78) + 615(t) + 0T (t) + ¢ [6tu(t) — 6P (t — 7)]
+0bpriu — 0bpp (t) +pry (1), (2.13)

where ¢ (2 2.99792458 x 10%[m/s]) denotes the speed of light, and f; and \; are the central

frequency and the wave length of the L1 carrier wave
f1 =2 % 77 x 10.23 [MHz] = 1575.42 [MHz].

In Egs. (2.11)-(2.13), the so-called receiver’s biases, {dbcau, 0briu, 0bpriw}, and the
satellite biases, {51% A> (5b7£1, 56% .1}, are contained in the usual observed positioning data
consisting of the L1 carrier-phase, pseudorange based on the C/A codes [32], and Doppler
shift frequency. Also r% (t,t — 7 ) is the geometric distance between the receiver u at the
time ¢ and the satellite p at the time ¢t — 7, (7% denotes the travel time from the satellite

p (p=1,...,ns) to the receiver u (u =1,...,n,)). Namely,

p
T

() =t —10)
p py)2 p py)2 P oy 2112
- [(xu(t) - (t_Tu)) + (yu(t) -y (t_Tu)) + (zu(t) -z (t_Tu)) }
= [[u(t) = s"(t = 7)), (2.14)
where u = [:Eu, Yus ZU]T and sP = [xp T zp]T are a user (unknown) and satellite positions,

respectively. Also ng denotes the number of the observable satellites. n, denotes the
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number of the receivers one-on-one connected to multiple antennas. Further in Egs. (2.11)-
(2.12), 815 (t) and 6T% (t) reflect the delay or the advance associated with the transmission
of the L1 signal through the ionosphere and the troposphere, respectively. d&t,(¢) and
5tP(t — 74) are the clock errors of the receiver u at the time ¢ and the satellite p at the
time t — 78. NI denotes integer ambiguity between the satellite p and the receiver u, and

e’éAyu(t), Eil,u(t)a 5%L17u(t) denote measurement errors.

Eq. (2.14) contains the satellite orbital errors. The estimated satellite orbits are ob-
tained from the navigation messages which are decoded from the transmitted L1 signal.
Let us denote 8” as the estimated position of the satellite s” at the time t — 7. Eq. (2.14)
is expressed by nonlinear terms based on satellites s and receiver u. We use the following

relations of the derivatives,

oy (wy—2P) Oy (yu—y") Oru _ (2u—2P)

Oxy o Oy rho 7 Oz rho (p=1,2,..,ms),
(2.15)
and
oy (xy—aP) Oy (yu—yP) Ort  (za—2P) _ 19
dor = ap @ gm0 PThZean)
(2.16)
Then we have the relation:
ork ork

Thus the 1st order Taylor series approximation of Eq. (2.14) around the previous estimated
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value u = @) (v : iteration counts of the estimation) and sP = &P is given by

~ D 5 \T . .
rh = 7’2@) + (gg(u)) [u — s — (u(u) — 87)]

() _ sp\T

~(v ~ U S ~ (v A
~ 11 = 1|+ = o = (0 = )
B (a) — gp)T .
= W(u—s ) (2.18)

for p=1,2,...,ns, where

5 orl, (a) — &p)

poo= | =~ 7 2.19

= 5] " T (219

In order to employ the same estimation method as that of previous PPP methods, the
linearized gradient vectors gg are utilized for Extended Kalman filter of the DD-based

PPP method. From Egs. (2.11)-(2.13), we therefore have the approximations:

I

pzé’A,u

(970)) " (u— sP) + 818 + 6T + (6t — 6t°) + dbcau — 664 + €2y - (2:20)

I

B2 (g ) (u = ) = SIE + 5P + e(Bt, — 617) + Sbr1u — OV, + MNT,
+hieh L, (2.21)
p%Ll,u = AlD[L)l,u
= (g2, ) (it = 87) + 618 + 6T + e(5t, — 617) + Wy, + 0, . (2.22)

Define the ng x 3 matrix:

ort orl
u(V)

_ _ ) a®)
G| | 0 i ol
A (g?(y))T 87’2@) 37’2@) 87“2@
Gl = . = | oz o o0l |- (2.23)
@)t || o, o, ork,
L oz el el |

In order to simplify the expression, superscript (v) for the iteration counts of the estimation

is omitted hereafter.
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Eqgs. (2.11)-(2.13) are denoted for the observables of L1-CA code pseudoranges, L1

carrier-phases and Doppler shifts. The equations can be applied for L2-CA, L1-PY, L2-PY

and other kinds of observables for multi-frequencies and multi-GNSS navigation signals.

It was pointed out in [32] that the magnitude of the satellite’s hardware delay bias 6b is

usually in the range of (several nanosecond xc), while the receiver’s hardware biases 6b, ,,

could exceed (10 nanoseconds xc). we therefore assume that the satellite’s hardware delay

biases are negligible, and the receiver’s hardware biases are not disregarded, and defined

as the terms of the 3 x 1 vector: db, = [0bc A u, 0bL1 s 5bDL17u]T. 5f5(t) and 5T5(t) which

are the delay changes for a short time are very small and negligible.

Here, we define the vectors:

p]é'A,u =

cot? =

ol, =

€ECAu =

1
PCAw

Tls

Pcau |

cot!

§Ins

€CAn

Ns

| €CAu |

VAl
Il

ELlu =

Ns

5T

1
@Ll,u

Ns
@Ll,u ]

ST}

u

6Ll,u

)

Ns
L 2::Ll,u ]

w.
Il

1
DLl,u
» _
’ DLl,u -
Ns
i DLl,u ]
31
)
§™s
1
NLl,u
14 —
NLl,u - )
Ns
i NLl,u ]
1
€DL1u
EDL1u =
Ns
| *DL1u |

(2.24)
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Furthermore, from Eq. (2.23), we define a block diagonal matrix with the size (ns x 3ns):

[ (gg)T o O --- 0O ]
19) (gg)T O -~ 0O
Gl o= : : . (2.25)
0]
I 0] e o O (QZs)T_

Then from Egs. (2.20)-(2.22), we have the following vector regression equation:

yh = HE0, + v, (2.26)

where

Pon G811 —-I-Gp 11

Yo = ool HiE| G2 1 1 -1 -Gp 1171,
MDY G101 ~Gp
0, = [u, @, cbty, cbty, Sby, c6t?, s, &, 61y, 5Ty, MINL1L]s
T

Uy = [eE’A,uv Al(gil,u)Tv Al(g%Ll,u)T]’ (2.27)

and I denote the ng x n, identity matrix and 1 = [1,1,---,1]T: n, x 1 vector.

The navigation messages broadcasted from GNSS satellites include some knowledge of
the satellite position s, the satellite velocity s, the satellite clock error 6P, as well as the
delay or the advance due to the ionospheric and tropospheric effects, 61, and 67T, are, for

instance,

§=s+es, S$=35+es CSthC(stp—l-e(;tp,

0T, =01, + esr,, 0T = 6T, + eor, (2.28)
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where e, show the estimation errors. Substituting the above relations Eqs. (2.28)-(2.28)
into the GR equations Egs. (2.20)-(2.21) to utilize Kalman filtering methods, and neglect

s, 8, cotP, 61, 6T, we have

u

D

Yoaa
X 5 coty,

yim = Cﬂ . +, (2.29)
R ¢ty

prLl,ﬁ

- - 0by,
| AN
where
Gh 1 1 G’ 465 + estr — €51, — €sT, + €A

Cg = Gg 1 1 1|, v= G%’ﬁes + estr + esr, — esT, T MELLu| (2.30)

L GZ 1 1 ] L G%ﬂ}eé + €5 + )\1€DL1,’U, ]
ygA,ﬂ :pSCA,u—|_C;ﬁD711‘§ + CStp_éAIu_éTuu (231)
Yi =iyt G 5+ bt 0T, 6T, (2.32)
br1,a=Pbr1utCh 48 (2.33)
Ypri,a=PpriutGpas
p s .47

Go=[sl 2 .o g ], (2.34)

P q 5 R N

Gpa=diag( (¢)T ()T - (g2)T ) (2.35)

The above Eq. (2.29) is called GNSS regression model (GR model) [I5]-]20]. In this thesis,
the positioning results are obtained by the extended Kalman filtering methods based on
the GR models.

Let us consider that multiple antennas u; = 1,...,n, are disposed with the given

distance d;; between any two antennas u; and w;. In this assumption, when we observe
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C/A code pseudoranges and carrier-phases by multiple antennas, we have the following

n, single-frequency GR equations:

Vi, = C1 Oy, + v, (2.36)
fori=1,...,n,, where
uj
- R - uz
Gy 11
R X coty,
Ch.= |Gt 1 1 1|, Ou= _ : (2.37)
R cOty,
Gy, 1 1
- - 8by,
I AN LA |

We show state equations and measurement equations for applying Kalman filtering.
The receiver’s clock errors cdt,, are generally modeled as follows [1], [33], [34] (let us call

the following model as the A-model of the receiver’s clock error),

C5tu,t+1 = catu,t + Ai,‘C(‘Stuﬂf + West,, t (238)

c5tu7t+1 = cStu,t +w (2.39)

Sty b

where A; denotes the sampling interval of the receiver’s clock error, and the noise west, +

and w are assumed as white Gaussian processes with zero means and covariances q.s;

cSty,t

and q_,, respectively. Then we can write

Oty 141 1A COly ¢ West, ¢
. - . +
C(Stu’t_t,_l 0 1 C(st%t wcgtu,t
Oyt West, ¢
= Faos " | (2.40)

cOtyt Wesy
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Then assuming that the time differential of receiver’s clock error cdt, obeys first-order

Malkov models on the time series analysis, we can derive the following equation:

C(Stu,t—i—l 1 At C(stuﬂg 0
. - o +
Oty t+1 0 &k cOtyt Wesy
C(Stu’t 0
= FB,C(% ] + . (241)
Oty t Wesp

Now we present an approximated but simpler estimation algorithm of 7;. Namely define

Tt = [nl,t, 772,t7 Tty nnr,t]rar (242)

where

. y T .
77i,t = [uia U, Cétui, C(Stuia 6bu17 NLl,ui]7 (Z - 17 T 777‘1")‘ (243)

Then the state equation and measurement equation are given by

Nig+1 = Aip Mit + Wi, (2.44)
Ya,, = Cit mit + vig, (2.45)
where
I3x3 r T
Ga, 1 0 1
I3x3
Ay = » Cia= | Gy, 10 1 AT |, (246)
F*,c&t
Ga, 01 1
7 L i
T

wiy = [03, 03, %, W4, » O2pp, ] (2.47)

Thus, for each state 7; ¢, we can obtain the filtering estimate 7); ;; and its error covariance

matrix X, ;; by applying the Kalman filter. The approximated estimate 7;; and its error
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covariance are obtained by

M1t Eo e 0
’f/t‘t = ) Rn,t‘t — e . (248)

My t)t 0O 2772,75|1‘/

2.3.3 GR Models for SD/DD-PPP

Let us consider GR equations of pseudoranges based on C/A code for satellites p and

¢, and the receivers (antennas) u; and,u; as follows:

12

p%AM (ggi)T(ui —8P) + 0I5 + 0TE + c(dty; — otF)

F0bC A u; — OV 4 F € s (2.49)

1

P%A,uj (ggj)T(uj — ") + 0I5, + 0T, + c(bty; — 0tP)

+0bcaw; = 60C A + €Cp ;s (2.50)
P = (ggi)T(Ui —81) + 61 + 0TL + c(dty, — ot?)

+0bcau; = 00 a + €l (2.51)
qu’A,uj = (ng)T(uj —s%) + 0I5 + 6T, + c(bty; — 0t7)

+0bcaw, — 00y +€liyy, - (2.52)

Then we subtract Eq. (2.49) from Eq. (2.50), namely, taking the single difference between
the measurements of the receivers u; and u;. The signal travelling paths to the adjacent

GNSS antennas from the same satellite are very close, we therefore can assume

018 = §IY | OTP = §TE



then we have the relation for the single difference relation of satellite p:

p%A,ujui = p%A,uj - pgA,ui

= (g )"y — (65 Vs + (g8 )" (~P) — (62,)" (~") + (5,

—|—5bc,4’uj — 51)0,477“ + e%Aﬂij — €%A7ui.

Also we have the single-difference relation of satellite g¢:

q — g q
PCAmu; = PCAu; — PCAw,

= (g2 ) uy — (92) i+ (91) " (=5%) = (91) " (=) + (5t

+5bCA,uj — 6bC’A,uZ~ + 6%147“], — Q%Ami.
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— Oty;)

(2.53)

— Oty,)

(2.54)

Then, finally we have the following double-difference measurements equations for pseudor-

anges based on C/A code by subtracting Eq. (2.53) from Eq. (2.54). The wu; is the reference

antenna position, and the p is the reference satellite:

qp — 9 P
pCA,ujui = pCA,ujui - pCA,ujui

= (g8 ) uj — (g2 i = ((9h ) "uy — (95,) "us)

(g8 (=5 = (g2 )" (=s") = (g},

J

q q D D
teCaw; ~€CAu; T (%A,uj - eCA,ui)

Gp\T Gp\ T | T p T
= (02) " (62 i — (g 5) "5+ (62 )" + B

where

@ _— 4§ D @ _ 4 P
gﬁj = gﬁj gﬁj 94, = 94, — 9u,

g 4 _ 4 p _ P _ D
gﬂjﬁi - gﬁj gﬁl g’llj’fl,i - gﬂj gﬂz

qp — 9 D qp q 4
€CAu; = €CAu; T CCAu;  CCAn; = €CAn; T CCA,

qp qp _ap
eCA,Ujui - GCA,uj eCA,ui‘

(=) = (gh)"(~s"))

(2.55)
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Again let us consider GR equations of the L1 carrier-phase positioning data for satellites

p, and the receivers (antennas) u; and,u; as follows:

7, w = (ggi)T(ui — §P) — 6Iul + 6Tul’ + c(dt,, — 6tP)

+0by1,u;, — Oy + >‘1N£17ui + )\151;41%, (2.56)
B,y = (60 ) (uj — ) — OTu! + 5Tl + c(8t.,, — 17)

by, — 007y + MNT o+ AL, (2.57)
DT 0 = (ggi)T(ui — s9) — 6Iul + 0Tu? + c(0t,, — 6t7)

F0bpy s — 06Ty +MNF L+ MET s (2.58)
9, = (91 )T (uj — 57) = 6Tul + 0Tul + c(6t,,, — 517)

+5bL17u]' - 5b%1 + AlNzl,Uj + Alqul,uj' (259)

Then we repeat the similar manner to take the differences for the L1 carrier-phase posi-
tioning data. By subtracting Eq. (2.56) from Eq. (2.57), we have the relation for the single

difference relation of satellite p:

D — HP D
(I)Ll,ujui = CDCA,u]' - (I)CA,ui

=~ (gh) " uj = (95) i + (9h,) " (=57) = (g5) " (=57) + c(Stu, — Stu,)

U

+0br1,u; — 0br1w, + Al(Nfl,uj - Nghuz') + A\ (Elz/huj - 61217%), (2.60)

Also by subtracting Eq. (2.58) from Eq. (2.59), we have the relation for the single-difference

relation of satellite ¢:

(I)qu,ujui = q)qC'A,u]- - (I)qCA,u,-
= (g8 ) uy = (g3,) s + (98 )T (=5%) = (g3,)" (=%) + e(Stu; — dtu,)

+0br1,u; — 0briw, + A(NE o — N )+ M(ED, o — €1, .), (261)
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Finally we have the following double-difference equations: by subtracting Eq. (2.60) from

Eq. (2.61):
qp — H4 _ (I)p
Ll,u]-ui - Ll,u]-ui Ll,u]-ui

Ggp\T Ggp\T q T p T
o (ggf) u; — (ggf) U — (ggjﬁi) s? 4+ (gg]_ﬁi) P+ Al(Nzhuj — Nzl,ui
_Ngl,uj + Nglyui) + A1 (qul,uj o 5%1,% - gilyuj o Ezl)/l,ui)

+Me? (2.62)

= (gg?)Tuj - (ggfz)Tuz - (9(1 i )qu + (ngﬁi)TSp + Aqup Liuju;

Ut Liuju;
where

@ q _ P @ q _ P
)‘15L1,u,-—)‘15L1,u,~ )‘IEDLLui )‘15L1,uj—)‘15L1,uj )‘lgDLl,uj

qp — qp _ qp
)\1€L1,u]~ui - )\1€L1,u]' AlEDLl,’ui’

Let us consider GR equations of Doppler shift frequency data for satellites p and ¢, and

the receivers (antennas) u; and,u; as follows:

i, = (90) (0 — 37) + 618, + 6TP, + c(6ty, — 68F) + 800, + Mgy, ) (2.63)
2 (gh ) ity — 87) + 815, 4+ 6T8 + (S, — 67) + 06,1y + Mgy, o (2.64)
P, = (91 (0 — 39) + 012, + T4 + c(dty, — 617) + 0b% 1 + Michyy .. (2.65)

P, = (95) " (i — 89) + 018 + 0T + c(btu; — 5i%) + 8b%y + Mgty - (2.66)

Then we subtract Eq. (2.63) from Eq. (2.64), namely, taking the single difference between

the measurements of the receivers u; and u;. Also if we can assume

oIb =8It , 0TV =617,
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then we have the relation for the single-difference relation of satellite p:

p%m,ujui = f’%Ll,uj - p%Ll,ui
= (g ) Tty — (g5,) M + (g,) T (=37) = (95,)T (=87) + e(btu,; — 5tu,)

Uq Uy

+0bpL1,u; = 0bDL1u, + MED LY, — MEDL1 - (2.67)

Also we have the single-difference relation of satellite g:

.q — -q 4
PDI1wju; = PDL1w; — PDL1w,

= (g0 )"y — (92) " + (g2 )" (—57) = (92)" (=59 + ¢(Stu, — Stu,)

Uq Uy

+0bpL1,u; = 0bDL1u, T MED L1, — MEDL1 ;- (2.68)

Then, finally we have the following double-difference measurements equations for pseudo-

ranges based on C/A code by subtracting Eq. (2.67) from Eq. (2.68):

f’%’m,ujui = quLl,uJ-ui - p%m,ujui
= (g1 ) ity — (98, i = (95"t — (gF,) ")
+(g3,)T (=87 = (9T (=37 — ((ggj)T(—sp) - (ggi)T(—gp))
+)\1€qDL1,u]- ~MED 1w (Ale%m,uj - >\1€%L17ui)

= (98 iy = (9i) Vi = (93,5, 87+ (9 a) 8"+ MED 1 s (2:69)
where

ap _ q D qp _ q . D
AlEDLl,ui = )‘15DL1,ui - )‘15DL1,ui )‘15DL1,uj = )‘1€DL1,u]- )‘15DL1,u]-

qp . ap qp
AleDLl,u]-u,- = >‘15DL17u]- - )‘15DL1,ui-

Single-difference GR models (SD-PPP)
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Let us write again the final results of the single-difference measurement equations from

Egs. (2.53), (2.60), and (2.67) as follows.

I

pIC)'A,ujui (ng)Tug- - (Qgi)TUz' - (gzjﬁ)Tsp + c(6ty; — 6ty;) + 0bcAw; — 0bCAw;

+epCA,u]‘ui7 (270)

71w (ng)Tuj - (gﬁi)Tuz- - (gﬁjﬁi)Tsp + c(0tu; — 6tu;) + 0br1w; — 6bL1

12

FANT e FMED s (2.71)

1,UjUq

1

p%m,ujm (ggj)Tuj - (gi’;)Tm - (ng@i)Tép + ¢(6ty; — 6ty;) + 0bpriu;, — 6bDL1w;

+MED L1y (2.72)

Now let us assume that the estimated values: &P, P ,p=1,...ng, of the satellite positions:
s? and velocities 7, are available as follows [I5]-[20]. The $” and $ come from the

navigation messages of satellites:

P=sP+ewp, L =854ew, p=1,...,n4 (2.73)

where we assume egp, ez are Gaussian white noises. Then substituting Eq. (2.73) to

Egs. (2.71), (2.72), and (2.72), we have

~p _ D Ta
pCA,ﬁjﬂi = pIé’A,ujui + (gﬁjﬁl) sp

= (g5 ) uy — (95) Tui + (94 4) " eor + (St — Otu,) + Sbcau; — Sboa,

Uq Ujﬁi
+6%A,ujui7 (274)

5HP

— HP D Teap
¢L1,ﬁjﬂi - (I)Ll,ujui (gﬁ]ﬁl) $

= (gﬁj)Tuj - (Qéi)TUi (2 ) ew + c(Otu; — O0tu;) + 0bcaw, — 0boa

U UjUsg

+>\1Nf + )\18121’%“1,, (2.75)

1,Uj U
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Y0 . ﬁ T
PDrL1aja; = p%Ll,u]-ui + (gajai) s

= (ggj)TUj - (g?‘)Tu,; + (ggjﬁi)TeéP + C(dtuj — Oty,;) + 5bCA,uJ' — 0bc A,

Uq

+MED L1 uyu- (2.76)

For the case of p = 1,...,ns and u; = u1,u; = u2, we have the following measurement

equation for antennas of uq and us and for ng satellites:

p — (P vy p
yu2u1 - Cu2u1nu2u1 + Uu2u17 (277)
where
- . - ul
~1
PC Azt )
N U1
~2
pC’A,ugul
U2
) (0
~fs
pC’A,ugul
. c(0ty, — Oty,)
(I)Ll,ﬁgul . .
. c(0ty, — Oty,)
71
D _ ,Uu1 D —
Yuou, = . v Nuguy = 5bu2 — 5bu1 ) (278)
' 1
=5 NLl,ugul
L1,dg1, 9
. L1,uguy
-1
PDIL1 g,
=2
PDIL1igi
s
| PDL1asay |
Ns
L L1,uguy |




CP

uul T

where

29

A1

(2.79)

(2.80)

and 0 is a row or column vector, and 1 is a row or column vector, and O is a (ns X ny)
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zero matrix, and I is the (ns X ng) identity matrix, and

T 1
_(gﬁzfu) est + €0 Auzu

T 2
Qﬁl) €52 + eCA,UQul

7, T n
_(gﬁ;ﬁl) Csns + eCSA,’U,Qul

i T 1
_(gﬁth) est + )‘15L1,U2U1

2 T 2
vP = _(gﬂzih) €s2 T /\1€L1,u2u1 . (281)

uUUL

— (g™ 1)T€sns + Mgl

Ly,uguy

T 1
2721) eél + )\I(C:DLL’U,Q’UJ

We assume that all noises:

. P p p ; ;
€sp, €Esp, eCA7ui’ ELLM’ EDLl,ui’ (Z7é])7

are mutually independent white Gaussian random processes with zero mean and their

variances are Var(es) = o7, Var(ew) = oz, Var(ef,, ) = 0z, Var(e] ) =02, , and
Var(ehy ) = o, ... Then the covariance matrix of vl,,, is given by
Vhouy — Cov [v],,]
- - r 4T
~(gaza)Tesms + €A uu ~(ghza,)Tesms + €A uzu,
- _(gZ;ﬁl)T€5ns + AlErLLSl,ugul _(gggsﬁl)TeS"S + Algzi,UQul
i _(gggsal)Teé"s + MEBLL upun 11 _(gggal)Teé”s + MEBLL upun |

SD SD
= Rg ) + 2R(CA,21.DL1? (2.82)



where RgSD) is the following matrix for the ng x 1 vector; 922 a,» We define

Viotn

2
7@2{“

Also R(C?f])n pr1 is a block diagonal matrix as

where

SD _
Rég11.p01 =

SD
Riyp)

31

Voyin = (Ghya) " (950, (2.83)
agsRI(fD) agsR](fD) O
S
. RIP = | g2 gD g2 gD
0) 0) o2 5P
fis L estp i
7’&2711 ]
(2.84)
RSP o o
o RSP o |, (2.85)
SD
o 0 RS
0 MoZ, 0 0
0 A2g2
SD) __ 1¥er1
R = |
0 0
O'ECA ] i O O )\%O’?Ll |
Mol 0 0
2 2
O A (2.86)
0
0 O )\%O—EDLI

Double-difference GR models (DD-PPP)
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Let us write again the final results of the double-difference measurement equations

from Egs. (2.55), (2.62), and (2.69) as follows.

T Gp\T i T p T
Py = ) g = (900) T — (g 5 ) 8T+ (g5 4,) 8"+ €ln e (2.87)
Gp\ T Gp\ T i T p T
%pl,u]-ui = (g’gf) u] - (ggf) 'U/i - (ggjﬁz) Sq + (ggjﬁl) Sp + AlNgf,ujui + )\16%01,'&]'111"
(2.88)
. aD T. D T. q T. D T.
p%)Ll,U,j’LLi = (ggLI;) Uj — (gg{,}) Ui — (gg]ﬁz) $4 + (ggjﬁ,l) s + AlE%JLl,Ujui' (289)
Then substituting Eq. (2.73) to Egs. (2.88), (2.89), and (2.89), we have
~4p _ q T A D T ~
P%pA,ajai = P?A,uju,- + (ggjai) 87— (ggjai) 8°
= (QZZ;)TW - (ggf)Tui + (ggjﬁi)Tesq — (gﬁjm)Tesp + eg)A,ujuia (2.90)
= Gp _ i \Tg p \T4
@%pl,ﬁjﬁi = ®%p1,’u]'ui + (ggjﬁ'b) Sq - (ggjﬁl) Sp
2= (gar) uy — (g50) i + (93, 4,) est — (9h,0,) T esr + MNTY L NED L
(2.91)
T6H . i T2 p T2
p%?Ll,ﬁjﬂz = p%?Ll,u]uz + (ggjﬁl) Sq - (ggjﬁz) Sp
~ [ GD\T G5\ T i \T 5 \T
= (g3;) g — (93,) i + (ggj&i) €51 = (9iya,) €5 T MEDLL w0, (2.92)
For the case of p =1, ¢ = 2,...,ns and u; = w1, u; = uz, we have the following measure-

ment equation for antennas of u; and us and for ng satellites:

Yitgur = Cllyus Miyur + Vs » (2.93)



where

Y

qp
u2U1

Tl
L1490
751
PDL1ast
731
PDL1 it

U

qp
u2U1

U1
uy
U2
Uz

N21

L1,uguy

31
L1luguy

nsl
L1,uguy

33

(2.94)
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—(g2)" 0 (gah)* 0 0 0
s R R €70 R 0
(92,)" 0 (gz2H)T 0 N
cw, =
(goeh)T 0 (g™ 0 A
0 —(g2HT o0 (g2t 0 0
0 (gih™ 0 (gEhT o 0
51 5i |
¢ o G o o
5 51
-Gt 0 G0 M| (2.95)
51 5
0 -ah o G O |
where
(gah)” (g2h)T
i (g2h)T " (g2h)T
1 _ U1 1 _ ug
il = , Gil= ,
(geh)T (gsh)T
(2.96)

and 0 is a row or column vector, and O is a (ns — 1) x (ns — 1) zero matrix, and I is the



(ns — 1) x (ns — 1) identity matrix, and

(9apan) €52 = (9hya,) " est + €A upuy
(932u1)T€S3 - (gq%,Qﬂ )Tesl + ez}A,ugul
(gZéaI)Tesns (géﬂl ) €51 + eCA s
(g§2ﬁ1>T652 B (guzm) €st + )‘1€L1 JU2UL
0P = (922”31)T633 - (g}wﬁ )eq + )‘1€L1 uguy

u2u1

We assume that all noises:

. . p q p
€sp, €54, €5p, €34, €CA’ui ) eCA’uj ) Sngui )

are mutually independent white Gaussian random processes with zero mean and their

variances are Var(eg) = 02, Var(eg) = o2

_ 2
Var(e%Ll’ui) =02,

R(DD) = Cov [v‘”’ ]

vy u2u1
s \T 1
(G52a,)  esns — (Giya,) Test + ein sy

- (g;l;ﬁl)TeSnS - (971121}1) 6 1+ )\18L1 ,U2U1

(DD)

, Var(e%AM) =02

(gﬁ;ﬁl)Tesna - (911122,& ) 6 1 + >\1€DL1 Uu2U1 ]

q p q .
€Liu;> €DL1u; EDL1wys

€cA’

Then the covariance matrix of vih,, is given by

(i # j,p # q),

Var(s’ihui) =0z,

35

(2.97)

and

. _
(gZ‘;al)Tesns - (91%2@1) est + €y s
(gﬁjm)Tesns - (g}wﬁl) €s1 + )‘1€L1 upuy
I (gggsal)Teé"s - (91%2@1) eq + Ml uzuy |

(2.98)

)
+2Rc 4 11.pr1>
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where Uy is the 2(ns — 1) x 2(ns — 1) matrix whose elements are all one, namely

1 1 110 0

1 1 110 0

1 1 110 0
U; =

1 1 110 0

0 010 01 1

0 0[0 - 01 1

(2.99)

and RéDD) is the following matrix, where for the (ns — 1) x 1 vector; 922 4,0 We define

A B . T,
752121 = (ggzﬂl) (952'&1)7

2
Vg tia

DD) Tazay

Mg
Vot

RgDD)

Also R(CaDL)l pr1 18 a block diagonal matrix as

(DD)

RCA,L1,DL1 =

DD

rRPD o
o R{P
0 0

Jgs R;DD)

O’SS R](aDD)

(DD)
Bpra

(2.100)

(2.102)
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where
2 2 2 2 2 2 2 2 2
2JECA Oeca Oeca 2)‘1JEL1 /\10€L1 )‘10€L1
2 2 : 2 2 2 2
R(DD) _ Teca 2060A ’ R(DD) _ )\IJ5L1 2)‘1061:1
cA = ) s g 7= _ )
Teca : . )‘1‘75“
2 2 2 2 2 2 2 2 2
Oeca Oeca QUGCA /\10€L1 )\105L1 2)\105L1
2 2 2 2 2 2
2)\105DL1 )\IUEDLI e )\IUEDLI
2 2 2 2 .
R(DD) _ >\105DL1 2)\105DL1 ’ 2.103
DL1 — ) ) : (2.103)
: /\10€DL1
2 2 2 2 2 2
)\10-5DL1 T )‘lasle 2)‘105DL1

In the cases of n,, = 3 and n,, = 4, see Appendix A.

Individuating satellite positions

The mathematical models of C/A code pseudorange observables in Eqgs. (2.49)-(2.52) sup-
pose that the GNSS satellite positions obtained from the navigation messages at the
antennas u; and u; are approximately the same. However, the positions s! and s? of the

satellite p from the u; and u; are strictly different, and applied as follows:

(g5) " (ui — ) 4 618, + 6TE, + c(6tu, — 6t7) + Sbcaw, — Obp g + €lp,,,, (2.104)

Us

I

4
PCAw;

p;g'A,uj

1

(95 )" (uj = %) + OT0 + 0L, + c(Stu, — 01F) + Sboau; — Oy + by, (2105)

The DD-based measurement equation for C/A code pseudorange observables based on
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Egs. (2.104), (2.104) is as follows:
qu?A,ujui = p%’A,Ujui - p}é’A,ujui

(a8, "y — (a2, s = [(65) "y = (65T

(g3 (=50 = (g2 (=s) = [(h)T (=) = (gh )T (=]

12

q q D D
TeCaw, ~ €Cau ~ (€Caw, ~ €Cau;)

= (9a0) T uy — (98)) 'ui — (g3,) " 8T+ (93,) 57 + | (d5,) "8 — (gZi)TSf] + €A uug (2:106)

Now let us assume that the estimated values: §f ,p=1,...,ng, of the satellite positions:
s¥.p=1,...,ns, are available as follows [I5]-[20]. ¥ come from the navigation messages

of satellites:

P = 8?+esf, p=1,...,n,, (2.107)

i =

where we assume e are Gaussian white noises. Then the DD-based estimates for the C/A
code pseudorange and carrier-phase observables in Egs. (2.90) and (2.91) are modified as
follows:

~gp _ G \T g \T p \T p \T
P naya, = Peauyu +(95,) 87— (95,) 8 — [(gﬁj) & —(dh,) sﬂ

12

i\ T i\ T i \T i \T 5 \T p \T
(93,) u; — (95,) wi + (93,) €y~ (95,)" €a1 — [(ggj) Csp + (9,) esf} €Ay, (2:108)

£ 4p _ G \T » G \T p \T 4 p \T 4
OF, e = OF e+ (0278 — (9050 = (058 — (65"

I

(980T us = (92) s + (g8, ) ey = (g} Ve

(6 e — (g e | + MNEL, L+ M, (2.109)

I Ll,Ujui Ll,ujui’

and the observation noises in Eq. (2.97) of the DD-PPP measurement equation are modified



as follows:

uul T

. i
e = (92 Teq — (g2) e — |(g8,)"

also the matrix in Eq. (2.101) are modified as follows:

2 2
Yag + Yaq

3 3
DD) _ Viia + Vi

Ve = (g2 ) gl .

State equations for SD/DD-PPP

Vo +

i\T
eS% - (gﬁl)

39

(2.110)

(2.111)

(2.112)

(2.113)

In the static case for SD-PPP, we utilize the state vector n,,, without velocity parameters

1, ug related to Doppler observables in Eq. (2.77) for antennas of u; and ug (n, = 2) and

for ng satellites. In order to simplify the expression, superscripts p and subscripts wq,us

are omitted hereafter.

77L(t =+ 1) = 77L(t)a nL = [UITLv U 1,C (6tu2 5tU1)’ (5()“2

—8b,)T,NT]T, (2.114)
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where L stands for the coordinates in the local frame (or the local-level system (LLS),
or east-north-up (ENU) system) [20], [26]. And the observation equation y(t) is based
on a local position as a origin and derived from the relation between Eq.(2.93) and the

transformation by ij%/ as follows:

y(t) = Cop (H)nL(t) + v(b), (2.115)
o G (M) GLmp)T 11 0 | o116
—GE (TH)T G (TH)™ 1 1 nI

where ng (T)" is a (ng x 3) matrix, and 1 is a column vector, and O is a (ns X ng) zero
matrix, and I is the (ns xny) identity matrix. They are related to the corresponding values
in WGS-84 coordinate frame through the linear transformation defined by 3 x 3 transfor-

mation matrix 7} which transforms WGS-84 coordinates into ENU coordinates [34].
In the static case for DD-PPP, we utilize the state vector nib,, without velocity param-
eters 1, Uy related to Doppler observables in Eq. (2.94) for antennas of u; and ug (n, = 2)

and for ng satellites. In order to simplify the expression, superscripts p,q and subscripts

u1,us are omitted hereafter.
T
’l’]L(t + 1) = 77L(t>> nrL = [urlI:Lv u2T,L7 NT] 9 (2117)

where L stands for the coordinates in the local frame. The observation equation y(t) is
based on a local position as a origin and derived from the relation between Eq. (2.93) and

the transformation by T as follows:

y(t) = Cy, ()nr(t) + (1), (2.118)
~GPH TR GPI(TEYT O

Cop () = : (2.119)
~GPN(TE)T GEL(T)T AT
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where Ggi (TE)T is a (ns — 1) x 3 matrix. They are related to the corresponding values
in WGS-84 coordinate frame through the linear transformation defined by 3 x 3 transfor-
mation matrix TV%,.

The positioning estimation algorithms based on the Kalman filter [35], [36] (See Ap-

pendix B) for Egs. (2.114) and (2.115), or Egs. (2.117) and (2.118) are given as follows:

ALt + 1[t) = 1L (t[t) (2.120)
Ar(tlt) = o(tlt — 1) + K(t)v(t) (2.121)
v(t) = y(t) — Cy, (O)Netlt — 1) (2.122)

(: Innovation Process)

K(t) =Sy, (tt — 1)Cy, (1)" [cm (&), (tt — 1)C,, ()T + R(t)} T (2.123)
(: Kalman Gain)
S, (4 1[t) = Xy, (2]2) (2.124)
Sy (H[E) = X, (H]t — 1) — K (£)Cy, (£) 5y, (Ht — 1) (2.125)
7L(0] = 1) = 7.(0)

g (0’ - 1) =X, (O)

Initial condition:



Chapter 3

Detection and Correction of
Observable Outliers

3.1 Introduction

In order to improve the accuracy of C/A code pseudoranges for positioning, the method
of carrier-smoothed code pseudoranges has been proposed [37]. The carrier-smoothed
code pseudoranges are the measurements generated by combining code pseudoranges with
low-noise carrier-phase observables, and can contribute to improve the positioning ac-
curacy. However, in general, carrier-phase observables are mainly utilized by high-end
multi-frequency receivers for surveyors, geophysical researchers, etc., and such receivers
cannot be applied for the civilian navigation. Instead of the carrier-phase observables, the
positioning method by Doppler-smoothed code pseudoranges has been proposed as the

so-called Doppler-aided positioning [27], [38].

Doppler-shift frequencies are measured by the relative motion of satellites and receivers,
i.e. the variations of the distance between satellites and receivers, and Doppler observables
can be measured even by low-end receivers. Doppler shift observables are utilized on
a priority basis even in urban areas because of immunity to cycle-slip and continuous

availability. In [27], [38], Doppler-smoothed pseudoranges are introduced based on the

42
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similar technique of the carrier-smoothed pseudoranges at the preprocessing stage of the
position calculation, and the improved positioning accuracy is reported. The applicability
of Doppler observables for precise positioning at high cost receivers is also reported [34].
The positioning algorithm is based on the multi-frequency pseudorange, Doppler and
carrier-phase measurements, and the Kalman filter is applied to estimate vehicle positions,

velocity and acceleration with the appropriate dynamics model of the vehicle.

By using the modified algorithm of [34], we analyze the test drives which were mainly
conducted in Japan and the United States in 2014. Doppler range-rates are more stable
than code delta-ranges even under multipath environments, and has the same quality level
as carrier-phase delta-ranges, however, unexpected Doppler outliers prone to cause posi-
tioning errors. As a practical matter, we had a vehicle positioning error by Doppler bias in
real test drives under open-sky environment [39]. By using the bias of real observables, the
positioning errors are reproduced by the GR models based on Doppler-aided positioning

method.

Although there are a lot of literature about detection of the outlier or the robust
Kalman filter [9], [I0] to overcome these problems, In this chapter, we propose the following
two methods: 1) statistical tests on the innovation processes of the Kalman filter, 2)
statistical test on the difference between C/A code delta-range and Doppler range-rate
measurement. Method-1 is derived by modifying the cycle slip detection algorithm in [11],
[12], and Method-2 is a novel method. In addition, two correction methods, namely the
Doppler outlier exclusion, or the Doppler outlier estimation, for detected anomalies are

proposed.

Chi-squared tests based on Method-1,2 are applied for the Doppler outlier detection.

The tests are expanded to consecutive number of epochs, and appropriate bias-detection
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periods are selected for Method-1,2. The upper probability of the tests is 5 % for the both
methods. Method-2 can be also applied to the difference between carrier-phase delta-range
and Doppler range-rate measurement. These detection and correction methods are applied
to the positioning errors caused by Doppler bias of automotive single-frequency receivers.

The experimental results by the combinations of these methods are shown.

3.2 GR Models for Automotive Kinematic Positioning

Let us derive the state equation for kinematic positioning. Since the kinematic case
requires mathematical models of the automobiles, we often apply one of the dynamical
models which are assumed as first-order Markov processes of, the velocity of u (: v), of
the acceleration of u (: a) (the so-called Singer’s moving model [40]). The Singer’s models
are adopted for the east-west (E) coordinate and the north-south (N) coordinate, and a
first-order Markov model of the velocity for the up-down (U) coordinate [34]. The state
vector therefore is defined as follows:

}T

n= [uT,uT,aT,cétu,CStu , (3.1)

The PPP observable equations in Eq. (2.36) which utilize for a single antenna u and the

discrete-time state equations are as follows:

Yot = Cﬁjﬂu,t + Vuty Ouit1 = Autbui + W, (3.2)
U
R U
YCA i . G? 01
Yo = ) Cgt = R ) Hu,t = a (3 3)
YDL1,a GZ 0 1
coty,
cStu
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The carrier-phase related obsrvables y}zl ; and unknown parameters N1, are excluded in
Eq. (2.36)-(2.37), and the receiver’s biases 0b,, are negligible for the positioning without
carrier-phase observables. The A(t) is the 10 x 10 known matrix defined from Singer’s

models, and details are summarized in [34].

3.3 Detection of Anomalous Observables

We apply two methods of detecting Doppler observable outliers. First method is
the innovation based detection in Kalman filtering (IBD-method), which is a existing
method [41] for more accurate positioning by using carrier-phase observables and utilized
for detecting cycle slips of RTK positioning [I1]. Second method is a novel method and
the measurement based detection (MBD-method) which focuses on the difference between
C/A code pseudoranges and Doppler shift range-rates. The Both methods are based on
the chi-squared tests, and applied for Doppler observables of low-end GNSS receivers to

keep the vehicle positioning accuracy high.

3.3.1 IBD-method

Since the innovation process in Eq. (2.122) is a white Gaussian with 0 mean and co-
variance matrix M (t)(= [M;;(t)]; i,5 = 1,---,2ns) under the hypothesis Hp such that

there are no Doppler outliers. M (t) is formulated as follows [12]:

[C()S,(tlt — 1)CT(t) + R(t)), (3.4)

where ¥, (t[t — 1) is the error covariance matrix of 7z (t[t — 1). Under hypothesis Hy,

the j-th element of innovation vector v which is expressed by v; would be the normal
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distribution with zero mean and variance M;;. Then v; can be normalized as follows:

vn;i(t) = Mji’(t) vi(t), j=1,...,2n, (3.5)
Elv, ;(t)] =0, Vary,;(t)] =1 (3.6)

Based on Eq.(3.5), the anomaly of Doppler frequency observables can be detected
by monitoring the normalized innovation processes corresponding to the Doppler shift
observables, i.e. v, ; for j =ns+1,...,2n,. Each element of v, ;(t) is a Gaussian process.
The test statistics T)j(t) of the squared value of v, ;(t) follows the chi-squared distribution

with 1 degree of freedom, namely,

Tj(t) = (vny(t))*. (3.7)

Statistical tests of innovation processes can be easily extended to the tests based on
multiple epochs or observables. v, is the j-th innovation vector in Eq.(3.5) for k
consecutive epochs. The consecutive v, ; are independent, the mean vector therefore is

zero and the covariance matrix I,

Vn,j,k(t) = [Vn,j(t)’ Vn,j(t — 1), ciey Vn,j(t - k? + 1)]T

~ N([0,0,...,0T, ). (3.8)

Statistics T} ,(t) of the sum of k consecutive v, ; follows the chi-squared distribution with

k degrees of freedom,

Tj,k(t) = (Vn,j,k(t))T(Vn,j,k(t))' (3.9)

In order to effectively detect the Doppler anomaly, we focus on chi-squared test of each

Doppler shift observable. If Doppler outliers occur, the covariance matrix of the innovation
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process changes. Therefore, we formulate two hypotheses such as,

Hy : the anomal outlier does not occur

H;i : the anomal outlier occurs

Our decision rule of accepting or rejecting the hypothesis is as follows; If Tj ;(t) is larger
than the upper percent point x?2 (k) whose « is upper probability (a«=0.05) and k is degrees

of freedom, then the observed data of Doppler shift contain an outlier (accept Hy).

3.3.2 MBD-method

Let us rewrite the mathmatical measurement models in Egs. (2.11) -(2.13).

Ploau(t) = TH(E) + SIE(E) + OTE(8) + c[5tu(t) — St (8)] + Bl , (8) + ey , (1), (3.10)
DL u(t) = ri(t) = SLE(t) + 0TE(t) + ¢ [0tu(t) — 017 ()] + B, , (1)
FANE 4+ Mgl (1), (3.11)

Prau(t) = (1) + 615(t) + 0T (1) + ¢ [8tu(t) — 6P (1)] + b py (1) + €], (1)(3.12)

where B{., (1), By, ,(t), Upp;,(t) contain anomalous measurements based on L1-C/A

code pseudoranges, carrier-phases, Doppler shift frequencies, respectively.

In the case of normal state we can assume as follows:

ra(t) = ri(t) — it — 1),
SIP(t) = 8IP(t) — 6IP(t — 1), OTP(t) =2 6TP(t) — 6TP(t — 1),

Sty (t) =2 5ty (t) — Oty (t — 1), 0P (t) = 5tP(t) — 6tP(t — 1),

then the gh,, () which denotes difference measurement between the C/A code derived
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delta-range and the range-rate from the satellite p at the epoch ¢ is formulated as follows:

Gy (8) = [P (1) = Poa(t = )] = P (1)

= [BE(t) = Byt —1) =V ()] + [eg4(t) — et = 1) — €P(t) pra]

= oy (1) + 5 (1), (3.13)
fi (8) = [BEA() = BEa(t = 1) = by, (8) (3.14)
dh, () = ea®) = €alt = 1) = e, (1)) (3.15)

In order to simplify the expression, the sub script “u” which indicates the receiver is
dropped. The ¢h,,(t) which denotes difference measurement between the carrier-phase
derived delta-range and the range-rate from the satellite p at the epoch t is formulated as

follows:

= [BL,(t) = BY,(t = 1) = b (O] + [, (1) — e, (t = 1) = €P(t) pra]

= iy (1) + s, (1), (3.16)
Hi (8) = [BLL(8) = BE(E = 1) = b () (3.17)
db () =[ef (t) — el (t = 1) — el (1)]. (3.18)

The difference of geometric distance 7P(t) — rP(t — 1) in Egs. (3.10), (3.11) and the veloc-
ity 7P(t) in Eq. (3.12) are almost the same value and canceled, and the values related to
5IP, §TP, 6t,, and §tP are also canceled. The bias ub,, (t) and b, (t) based on anoma-
lous measurements Bf.,,B7,,and b},;,, and the noise di,, (t) and dj,,(t) based on the
measurement noises ef, .7 |, and &%), are left. When there are no anomalous measure-
ments in the observables of C/A code pseudoranges, carrier-phases and Doppler shifts, the

@y (t) and ghy, () are nearly zero, and pP(t),,, and pP(t),, are zero, and gh,, (t) = dh,, (t),
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p _ P
Gms () = dimy (1)

The noises ef, 4, €}, and €', are independent white Gaussian with zero mean, and
their variance are supposed to be ai, ag%, and 0'%, respectively. The mean and variance of

dby, (1), dbuy (t) and ghy, (t), g, (t) measured at single epoch are as follows:

elé’A(t) ~ N<0702>7 8121 (t) ~ N(0, O—t%)v 6pDLl(t) ~ N(0, UQD): (3.19)
b, (t) ~ N(0,20% + o), db,,(t) ~ N(0,203 + 0D), (3.20)
by, (8) ~ N (b, (8), 205 + 0B),  qh, (t) ~ N(pib,, (), 205 + o). (3:21)

The variance matrix of the noise dfnl tj between two different epochs ¢, j is as follows:

T
. diny () dmy (1) | . diny (£)diny (1) diny (t)din, (5)
diny (5) diny (7) iy (§)dimy (1) diny (3)diny (5)
202 + o2 —o2
= ] =t
i —O’% 203 + U% |
202 + 0'% 0
_ L GALED (3.22)
0 20% + 02D

where the covariance value of two consecutive epochs is —ag when 7 = t+1, and zero when

j #t+ 1. The variance matrix of the noise dfn%t’ ; between two different epochs ¢, j is as

follows:
T
. dins (t) dmy(8) | . dins ()i, (1) i, (8)din, (5)
s (7) diny () iy (7)dims () diny (5)dins (5)
202 + g2 —o2
| P Tl =t
—O’?b 2035 + 0123
202 + 02 0
— e b L (j#£tE1) (3.23)
0 20425 + O’%
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where the covariance value of two consecutive epochs is —0’% when j = t+1, and zero when
JEXESY

dfnhk and dfn%k are the measurement noise vectors in Egs. (3.15) and (3.18), respec-
tively, which uses k consecutive epochs. The mean vectors are zero and the covariance

. p p . .
matrixes ¥, ,Xm, of dml,k and dmg,k are not diagonal matrixes, namely,

& (1) = (@0 (£),dBy, (E— 1), oy By (t— K+ 1)) ~ N((0,0,..,0]7,5,0,),  (3.24)

mi, 7 my

dP o (8) = [, (£), By (= 1), ooy By (¢ =k + 1)]T ~ N([0,0,..., 0], Spy),  (3.25)

y Uimg ces iy

where
20’% + 0'123 —03 0 0
—02 202 + U% —az
0 —o?2 202 + o2 :
Sy = g PP . (3.26)
. .. 0
202 + 02D —aﬁ
0 0 —af, 20’?, + 0123
2035 + 0123 —Uq% 0 0
—J(% 20% + U2D —0,%
0 —g2 202 + g2
Sy = ? eop (3.27)
0
20.125 + 02D —(7(%
0 0 —or 20240)

In order to normalize the measurement noise vectors dﬁn . and d:fnz i-» the zero covari-
b b

ance matrixes X,,, and X,,, are decomposed to generate the unitary matrixes U,,, and
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Upn, by the Cholesky decomposition method, respectively, as follows:

Sy =P T =UUSTY 8, =d P =U U T (3.28)

m1,k mi,k mi ) ma,k"ma,k

The mean value of Umldz“  becomes an identity matrix as follows:

E [(Umldfnl,k)(Umldgu,k)T] =E [Umldﬁml,kdfn?,kUﬂTu]
—177—T7;T
= B [Up, U U;TUL ]
=E[I;]. (I :k x k identity matrix) (3.29)

Therefore the Uy, d}, , becomes a normalized noise vector, namely d; . The dy =,
is also generated in the same manner by using the unitary matrix Upy,,.

The qfnl’k and qpm%k are the measurement difference vectors in Egs. (3.13) and (3.16),
respectively, which use k& consecutive epochs. The normalized vectors qﬁn o and qme ke
are generated by the unitary matrixes Uy,, and U,,, in the same manner of the noise

/4

vectors d . and d? . respectively. The statistics T, ,(t) and T}, ,(t) of the sum of

squared qf;hm  and qﬁmm i respectively, follow the chi-squared distribution with &k degree

of freedom, namely,

Ay () = [ahn, (8) b, (8 = 1),y gl (8= K+ D),
Gy 5 (1) = [0, (1), @y (8 = 1), s gy (E = K+ )], (3.30)
By i) = U@ 1 (8) @y 18 = Unin @, 1 (1), (3.31)

T k) = (@ O (@ k() Ty (8 = (@, (D) (@, (). (3.32)

If Doppler outliers occur, the measurement difference vector gh,, () changes. We there-

fore formulate two hypotheses such as,

Ho(normal) : Ty < X2 (k), Tk < Xa (k)

m

H,(abnormal) : Tf:%k > X2 (k), Tfmk > Xa (k)
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Our decision rule of accepting or rejecting the hypothesis is as follows; If Tfr’u’k (t) is larger
than the upper percent point x?2 (k) whose a is upper probability (a«=0.05) and k is degrees
of freedom, then the observed data of Doppler shift contain an outlier (accept H,). The
« shows the probability of false alarm Pg4.

Table 3.1: Detection of observable outliers

Tk | Toai Béa Bl | P
Hop Hy O(Normal) @) @)
H, Ho A (Abnormal) O O
Hp H, O A O
H, H, O O A

If Doppler observables have a outlier, the statistics Tf:ll i (t) follows the non-central

chi-squared distribution with non-central parameter A\ as follows:

Hi(abnormal) : T) | ~ 2 (k,\)

mi

A= (U b)) (Ui i),

and the detectable minimum bias T}, pies of Doppler observables is derived from the A as

follows:

Ty bias = OV, (3.33)

and when the probability of missed detection Pp;p is defined as the lower probability £
of non-central x?(k, \) distribution, and the lower percent point X%(k, A) is equal to the
upper percent point x2 (k) of normal x?(k) distribution, the X is decided and the Ty, pias
is derived from Eq. (3.33). The protection levels of RAIM(Receiver Autonomous Integrity

Monitoring) are defined by Pra, Pyp, and Ty, pias [42].
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3.4 Correction of Doppler Biases

We focus on the correction of Doppler outliers b4, in Eq.(2.13), because we had a
positioning error data of the real test drive whose Doppler-aided positioning was affected
by a Doppler bias. The biased Doppler shift observables are detected by the IBD or MBD-
methods, and then the bias impacts are removed by the following two methods which are
Doppler bias exclusion, or Doppler bias estimation.

In the case of Doppler bias exclusion, if the Doppler bias is detected in the j-th satellite,
then the related observable, i.e. the j-th component of y%Ll,ﬁ and the related row of
observation matrix C(¢) in Eqgs. (2.122-2.123) are excluded. The observation noises related
to y%Ll,ﬂ are similarly excluded from the covariance matrix R(¢) in Eq.(2.123). For
example, if j = 2, the 2nd Doppler observable and the related row components with

brackets are excluded as follows:

das | [ 0 10
) A u
nyA,u G 0 1 0 _
) ) U
vhoa = 0 6l 0 1 +o. (3.34)
X ) coty,
Wbr1.a) (0) (G3) (0) (1) .
coty,
yﬁDSLQ,ﬁ | I 0 G 0 1 |

In the case of Doppler bias estimation, if the Doppler bias is detected in the j-th
satellite, then Doppler bias will be augmented as unknown parameter bjb 1, for the j-th
component of y’Z-) 11,4 to the state vector )y, in Eq. (2.120), and the related column is added
to the last column of observation matrix C(¢) in Egs. (2.122-2.123). The initial values of

the unknown parameters bjb 11 are set to the difference values between Doppler range-rates
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and code delta-ranges. The initial variance 0.1 related to bj]%) 11 are added into estimation
error covariance matrix ¥, (t[t) in Eq. (2.124). The model of Doppler bias bfj 11 is defined

by the state transition matrix A(¢) in Eqgs. (2.120) and (2.124) is as follows:
bt (t+1) = bl (8) + wy(t). (3.35)

The system noise 0.01 related to the bijl are added into covariance matrix Q(t) in
Eq. (2.124).

For example, if j = 2, the unknown parameter for 2nd Doppler observable and the
related column with brackets are added into the state vector and the observation matrix,

respectively as follows:

s | |G 0 10 0]
o
YA G 0 1 0 (0) i
yiDLl,ﬁ - 0 G% 0 1 (0) cdt, | T (3.36)
y%m,a 0 G% 01 (1) oty
| (0br) |
_ygSLl,ﬁ_ I 0 G 01 (0)_

3.5 Experiments

3.5.1 Doppler Bias Sample and the Simulating Positioning Error

In order to verify the detection and correction methods, we use a real observable out-
lier, namely Doppler bias, which causes a vehicle positioning error in real test drives under
open sky environment. The conditions when the error occurred are shown in Table 3.2.
Fig. 3.1 shows the Doppler range-rate bias of SBAS (Satellite-Based Augmentation Sys-

tem) satellite (black line) which causes the error. The bias is extracted by subtracting the
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Table 3.2: Positioning error conditions

Date April 15, 2014
GPS-Time 17:14:41~17:32:05
Location Streets in State of Maryland, US
Antenna(ANT) Patch antenna for automobile
Receiver u-blox GPS-module NEO-7N
Epoch interval 1 [s]
Elevation angle mask 5 [deg.]
C/No mask 20 [dB/Hz]
Measurement Data C/A-L1 Code, Doppler shifts

delta-ranges from the range-rates of the satellite, and has the rectangular shape whose
length is from epoch 60 to 280 and size is approximately 10 m/s. The delta-ranges and the
range-rates are independent observables, and the subtracted values, namely the extracted

bias, is also independent.

In order to reproduce the positioning error by the GR model which is the GPS and
Doppler-based Kalman filter positioning, the extracted Doppler range-rate bias is injected
to the original range-rate of PRNG as a experimental sample (green line). The delta-ranges
of PRNG6 (red line) are almost the same values as the original range-rates of PRN6 (blue
line) because of open sky environment. The PRNG6 is the closest GPS satellite to the
SBAS satellite. The observables of the SBAS and the PRN6 GPS are independent, and

the injected values, namely the PRNG6 range-rate with the extracted bias, is independent.

We confirmed that Doppler dominant positioning causes positioning errors even under
open sky environments due to the Doppler bias sample [39]. In general, Doppler shift
frequency observable is derived from the change of the frequency of the received signal

caused by the relative motion of the GNSS satellite and the receiver. The GNSS signals are
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affected by not only the motions but also the fluctuation on the travel path, and various
geomorphic environments such as scintillation, interference, multipath, and so on.

Generally speaking, standard error model says that one-sigma error of pseudoranges is
approximately 5m [I]. As Doppler shifts are more accurate, one-sigma error of the shifts
is supposed to be approximately one tenth of pseudorange errors that is approximately
0.5m/s. We have the Kalman filter positioning with 5m and 0.5m/s as typical positioning
for C/A code and Doppler shift observables, respectively (see Table 3.3). For comparison,
we use two other different simulation conditions as Code-based positioning or Doppler
based positioning.

Table 3.3: Noise variance for R(t)

Noise variance C/A code pseudoranges | Doppler shift frequencies
[m?] [(m/s)?]

Code-based positioning 0.32 32

Typical positioning 5.0% 0.52

Doppler-based positioning 10.0? 0.32

As for typical positioning, the positioning errors from the vehicle position is gradually
getting bigger according to the vehicle movement. The continuous Doppler bias causes
abnormal velocity vector, and then the continuous abnormal velocity vector finally causes
the bigger positioning errors. In the case of Doppler-based positioning with bigger C/A
code noise and less Doppler noise variance, the amount of positioning errors are the biggest
among three cases. As for Code-based positioning, the positioning errors are smaller than
other two cases, although the biased Doppler is used for the positioning (see Fig.3.2). The
C/A code pseudoranges are utilized for the positioning on a priority basis.

Fig. 3.3 shows the ENU errors of simulation results. The positioning results by orig-
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inal log data which include no Doppler bias are regarded as the reference trajectory for
evaluating positioning errors. In the case of typical positioning, the positioning error is
simulated even under open sky environment, and has approximately 50-m error to the
direction of east and north. Doppler-based positioning is more affected by the Doppler

bias, and causes the errors after epoch 280 which includes no Doppler bias.
3.5.2 Detection and Correction Results

The experiment of Kalman filter-based positioning has been carried out to detect and
correct the Doppler biases. Table 3.4 shows the conditions of experiments (a)-(c) combined
of the IBD or MBD-methods, the exclusion or estimation correction methods, and a square
or a slope bias wave. C/A code pseudorange and Doppler shift noise variances are supposed
to be 5?m and 0.5 m/s for all experiments. The variances are decided by the one-sigma
standard deviation error model of pseudoranges [I], and the measurement analysis of the

fixed point positioning of NEO-7N receiver under open sky environments [39]. MBD-
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Figure 3.1: Extracted Doppler bias and Experimental sample
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or experiment (b), respectively. The same upper probability a = 0.05 of chi-squared tests
are used for the both IBD and MBD-methods. The k degrees of freedom for the chi-
squared tests are decided by the number of consecutive epochs for testing which is window

width k. The window width is decided to achieve the better detection performance.

Table 3.4: Experimental conditions

(a) | (b) | (¢)
C/A code pseudorange noise variance 52 [m?)
Doppler shift noise variance 0.52 [(m/s)?]
Detection | IBD (Innovation based) O | O -
MBD (Measurement based) - - O
Correction | Exclusion method O - O
Estimation method - O -
Upper probability a of x? tests 0.05

Fig. 3.4 shows the comparison of two correction methods. They are experiment (a)
by the exclusion method and experiment (b) by the estimation method at the same IBD-
method whose window width is 1 epoch. In experiment (a), during the bias-injected
period (black line), the Doppler observable of the target satellite PRN6 which includes
the Doppler bias sample is synchronously excluded (blue line), and the exclusion method
almost can have no response delays at the start and end points of the bias. However,
approximately 30 percent normal Doppler observables (green line) are excluded with the
PRN6 Doppler observable, because the normal observables include spikes which are sudden
fluctuation in one or two epochs. The spikes cause some detection errors, and the number
of normal Doppler shift observables for positioning are decreased. In experiment (b),

during the bias-injected period, the estimated bias values (yellow line) are almost the
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same as the extracted bias. Few other satellites’ Doppler biases are estimated (green line),
because the start condition for the bias estimation is that H; acceptances by Hypothesis
testing of IBD-method continue for 3 consecutive epochs. The bias estimations are stopped
after several epochs when the estimation value is less than specific threshold level 1.5 m/s.
Although the start condition can mask spikes of Doppler innovation values and be effective
to avoid type-I errors for normal Doppler shifts, the condition causes the response delay

of estimation process for several epochs.

Fig. 3.5 shows the comparison of two detection methods. They are experiments (al-7)
by IBD and experiments (c1-7) by MBD using the same exclusion correction methods. (al)
denotes the experiment (a) by using Doppler bias model (1). The same square or slope

biases are used for experiments (al-3), (c1-3), or experiments (a4-7),(c4-7), respectively.
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The square bias waves (1) is the original extracted bias range-rates, and we prepare for the
square (2),(3) or slope biases (4),(5),(6),(7) to evaluate the detection response according
to the bias size. The bias waves are formed by multiplying coefficients to the square bias
wave (1). The coefficients for (2)-(7) are doubled, halved, ascent slope 1, ascent slope 2,

descent slope 1, and descent slope 2, respectively.

The IBD-method chooses 1 epoch as the window width, because the statistics T}, in
equation (3.9) can be more widely affected by spikes of Doppler observables when k& > 2
than & = 1, and normal Doppler observables are unintentionally excluded for several
consecutive epochs. The excess exclusions degrade the detection capability of the IBD-
method. While the MBD-method chooses 4 epochs as the window width, because the

statistics T,f in equation (3.32) doesn’t surpass the upper percent point even during the
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bias-injected period when k = 1. k = 4 can effectively detect the Doppler bias and keep

the smaller response delay of correction processes.

In the comparison between experiments (al-2) and (c1-2) using square biases (black
line), the both detection methods synchronously exclude the target satellite PRN6 (blue
line) during the bias-injected period. There are no critical response delays by the detection
processes at the start and end points of the period. In the comparison between experiments
(a3) and (c3) using halved square bias (black line), the both methods cannot fully detect

the PRN6. MBD-method has intermissive detections.

In the case of experiments (a4-7) and (c4-7) using slope bias (brown line), the both
detection methods have the response delays (blue line). The exclusion of PRNG6 is earlier
started by experiment (c5) than experiment (a5). Experiments (¢1-7) have less number of
excluded satellites with normal Doppler observable (green line) compared with experiments
(al-7). We consider that the innovation process in Kalman filter is easily affected by spikes
in Doppler observables obtained by low-end single frequency receivers. On the other hand,
the difference values by the MBD-method are less affected by spike-like noises. because
the noises can be lowered by the subtraction between the delta-ranges and the range-rates.
Also The MBD-method can effectively detect Doppler biases when C/A code pseudorange
observables do not have anomalies caused by noises or multipath. The MBD-method
therefore is required to combine with the quality monitoring process of the C/A code

pseudoranges.

Fig. 3.6 shows the comparison of the positioning results with no correction (green line)
or with three corrections (a),(b),(c) of the square Doppler bias. The gaps between the green
trajectory with no correction and the road gradually get wider due to the abnormal vehicle

speed vectors caused by the Doppler bias. The deviated green trajectory is corrected by
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three correction experiments (a),(b),(c), and the corrected trajectories come close to the

road.

Fig. 3.7 shows the ENU errors of correction results. The positioning results by original

movement
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data which include no Doppler bias are regarded as the reference trajectory for evaluating
positioning errors. No correction (green line) causes that the ENU errors are more than
20m in the Doppler bias-injected period. Contrarily, three correction experiments result
in almost less than 20-m errors. Experiment (a),(blue line) results in that there are
some small positioning errors even when no Doppler bias injection because of the excess
exclusion of normal observables. Experiment (b),(yellow line) results in that positioning
errors are bigger than experiment (a) at the start and end points (pink dotted circle) of the
bias-injected period because of some response delays of estimation process. Experiment
(c),(red line) results in that positioning errors are smaller than experiments (a) and (b)
from the start to the end. The positioning misalignments from the reference positioning

are almost less than approximately 10 m.

3.6 Concluding Remarks

In this chapter, we have formulated a Doppler-aided Kalman filter positioning from
the PPP GR models. Instead of carrier-phase pseudoranges, Doppler range-rates are uti-
lized with C/A code pseudoranges in the GR model. Experiments of the detection and
correction methods have been done by using the Doppler outlier (bias) from the real re-
ceiver data, and artificially simulated the positioning errors by the bias under open sky
environments. The existing innovation based detection (IBD) method and a novel mea-
surement based detection (MBD) method combined with the exclusion or the estimation
correction methods has been proposed for the injected Doppler bias of PRN6 range-rates,
and been able to remove the impacts of the Doppler bias to keep the vehicle position
accuracy high. We have shown that the both IBD and MBD-methods can properly detect

the Doppler bias by the chi-squared tests. The window widths k of the bias detection
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tests by the IBD or MBD-methods are decided to achieve better detection performance
under the same upper probability of chi-squared tests, namely k = 1 for IBD-method and
k = 4 for MBD-method. The IBD-method can be widely affected by the spikes included in
the normal Doppler observables of automotive single-frequency receivers than the MBD-
method, and provide the false detections of the observables. The exclusion method can
be easier implemented because of the smaller response delays at the start and end points
of the bias-injected period than the estimation method. The MBD and exclusion method
provides the best performance compared with the IBD and exclusion method, and the
IBD and estimation method.

We also consider that Robust Kalman Filter methods can be applied for GNSS observ-
able outliers at a next step, because it is reported to be effective to reduce the impacts of
observable spike noises [9], [I0]. The number of satellite signals for C/A code pseudoranges
and Doppler shift observables increases more and more by the operation start of multi-
frequency and multi-GNSS systems. Our proposal can achieve the selective utilization of

the better signals and have the possibility to be effective for more precise positioning.



Chapter 4

DD-PPP/VPPP Algorithms by
using Multiple Antennas

4.1 Introduction

In general, so-called SPP (standard point positioning) utilizes C/A code pseudoranges
of low-end single-frequency receivers solving the nonlinear equations, and has several tens
of meter positioning errors caused by the error sources [43]. On the other hand, rela-
tive positioning additionally utilizes carrier-phase observables which provide more precise
pseudoranges, and augmentation data obtained from reference stations through commu-
nication means. The data are based on multi-GNSS observables at reference stations,
and utilized for cancelling common bias-related error sources by single difference (SD)
or double difference (DD) methods [2] applied to the observables at receivers and the
reference stations. The relative positioning therefore has millimeter-level positioning for
topographic surveying.

PPP also utilizes carrier-phase observables, and is an ultimately desirable technology in
the GPS/GNSS positioning community [29]. According to [15]-]20], the PPP GR models
achieved the positioning accuracy in decimeter-level without any external transmitted

information such as WAAS by the high-end receivers for topographic surveying. Then we

66
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had derived the VPPP (very precise point positioning) algorithm with multiple antennas
and with common receivers’ clock errors by applying the multiple GR models and Kalman
filtering [21]—-[25].

We have advanced our previous PPP algorithms, and applied DD-based observables
among multiple antennas to the algorithms and derived the DD-based GR models (DD-
PPP). The DD-PPP GR models are based on the relative positioning GR models, however,
all antennas’ positions are unknown. Furthermore, VPPP algorithm has been applied to
the DD-PPP by geometrical distance constraints among antennas’ position. Although
other methods utilize the distance constraints to fix integer ambiguity of carrier-phase ob-
servables [44], our proposed VPPP algorithms update PPP estimates every epoch by the
minimum mean square (MMS) methods based on the constraints to improve the position-
ing accuracy. In these derivations, we had discovered the simplest derivation of Kalman’s

measurement update equations shown in [23], as a byproduct.

The GR models for PPP algorithm by applying the DD-based GNSS observables among
multiple antennas (receivers) are shown in Chapter 2. The Kalman filtering algorithms for
recursive estimation of all antennas’ positions and the DD-based integer ambiguity of all

carrier-phase observables are derived.

In this chapter, we show the advantages of VPPP method which utilizes the DD-based
observables and the geometric distance constraints among multiple antennas’ positions.
The MMS estimation method based on the constraints are applied for every epoch in
conjunction with the DD-PPP Kalman filtering algorithms.

We have carried out the experiments of static positioning by four antennas located
on a square area. The experimental results of our proposed DD-PPP/VPPP algorithms

comparing with the previous PPP/VPPP algorithms are shown. Then we show the DD-
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PPP/VPPP root-mean-square (RMS) error comparison results between two and four an-

tennas through 24-hour static positioning.

4.2 DD-PPP/VPPP Algorithms and Updating by Constraints

For the case of p =1, ¢ =2,...,ns and u; = u1,uj = uz (n, = 2), we have the follow-
ing measurement equations for antennas of u; and us and for ng satellites. In the static
case, Doppler shift observables are not necessary in the GR equations for PPP/VPPP
positioning, because the antennas are located at the fixed positions, and the speed param-
eters related to Doppler observables are zero.

PPP GR Equations for Two Antennas
The PPP observable equations in Eq. (2.36) are individually utilized for antennas of uq
and us. The Doppler-related observables y% L4 and unknown parameters 1;, c5tui are

excluded in Eq. (2.36)-(2.37).

Yar (1) = CLL ()00, () + vuy (£), Ouy (E+1) = O, (1), (4.1)
Yao (t) = CL2(£)00s (£) + vuy (t), Oug (£ + 1) = Oy (8), (4.2)
Usj
Yc A a2 11 0 St
Vi, = , O = | T 0= Ol i=120 (43)
YI1,4, ' Gi 1 1 M 0by,
NLl,ul

SD-PPP GR Equations for Two Antennas
The SD-PPP observable equations in Eq. (2.77) are utilized for antennas of u; and ua. The
Doppler-related SD-based observables 5% Lltway (p=1,...,ns) and unknown parameters

U1, U2, COlyyy, are excluded in Eq. (2.77)-(2.81).

Yot (t) =0y (t)nuzul (t) + Vupuy (t)a Nuguy (t + 1) = Nuguy (t)a (4'4)
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DD-PPP GR Equations for Two Antennas
The DD-PPP observable equations in Eq. (2.93) are utilized for antennas of u; and wus.
The Doppler-related DD-based observables f)qDﬁLl ina, (P =1,9=2,...,ns) and unknown

parameters 1, Uz are excluded in Eq. (2.93)-(2.97).

Ai Ai 1 1 1 1
Yoga, (1) = CL (0)nh, (8) + 005, (), 1y, (84 1) = nh,, (1), (4.6)
pl P11 pol U1
i | Yoaasn i | Cu Gao O L
Yagin = Pl ’ Cﬁ - P11 ~p2la ’ ngwl - U2 ' (4'7)
yLlﬂbﬂl _Gﬂl GaQ )\11 zi,luzm

Updating by Constraint Conditions
The constraint conditions are applied to update PPP/DD-PPP estimates as follows.
Namely, when we obtain the filtering estimates 7);; and the error covariance matrix 3, ;,

we apply the geometric distance and clock constraint conditions. The PPP algorithms

with constraint updating is hereinafter called VPPP (“Very” Precise Point Positioning):

dji = [|u; — uil[ + eq (4.8)

ji?

coty — oty = ecst (4.9)

ji?

where the measurement error egy;; is assumed as a Gaussian white noise with eq;, ~
N(0,7q4;,). We should note that the electrical phase center of an antenna is generally

not identically to its geometric center. The phase center can also vary with the direction
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of arrival (azimuth and elevation) of the signal and such variation can range from under a
millimeter to 1cm~2 cm, depending upon antenna design. Usually the phase center vari-
ation is treated as measurement noise [26], and eq,, and e.s,, are mutually independent

Gaussian white noises with
€d;; ~ N(O,dei), €cit;; ™ N(O,Tcgtﬂ). (4.10)

In the case of n, = 2, define the constraint conditions at time ¢:

d
V21t = [ " ] ; (4.11)

C(Stl

and consider the following relations of the conditional probability density function (CPDF):

P, Y y21)  p(ne, y214| Y )p(Y?
P [¥, 7o10) = (Yt ) _ p( tl p(Y")
p(Yt, v21,) p(Yt, vy214)

_ p(ya1elne, Y )p(me[ Y )p(Y")
(Y, 721,4)

p(Y") : ,
(Y, 7217”10(771%\ )p(v21,e|ne, Y)

= Ko(Y", v21,0)p(me|Y )p(v21e|me), (4.12)

t_ t _ p(Y"
Y ={yo,y1, ,ut}, Ko(Y',721,) = m

Then we have relations:
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Therefore, p(n:|Y?,v21+) in Eq. (4.12) is expressed as follows:

1

pelY" v214) = Ko(Y! yo14) e
(277)n /Q‘En,ﬂt’

7l — ]}

1 _ _ 2
exp{_ [d21 — [[ug — w]] }

1 .
X exp{ - 5[% — M|t

>< e
V21T g, 2rg,,
1 (cdty — cbty)?
Xiexp{——}. 4.15
V2T esty, 27510, ( )

Then we remark that the constraints is expressed by the quadratic form of n as follows:

dgl — |[|U2 — U1 2 1
| !Td I :27'd {dgl+||U2—U1H2—2d21HU2—u1H}
21 21
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Finally, we have the expression of the quadratic form:
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where therefore, we have the following quadratic form for the power term of the CPDF

(4.15):
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Then the update estimated vector 7 and error covariance matrix 2,7 of n based on the

minimum mean square estimate are given by

y _ ~1 o1 - 1
21 = (277211 + Mml) (2772117721 - §Cn21)a (4.21)
S - -1
S = (S + M)~ (4.22)
In the case of VPPP under two independent PPP positioning,
[ 1
Tdgy Tdgy
Cr21 —Cro1
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My,, = : (4.23)
1 1
Tda1 Tda1
—Cr21 Cro1
i On,+3 Ong+3
T _
oy = [ digy Op a | —diyy Op 44 ] ; (4.24)
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On,+3 is the (ns + 3) x (ns + 3) zero matrix, and 0, 44 is the (ns + 4) zero vector.
In the case of constraint updating under DD-PPP positioning, the receiver clock errors

cdty and cdty are canceled. The clock-related constraint c.o; therefore is unnecessary.

o ) -
Tdgy ! Ty £jo -0
1 1
_rdmI 7'd21I 0 --- 0
M,,, = 0 0 0 --- 0| (4.25)
0 0 0 0
T _
Cpy = | dYy, —dY, 0T .. 0T |- (4.26)

In the cases of n, = 3 and n, = 4, see Appendix A.

These updated values are applied to Egs. (2.120) and (2.124), respectively, as

ﬁt|t =1, En,t\t =Y.

Additional constraints

See Appendix C.
4.3 Experiments

We carried out the comparison of positioning methods by using the GPS data obtained
under the experimental conditions (see Table4.1). Single-frequency and economical u-blox
GPS receiver NEO-M8N and patch antennas (ANTs) for automobile were used for the
experiments. The antennas ANT-1,2, 3,4 were located at the corners of a square board
(see Fig.4.1), and the coordinates of their positions in the WGS84 system are listed in

Table4.2. The positioning errors applying the relative positioning method are less than
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a few centimeters, and the positions are used to evaluate the proposed positioning as
reference positions. Receivers connected to ANT-1 and 2, or receivers connected to ANT-
3 and 4 are operated by synchronized clocks, respectively. ANT-1 and 4 are reference
antennas for SD/DD-based positioning methods. ANT-X is the antenna for two frequency

topographic surveying GNSS receiver, and located on the center of the square board.

Table 4.1: Experimental Conditions

Date March 8, 2015

GPS-Time 06:00:00~06:10:00

Location Biwako Kusatsu Campus, Ritsumeikan Univ.
Antenna(ANT) INPAQ patch antenna for automobile

Receiver u-blox GPS-module NEO-M8N (FW2.0)
Epoch interval 1 [s]
Elevation angle mask 15 [deg.]
Measurement Data C/A Code Pseudorange, L1-Carrier-Phase

Table 4.3 shows the DD-PPP /VPPP positioning conditions. The state variables, namely
antenna positions and integer ambiguity, are estimated by Kalman filter as unknown pa-
rameters. The initial values of the positions are obtained by SPP, and affect the positioning
accuracy. The broadcast ephemeris and Klobucher parameters obtained from navigation
messages are utilized as the SPP conditions. The data provided by international GNSS
service (IGS) are not effective for improving the SPP. The noise variances for Kalman

filtering are decided under the better positioning results.

Table 4.4 shows the positioning methods (a)-(f). The methods (e) and (f) utilize SD-
based observables which can cancel the satellite, ionosphere, and troposphere-related er-
rors. The methods (c) and (d) utilize DD-based observables which can additionally cancel
the receiver-related errors. On the contrary, the methods (a) and (b) utilize the broadcast

messages for satellites and the signal delay models for ionosphere or troposphere, and es-
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Figure 4.1: GNSS antenna array on a square board

Table 4.2: Real antennas positions by relative positioning

WGS-84

X [m]

Y [m]

Z [m)]

ANT-1

-3761236.152

3636879.281

3635962.036

ANT-2

-3761236.711

3636878.709

3635962.020

ANT-3

-3761236.392

3636878.384

3635962.676

ANT-4

-3761235.833

3636878.954

3635962.689

75

timate the receiver-related errors. All methods (a)-(f) estimate the integer ambiguity of

raw, SD, and DD-based carrier-phase, respectively. The constraint of geometric distance

among antennas are applied to the methods (b),(d), and (f).

Fig. 4.2 shows the concept of the positioning (a), (b), (¢), (d) when two antennas ANT-

1(u1),2 (u2) are used, and the positioning (c2), (d2) when four antennas ANT-1 (u1), 2 (u2),

3 (u3),4 (uyq) are used. (a)PPP is individually applied for each antenna to estimate each

antenna position. (b)VPPP additionally utilizes the updating algorithm by geometric
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distance constraint (GDC) on (a). (¢)DD-PPP utilizes the DD-based observables (DDO)
for a pair of two antennas. (d)DD-VPPP additionally utilizes the updating algorithm by
GDC on (c). (c2)DD-PPP utilizes DDOs for six pairs of two antennas. (d2)DD-VPPP

additionally utilizes the updating algorithm by GDCs of six pairs of two antennas on (c2).

Table 4.3: DD-PPP/VPPP positioning conditions

State variables Initial values [m] Initial variance [m?]
Antenna positions SpPpP 12
Integer ambiguity DD of (¢ — p — 261) 102

SPP conditions
Satellite orbits/clocks Broadcast ephemeris (IGS)
Tonosphere models Klobucher (IGS)
Troposphere models Saastamoinen

Noise variance [m?]

C/A code pseudoranges 0.32
Carrier-phase pseudoranges 0.082
Satellite orbits 0.052
Satellite clocks 0.032
Geometric distance 0.012

4.3.1 Comparison of PPP/VPPP/DD-PPP/DD-VPPP

The positioning experiments of (a) PPP and (b) VPPP for two methods; without
differences of C/A code and L1 carrier-phase observables in [23], [24] (call WOD-methods),
and the presently proposed (c) DD-PPP and (d) DD-VPPP by taking double differences for
observables (call DD-methods), are carried out by applying the Kalman filter formulation
under static positioning conditions.

Fig. 4.3 shows the positioning errors for the ANT-1 (u;) and 2 (ug), respectively, using
GPS observables in 06:00:00 - 06:00:59 (60 epochs) by the DD-methods with the local level
axes (ENU: East, North, and Height(Up)), where the blue and red lines show the ENU

errors of (c) DD-PPP and (d) DD-VPPP results, respectively. The errors are computed
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Table 4.4: Positioning methods

(a) (b) ©) () © ®)
Positioning methods PPP VPPP DD-PPP | DD-VPPP | SD-PPP | SD-VPPP
Satellite orbit Broadcast
Satellite clock error Broadcast
Satellite H/W bias Negligible Canceled by SD
Tonospheric delay Klobuchar
Tropospheric delay Magnavox
Estimation method Kalman filter
Antenna position Static
Receiver H/W bias 1st-order Markov Canceled by DD 1st-order Markov
Receiver clock bias 1st-order Markov 1st-order Markov
Integer ambiguity Random walk
Distance constraint H — ‘ O ‘ - ‘ O ‘ - ‘ O

(a) 2-ANTs, PPP

®  ©

ANT-1 ANT-2
(c) 2-ANTs, DD-PPP
DDO
ANT-1 ANT-2

(c2) 4-ANTs, DD-PPP
ANT-4 ANT-3

Figure 4.2: Positioning concept for two and four antennas

by difference between each estimated position and the corresponding position shown in
Table4.2. We can observe from Fig. 4.3 that the positioning quality is slightly improved
by using VPPP (using the geometric constraints), and (d) DD-VPPP just needs several

seconds after the positioning start to reach the fixed position. The RMSE (Root Mean
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Square Error) of ENU coordinate is defined as follows:

Ny Ne
RMSE = nlnl ; ; ((B2,, + N2, +U2,,)/3) (4.27)
where n. denotes the number of epochs. E; ;, Ne i+, Ue i+ means the ENU errors of antenna
i at epoch t, respectively. The RMSE of 60 epochs (n.=60) Eastward, Northward, Upward
errors at the individual antenna (n,=1) in Fig. 4.3 are shown in Table4.5. The 2 ANTs
horizontal ENU RMS errors of (d) DD-VPPP1 is slightly better than that of (c) DD-PPP,
and the improvement ratio of the errors from (c) to (d) is approximately 88 %.

Fig.4.4 shows the RMS errors of PPP and VPPP ENU coordinate by WOD (a),(b)
and DD-methods (c),(d) which utilize two antennas, ANT-1 and ANT-2. The vertical axis
shows the RMS errors of two antennas (n,=2) after 10 seconds (tenth epoch) from the
positioning start (n.=1) in Eq. (4.27). The horizontal axis shows sequential numbers of ex-
periments. The experiments for the comparison of four positioning methods (a),(b),(c),(d)
are repeated 10 times during 06:00:00 - 06:10:00 (GPST) every 1 minute. The results show
the RMS errors of estimated positions after 10 seconds from the positioning starts, which
are 60(k-1)4+10 (k=1~10: the sequential number) seconds from 06:00:00. Basically, the
RMS errors of u-blox NEO-M8 GPS positioning are approximately 2.5-m CEP (Circular
Error Probability) [45], while the errors of the four positioning methods are less than 1.5 m.
There are some fluctuations among estimated positions, because the priori initial estima-
tions by SPP (Standard Point Positioning) are used as the antennas’ position for Kalman
filter, however, (d) DD-VPPP has the smallest RMS errors. The total improvement ratio
from (a) PPP to (d) DD-VPPP is approximately 84 %.

(e) SD-PPP and (f) SD-VPPP approximately have the same RMS errors as (c) DD-

PPP and (d) DD-VPPP, respectively, because the clock error difference of receivers con-
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Figure 4.3: ENU errors of ANT-1 and ANT-2
Table 4.5: RMS errors of DD-methods
[m] RMS|m]
EN ENU
E | 0.3619
(c) DD-PPP N | 1.2374 | 0.9116 | 0.7801
ANT-1 U | 0.4046
E | 0.9374
(d) DD-VPPP | N | 1.1608 | 1.0550 | 0.8616
U | 0.0294
E | 1.4710
(c) DD-PPP N | 1.0880 | 1.2933 | 1.1272
ANT-2 U | 0.6815
E | 0.8643
(d) DD-VPPP | N | 1.1619 | 1.0240 | 0.8552
U | 0.3116
Total (c) DD-PPP - — 1.1188 | 0.9693
(2-ANTs) | (d) DD-VPPP | - — [1.0396 | 0.8584

nected to the ANT-1 and 2 operated by synchronized clock has little influence on the

SD/DD-based positioning. The DD-based positioning approximately has the same perfor-
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Figure 4.4: RMS errors of four positioning methods
Table 4.6: Improvement ratio of DD-VPPP
RMS error [m] Improvement ratio [%]
Start time | Sampled time | (a) PPP (b) VPPP | (c) DD-PPP | (d) DD-VPPP (d) / (a) (d) / (b)
1 6:00'00 6:00'10 1.1171 0.8736 1.0783 0.8574 76.7 98.1
2 6:01’00 6:01'10 1.3877 1.3110 1.2658 1.2797 92.2 97.6
3 6:02’00 6:02'10 1.1570 1.1574 1.1941 1.1858 102.5 102.5
4 6:03'00 6:03'10 1.1300 0.8416 0.7789 0.7595 67.2 90.3
5 6:04’00 6:04'10 1.4372 1.2139 1.1363 1.1111 77.3 91.5
6 6:05'00 6:05'10 1.4057 1.0071 1.2537 0.9475 67.4 94.1
7 6:06'00 6:06'10 1.0161 0.7637 0.8899 0.7236 71.2 94.7
3 6:07’00 6:07'10 1.2895 1.2760 1.2075 1.2131 94.1 95.1
9 6:08'00 6:08'10 1.1806 1.0681 1.1253 1.0465 88.6 98.0
10 [ 6:09'00 6:09'10 1.1801 1.2368 1.2812 1.2188 103.3 98.5
Average 1.230 1.075 1.121 1.034 84.1 96.0

mance even in the case of ANT-1 and 4 operated by desynchronized clock, however, the

SD-based positioning has a high probability of performance degradation.

4.3.2 Comparison of the Number of Antennas and Constraints

In order to compare the positioning accuracy by the number of antennas and con-

straints, we carried out the 24-hours static positioning by using four low-cost single-

frequency GPS receivers (four antennas) obtained under the experimental conditions (see
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Table4.7). Compared with the conditions in Table4.1, the same antennas and receivers
NEO-MS8N are used, however, the firmware version FW3.1 is different from FW2.0. The
antennas ANT-1,2,3,4 were located at the corners of a square, 80cm on a side on the
rooftop of the vehicle, and the coordinates of their positions in the W(GS84 system are
listed in Table4.8, and they are also obtained by the relative positioning method. Each
receiver is operated by its individual clock because of the receiver clock offset cancellations

by the DD-based positioning technique among receivers. Fig. 4.5 shows the GPS satellite

Table 4.7: Experimental Conditions

Date February 13-14, 2017

GPS-Time 03:00:00~02:59:59 (24-hours)
Location Sanda works, Mitsubishi Electric Corp.

Antenna(ANT) INPAQ patch antenna for automobile
Receiver u-blox GPS-module NEO-M8N (FW3.1)

Epoch interval 1 [s]

Elevation angle mask 10 [deg.]
Measurement Data | C/A Code Pseudorange, LL1-Carrier-Phase

Table 4.8: Real antennas positions by relative positioning

WGS-84
X [m] Y [m] Z [m]
ANT-1 | -3717933.028 | 3688815.774 | 3628264.294
ANT-2 | -3717933.658 | 3688815.561 | 3628263.855
ANT-3 | -3717933.790 | 3688814.943 | 3628264.343
ANT-4 | -3717933.164 | 3688815.161 | 3628264.785

constellations every 2-hours based on the observables obtained by the 24-hours GPS static
positioning. In general, the orbits of GPS satellites are nearly circular, and the orbital pe-
riod is approximately 11 hours and 58 minutes. Each satellite approximately goes around
the earth two times a day, and the rotation of the earth is 24-hours. The satellites return

again to the first positions after 24-hours. Fig. 4.6 shows the Eastward/Northward (EN)
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errors of NEO-M8N positioning every 2-hours during 24-hours. According to the u-blox
product catalog [45], the errors of NEO-M8N GPS positioning are approximately 2.5-m
CEP (Circular Error Probability). The EN errors of the positioning results in Fig. 4.6
shows approximately less than 2.5m from the average positioning accuracy, however, the
average values tend to have northward offsets. The tendency is generally caused by the
GPS satellite constellations. Fig. 4.7 shows the Upward (U) errors of NEO-M8N position-
ing every 2-hours during 24-hours. In general, the upward errors of the positioning is worse
than the EN errors, because the only satellites above the horizon can be acquired by the
receivers and utilized for the positioning. Fig. 4.7 shows that the downward errors of more
than 4 m frequently occur. Table. 4.9 shows the EN and the ENU RMS errors of SPP for
four antennas every 2-hours. The SPP results of the antenna positions are obtained by

GR models and utilized as the initial values for the positioning (a)-(f).

Fig.4.8 shows the RMS errors of (¢) DD-PPP and (d) DD-VPPP on ENU and EN
coordinate by using the two antennas ANT-1,4 or the four antennas ANT-1,2,3,4. In the
case of two antennas, the DD-based observables and the distance constraint do; in Eq. (4.8)
by one pair of ANT-1,4 are utilized for the positioning. In the case of four antennas, the
DD-based observables and the distance constraints da, ds1, d41, ds2, dao, dsz in Eq. (4.8)
by six pairs of ANT-1,-2, ANT-1,-3, ANT-1,-4, ANT-2,-3, ANT-2,-4, ANT-3,-4 are
utilized for the positioning. The vertical axis shows the RMS errors of two antennas (n,=2)
or four antennas (n,=4) after 10 seconds (tenth epoch) from the positioning start (n.=1)
in Eq. (4.27). The horizontal axis shows sequential numbers of experiments. The experi-
ments for the comparison of two positioning methods (c) and (d) are repeated 120 times
during 13:00:00 - 14:59:59 (GPST) or during 17:00:00 - 18:59:59 (GPST) every 1 minute, re-

spectively. The former time period has the smallest RMS errors of the total four antennas’
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SPP, and the latter time period has the biggest RMS errors of the total four antennas’
SPP in Table4.9. The results show the RMS errors of estimated positions after 10 sec-
onds from the positioning starts, which are 60(k-1)+9 (k=1~120: the sequential number)

seconds from the start time 13:00:00 or 17:00:00.

There are some fluctuations among the RMS positioning errors, because the fluctu-
ations of SPP affect the positioning accuracy as the priori initial estimations of the an-
tennas’ position for the Kalman filter. Some of the RMS errors on EN coordinates are
approximately less than 20 cm~30cm. The 4-ANTs, DD-PPP(blue)/VPPP(red), EN has
less fluctuations compared with the 2-ANTs, DD-PPP/VPPP, EN. Table4.10 shows the
average RMS errors and the improvement ratio (120-times) in Fig 4.8. Basically, the
errors of u-blox NEO-M8 GPS positioning are approximately 2.5-m CEP (Circular Error
Probability) [45], while the average RMS errors in all cases are approximately less than
1.5m, and 4-ANTs, DD-VPPP, EN has the smallest RMS errors which are approximately
50 ~60 cm. Although the time period 17:00:00 - 18:59:59 (GPST) has the bigger ENU RMS
errors of SPP, the 4-ANTs, DD-VPPP,EN has almost the same average RMS errors as
that of the smallest time period 13:00:00- 14:59:59 (GPST), because the upward errors of
SPP cause the difference of the positioning RMS errors between the both time periods.

The improvement ratio of the EN RMS errors in the 4-ANTSs case are approximately 68 %.

One of the causes to affect the SPP accuracy is the ionosphere delay parameters of the
Klobuchar model [46] in the navigation messages from satellites. The model parameters
simulate the changes of the zenith directional ionosphere delays for a day by the cosine
curve. The GPS parameters can improve the ionospheric bias errors, 4 m~5m, which is
the biggest cause of the positioning errors by approximately 50 %. The QZSS also broad-

casts the original parameters, the altitude positioning errors can be improved more than
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GPS in Japan and the areas surrounding Japan. The difference between GPS and QZSS
parameters does not appear during the time period 11:00:00-23:00:00 (GPST) in Table
4.9, because the cosine curve of the Klobuchar model does not get involved in the period.

Fig.4.9 shows an example of the four antennas’ DD-PPP(blue) /VPPP(red) EN RMS
errors compared with the NEO-M8N positioning results(yellow). The positioning period
is 20 minutes, 13:50:00-14:09:59 (GPST). The DD-PPP/VPPP have smaller positioning
fluctuations than NEO-MS8N, and the errors tend to have offsets from the real antennas’
positions to the same northeastward directions except for the ANT-2. The baseline vec-
tors, namely the differences between two antenna positions, could have smaller errors by
canceling the offsets of the two antennas. Table4.11 shows the RMS errors of three posi-
tioning methods in Fig.4.9. The EN RMS errors of the DD-VPPP is approximately half

compared with that of the NEO-M8N.

4.4 Concluding Remarks

In this chapter, we have presented a novel PPP algorithm based on double difference
(DD) observables, and the update equations of an improved VPPP algorithm by minimum
mean square (MMS) methods based on geometric distance constraints (GDC) of multiple
antennas. The updating process based on the constraints are applied to the positioning
estimates every epoch in conjunction with the DD-PPP Kalman filtering algorithms.

The experiments of four antennas (receivers) have been carried out in a static sit-
uation. The DD-VPPP needs several seconds to reach a fixed position, and has the
smallest root-mean-square (RMS) errors among four positioning methods, namely PPP
and VPPP of without DD (WOD) and DD-methods when two antennas are used. The

total improvement ratio from the conventional PPP method to our proposed DD-VPPP



85

is approximately 84 %. Furthermore, the DD-based PPP/VPPP algorithms based on GR
models have approximately the same positioning performance under the both synchronous
or asynchronous clock operation, and easy to be utilized under multiple antenna system
which includes asynchronous clock operation compared with SD-based positioning.

The experiments of the 24-hours static positioning by using four low-end single-frequency
GPS antennas (receivers) have been carried out. In the case of the RMS errors of two
antenna DD-PPP/VPPP, We have achieved less than 40-cm positioning errors on hori-
zontal east-north (EN) coordinate after ten seconds (epochs) from the positioning starts
without any external transmitted information. Our proposed DD-VPPP methods are ap-
proximately less than half on EN coordinate, and less than 1/4 on east-north-up (ENU)
coordinates compared with the low-cost single-frequency u-blox NEO-M8N positioning.
In the case of the improvement ratios of the averaged RMS errors from DD-PPP to DD-
VPPP, when the antenna numbers are increased from 2-ANTs to 4-ANTs, the ratios are
approximately improved from 82 % to 66 % on EN coordinates. The 4-ANTs DD-VPPP
has less fluctuations of the RMS errors caused by SPP, because six GDCs are applied to
the MMS estimation method of DD-VPPP.

Compared with the positioning results of u-blox NEO-MS8N single-frequency receivers
without carrier-phase observables, the improvement ratios of the DD-VPPP positioning
errors from the NEO-M8N are approximately 70 % as ENU RMS errors, and approximately
50% as EN RMS errors. The total EN RMS errors of 1200 epochs and four antennas is
less than 40 cm. The errors tend to have offsets from the real antennas’ positions to the
same directions. The baseline vectors, i.e. the differences between two antenna positions,

could have smaller errors by canceling the offsets of two antennas.
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Figure 4.5: GPS satellite constellations during 24-hours
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Figure 4.6: Eastward/Northward errors of NEO-M8N positioning during 24-hours
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Figure 4.7: Upward errors of NEO-M8N positioning during 24-hours

Table 4.9: EN and ENU RMS errors [m] of SPP for four antennas

Time period ANT-1 ANT-2 ANT-3 ANT-4 Total(4-ANTs)
(GPST) EN | ENU EN | ENU EN | ENU EN | ENU EN | ENU
03:00:00-05:00:00 || 1.2348 | 1.8531 | 1.1074 | 1.8779 | 1.0678 | 1.7777 | 0.9493 | 1.6604 || 1.0946 | 1.7943
05:00:00-07:00:00 || 1.0996 | 2.3821 | 0.9701 | 2.2625 | 0.8414 | 2.0950 | 0.8159 | 1.9252 || 0.9386 | 2.1731
07:00:00-09:00:00 || 1.0279 | 2.1424 | 0.8502 | 2.3907 | 0.9195 | 2.0975 | 0.7216 | 2.0057 || 0.8868 | 2.1638
09:00:00-11:00:00 || 1.0486 | 1.8842 | 0.9663 | 1.7747 | 0.8485 | 1.5911 | 0.8207 | 1.5779 || 0.9256 | 1.7118
11:00:00-13:00:00 || 0.9877 | 1.3642 | 0.9008 | 1.7558 | 0.9214 | 1.2651 | 0.7830 | 1.2377 || 0.9013 | 1.4209
13:00:00-15:00:00 || 0.7488 | 1.1816 | 0.8134 | 1.2664 | 0.8433 | 1.3179 | 0.7586 | 1.2254 || 0.7920 | 1.2488
15:00:00-17:00:00 || 1.1336 | 2.0562 | 0.9449 | 1.4207 | 0.8959 | 1.5390 | 0.9272 | 1.5062 || 0.9798 | 1.6495
17:00:00-19:00:00 || 0.8298 | 1.9591 | 0.9448 | 2.2779 | 0.7618 | 1.9974 | 0.7538 | 1.9545 || 0.8261 | 2.0516
19:00:00-21:00:00 || 1.0390 | 2.1567 | 1.1269 | 2.0377 | 1.0447 | 2.0504 | 0.9847 | 2.0176 || 1.0501 | 2.0663
21:00:00-23:00:00 || 1.0774 | 1.8064 | 0.9113 | 1.5961 | 1.0078 | 1.7984 | 0.8721 | 1.5745 || 0.9705 | 1.6973
23:00:00-01:00:00 || 1.5054 | 1.8484 | 1.3202 | 1.6095 | 1.4544 | 1.7142 | 1.4286 | 1.5907 || 1.4288 | 1.6938
01:00:00-03:00:00 || 1.4866 | 2.3697 | 1.3229 | 2.0169 | 1.4721 | 2.2941 | 1.4416 | 2.1319 || 1.4322 | 2.2075
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Figure 4.8: ENU and EN RMS errors of two/four antennas’ positioning during 2-hours

Table 4.10: Average EN and ENU RMS errors of DD-PPP/VPPP for two/four antennas

Time period Antenna ENU (RMS) EN (RMS)
(GPST) numbers () (d) (d)/(c) () (d) (d)/(c)
DD-PPP | DD-VPPP | Improvement | DD-PPP | DD-VPPP | Improvement
(10sec) (10sec) ratio (10sec) (10sec) ratio
[m] [m] [%] [m] (m] [%]
13:00:00-14:59:09 | 2-ANTs 1.1998 0.9409 78.42 0.7242 0.5903 81.52
4-ANTs 1.2582 0.7812 62.09 0.7945 0.5634 70.92
17:00:00-18:59:09 | 2-ANTs 1.9193 1.7413 90.73 0.7479 0.6200 82.91

4-ANTs 2.0123 1.7233 85.64 0.8218 0.5496 66.88




90

Do 25
ANT-4 . NEO-M8N ANT-3 20
E © DD-PPP T
4 5 © DD-VPPP [ 4 15
2 I 2
@ 1 > 5 5] 10
T T
S £
= 0.0 2
-20 -5 -10 -05 0. 1.0 15 20 25 -20 -5 -1 1.0 15 20 25
o5
10
15 5
=8 2.0
® : ANT position Eastward errors [m] Eastward errors [m]
ANT-1 ANT-2
20 20
£ £
0 15 4 15
2 2
) (7]
i 1.0 - i — 1 -
S 1
2 2
0.5 - - —
£ £ |
2 00- @ 2 ¥ _
-20 -15 -10 -05 00 0 15 20 25 -20 -15 =1 — 0. 05 1.0 15 20 25
05 0.5
1.0 A A 1.0
1.5 15
20 2.0
20 minutes (1200 epochs) Eastward errors [m] Eastward errors [m]

Figure 4.9: EN RMS errors of a sample of four antenna positioning

Table 4.11: EN and ENU RMS errors [m] of a sample of four antennas

Positioning ANT-1 ANT-2 ANT-3 ANT-4 Total(4-ANTSs)
Methods EN | ENU EN | ENU EN | ENU EN | ENU EN | ENU
NEO-MS8N || 0.8819 | 1.0596 | 0.6612 | 1.3130 | 0.5397 | 0.8693 | 0.6483 | 0.8898 || 0.6940 | 1.0481
DD-PPP 0.5750 | 0.5219 | 0.4921 | 1.5613 | 0.3065 | 0.4720 | 0.3898 | 0.8572 || 0.4524 | 0.9576
DD-VPPP || 0.3626 | 0.4549 | 0.3657 | 0.8783 | 0.2411 | 0.7709 | 0.3892 | 0.7026 || 0.3445 | 0.7187




Chapter 5

Euler Angle Estimation by
Baseline Vectors

5.1 Introduction

In general, not only positions, velocities, and accelerations but also body attitude of
vehicles are important information for the navigation or system control of vehicle mobile
applications. Basically the more reliable and higher performed attitude determination
system (ADS) are developed by combining Global Navigation Satellite System (GNSS)
receiver systems with inertial navigation systems (INS). The ADS performance can be
achieved by approximately 0.5 degrees as 1-sigma errors within one minute at three-
dimensional performance, however, the several expensive multi-frequency receivers are
utilized to solve the attitude accuracy, the reliability, and the output rate. Even any ex-
pensive receiver cannot resolve the limitation of non-positioning state under the tunnels
and the underground parking and higher output rate, therefore the INS could complement

the GNSS receiver for the disadvantages of ADS [47].

Relative positioning equivalent methods by low-cost single frequency GNSS receivers
and their patch antennas are applied for the vehicle heading determination [48]. The

integer ambiguity resolution of the double-difference (DD) carrier-phase observables are

91



92

needed. In order to stably obtain the fixed integer ambiguities, the detection and correction
of cycle slips are needed. The inertial measurement units (IMU) with gyro sensors are

utilized for the detection and correction.

We propose one approach of the body attitude estimation methods by low-end single-
frequency receivers for automotive applications. The baseline-vector estimation algorithms
are derived from the DD-based PPP among multiple antennas. The update algorithms
by baseline-vector length constraints are derived to improve the accuracy in conjunction

with the baseline-vector estimation.

The GR models of DD-PPP/VPPP algorithms based on double-difference (DD) ob-
servables are shown in Chapter 2. The DD-PPP/VPPP can cancel the biases or the delays
by single-difference (SD) or DD methods [49]. Even when low-cost single-frequency GNSS
receivers are used, more precise positioning of DD-PPP/VPPP are shown compared with

the conventional PPP/VPPP methods in Chapter 4.

In order to estimate the body attitude by the array-aided PPP comprised of multiple
antennas, the observation equations are defined to estimate the baseline vectors between
two antennas. The equations for the SD or DD-based observables are derived, and the
gradient vectors from two antennas to a same satellite are assumed as approximately
the same [50]. We present a novel GR model of the baseline-vector estimation derived
from DD-based PPP algorithm. The gradient vectors are precisely estimated by DD-PPP
methods, and the vectors for the baseline vectors are the average of two different vectors
from two antennas to a same satellite. The baseline-vector lengths can be utilized as

constraints by the similar minimum mean square method of VPPP/DD-VPPP [21], [24].

In order to obtain the body attitude angles (Euler angles) using multiple baseline

vectors, the rotation matrix based on Euler’s principal rotation theorem is considered as a
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simpler method. The weighted least-squares method by multiple baseline vectors is applied
to obtain the theorem-based parameters. Euler angles are obtained by the components of
the rotation matrix in the sequence of Z-Y-X axis.

In order to show the estimation results of the baseline vectors and Euler angles, we
analyze the experimental results of static positioning by four antennas located on a square
area. The six baseline vectors of four antenna deployment in a plane are utilized for the

estimation methods.
5.2 Baseline Vector Estimation and Updating by Constraints

For the case of p = 1, ¢ = 2,...,ns and u; = ui,u; = uz (n, = 2), we have the
DD-based PPP measurement equation for antennas of u; and uo and for n, satellites as

follows [23], [50]:

yab ., () = C, (O)nih,, () + ik, (t), (5.1)
where
pl up pl pl
w = YA i ] J— [/ J— Gay Gay O
Y = - , N = uz 5 C = y
U Ul i U2U] UuU| i P T
Y11, 000, N}j{iwl -Gy, Ga, M
r 21\T
(9%)
i (ga1)"
G{ﬁ = u_ (ns—1)x3 (5.2)
Agi
[ ()T

51 51 . . . .

Yo a iy’ y’il ana, are observation vector matrixes, and the both matrix sizes are ((ns —
’ b

1) x 1). vihy, is an observation noise vector matrix,

In Egs. (5.1),(5.2) of DD-PPP method, the distance between two antennas wu;,u; is

very small compared with the distance between the satellites and the antennas (receivers),
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namely approximately 20,000 kilometers, therefore the gradient vectors gglj . of baseline

vector uj; are assumed as the average values of ¢ and gi¥ as follows:
i j

94, =94, = 5loi; + 9] = i (5.3)
Then in the case of the baseline vector ug; between two antennas uq,us, the GR equations

for Kalman filtering are derived as follows:

yeb ., (t) = C3F (OED (1) + b, (1), (5.4)
where
-
qu — Gﬁ?l 0 qQp — U21
dg1 — i J ugr — Nl )
| Gﬁ21 AII L1luguy
r o 21 \T
(9@21)
; (g2 )"
G o=| ™ (ns—1) x 3 (5.5)
AsINT
L (9@21)

State Equations for Baseline Vector Estimation
In the static case for antennas, we utilize the state vector 55; in Eq. (5.4) for antennas of
u1 and ug (n, = 2) and for ng satellites. In order to simplify the expression, superscripts

s, 1 and subscripts uq,us are omitted hereafter.
T
EL(t+1) =E0(t), &= [ug NT], (5.6)

where L stands for the ENU coordinates in the local frame. And the observation equation
y(t) is based on a local position as a origin;@; and derived from the relation between

Eq. (5.4) and the transformation by T} as follows:

y(t) = Ce, (DEL(t) +v(t), (5.7)
GPL(TE)T O
Ce, (1) = v , (5.8)

GV (TEYT MI

u21
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where Ggii(T&,)T is a (ns — 1) x 3 matrix, and O is a (ns — 1) X (ng — 1) zero matrix,
and I is the (ng — 1) x (ns — 1) identity matrix. The same positioning algorithms based
on the Kalman filter in Egs. (2.120)-(2.125) are applied to the state vector £ in Eqgs. (5.6)

and (5.7).

Updating by Constraint Conditions
The constraint conditions are applied to update baseline-vector estimates as follows.
Namely, when we have obtained the filtering estimates fﬂt and the error covariance matrix

Y4, we apply the constraint conditions the baseline-vector length /;;:

Lie = lwjil| + e, (5.9)
where ¢, , is mutually independent Gaussian white noises with

edyiy ~ N(0,7a;,,), (5.10)
where

wjill =/ wjit wji- (5.11)

Define the followings as constraints:

lnr,t = [l21,t7 l31,t7 e 7lnr1,t7 T 7ln7-n7«71,t]7 (512)

and consider the following relations of the conditional probability density function (CPDF),

Cp&n Y ) (& ln, Y )P (YY)

p(€t|yt7 ln'rat) -

p(Yt7 lnv‘yt) B p(Yt’ lnryt)
_ P, 218, Y)p(& Y )p(Y?)
p(Yt? ln'ryt)

= Ko(Y", ln, )P(&NY " )p(ln, t1E).- (5.13)
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Then we have relations from Kalman filtering methods:

1

ty __
p(é.t’Y ) - (277_)”//2‘257“1:’1/2

exp{ - %(ft - ét\t)TE;at(ft - €t|t)}-

Then we have relatins from Eq. (5.9):

exp { Al — llugie

}2
. 3 (5.14)

p(lnr,t ft) =

211

Ji

Therefore, the power terms Eq. (5.13) is expressed by the quadratic form as follows:

PENY ) = Ko(Y' Ir—n, 1)

1
>< !
(2m)" /2|Z§,t|t|1/2

. osp { - Lt Ll 6515

/21T, 2y,

where the constraints are expressed by the quadratic form of £ as follows:

e { - 56— ) Sk (6 — )}

{li = il [}* o 1

2 T T

21y, 2y,
L 2ji 7 i
- §(ujiﬁuji BT + K)
Ji Jt Ji
1 2
= 5(5};sz'§3’@' —a,, i+ Tli), (5.16)
gt
where
I 2lﬂI€T
Ki;=— (:3x3), = A 5.17
Ji ", ( ) Clj2 ", ( )
In the case of n, = 2,
1{lon = [Juat|[}* 1,7 T 13
ST =M, =1, 5.18
2 7721 2 {{ 21{ + Cl21§ + ,',,l21 ( )

where

N I
_|: 01120—1 ’

Ny
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Onp.—1 is zero matrix of (ng — 1) x (ns — 1), and 0,,_1 is zero vector of 1 X (ns — 1),

It 2191 kg,

— T _ 4t21h91

.K21 = — (Z 3 X 3), Cl21 = .
7ﬁl21 Tl21

Therefore, finally we have the following quadratic form as the power term of Eq. (5.15),

_ 2
SEe-Hnig- g+ il

Tlay
1 _ 12 e T 12 13
= ST T T TR M § e, 4+ 2
21
1 T/y—1 T/y—1¢ 1 FT v —1 1 FTy—1¢ l%l
:§{€ (E +M§21>§_€ (Z 5_50521)_@ by _50521)£+§ )Y §+7’l }
21

= I~ (57 4 M, ) (57— S )N + My,)
X[€— (57 4+ Mg, ) (57— See)]

s 1 _ el1s 1 12 13
_(E 15_56521)T(Z 1+M§21) 1(2 15_50521)+‘5TZ 1§+A}'

l21
Then the updated estimates &1 and the updated error covariance Y91 of &1 based on the

minimum mean square estimate are given by

521 = (Eg_zi + M£21)_1(Z§_21£21 + 0521) (5.19)

z3521 = (Eg; + M&zl)_l' (5'20)
In the cases of n, = 3 and n, = 4, see Appendix D.
5.3 Euler Angle Estimation Algorithms

The rotation angles «, 3, around X,Y,Z-axes, respectively, are called Euler angles,

and the corresponding rotation matrixes are as follows:

1 0 0 cosff 0 —sinf cosy siny 0
I'X,a)= |0 cosa sina |,[(Y,5) = 0 1 0 JI(Z,v) = | —siny cosy 0
0 —sina cosa sin8 0 cosp 0 0 1

(5.21)
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Figure 5.1: Euler’s principal rotation theorem

In the case of n, = 2, the rotation matrix of Z-Y-X sequence from the vector r¢ n 21 on

the reference frame to the estimated baseline vector 4y 21 on the body frame is as follows:

'LALN721 = F(X7 OZ)F(Y7 B)F(Zv V)Tf,N,Ql

=D(a, B,7)rs,N 21, (5.22)
where N denotes normalized,
Tf21 R R (R T . U1 . . .
TfN21 = I~ SV,%17?J§V,%172](V,%1] » UN21 = = [Enp1, On21, Anza) - (5.23)

llrpaall |li21 ]

The rotation matrix I'(e, 8,7) in Eq. (5.22) is a combined matrix of the rotation ma-

trixes I'(ar), I'(B), I'(7y) in Eq. (5.21), and derived as shown in Eq.(5.25). Euler angles

a, [, 7 are derived from the elements of the rotation matrix I'(«, 3, ) as follows:

r T T
roll: a= tan_lﬁ, pitch : 8 = tan™! 2 yaw : y = tan_lﬂ, (5.24)

I's3 VT3, +T2,’ '

where I'y; denotes the matrix element of the second row and first column.
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In order to obtain Euler angles by multiple baseline vectors, we consider Euler’s prin-

cipal rotation theorem shown in Fig.5.1. According to the theorem, any vector can be

brought into the target vector by one rotation angle ¢ around the vector n. The ¢ is

the

angle between two vectors ry y 21 and iy 21, and the n is the common normal vector

of two vectors 7 n21 and 4y21. The vector ry n o1 is identical with the vector iy 21 by

rotating of the angle ¢ around the principal axis n. Therefore, the rotation matrix I is

expressed by another way of the rotation matrix f‘(gb, n) by using the angle ¢ and the

vector n as shown in Eq. (5.26) [47],[51]. The angle ¢ is obtained from the inner product

of the two vectors, and the vector n is obtained from the outer product of the two vectors.

Euler angles in Eq. (5.24) are similarly obtained from the elements of the rotation matrix

[(¢,n).
I'(a, 8,7)
[ cosycosB  —sinycosa + cosysinfsina sinysina + cosysinScosa
= | sinycosf  cosycosa + sinysinfsina  —cosysina + sinysinScosa (5.25)
| —sinfg cosfsina cosfcosa
=~ T(¢,n)

cosg + (1 — cosp)n,® (1 — cosg)ngny — nesing (1 — cosg)n,ng + nysing
(1 — cosp)ngny, +nzsing  cosp + (1 — cosp)n,? (1 — cosp)nyn, — ngsing | ,
| (1 —cosg)n.ng — nysing (1 — cosp)nyn, + ngsing  cosd + (1 — cosp)n,>

(5.26)

where

ing

cos¢p =Ty No1-UNz21: inner product,

r X U
n = (ng,ny,n,). = LN2V 2 PN2L L uter product. (5.27)

7 p.nv21 X An21]|

In the case of multiple antennas, we derive the computational algorithms by estimat-

the multiple baseline vectors iy j; from the reference antenna 7 to other antennas j
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disposed in a plane [47],[52]. The appropriate rotation matrix I" to minimize the rotation
errors from the multiple reference baseline vectors rs y j; to the multiple baseline vectors
i j; is estimated by the least-squares method, and that is the corresponding equations to

estimate the parameters 6 of Euler’s principal rotation theorem as follows (See Appendix

E):
zs Ny
min  _ |lini — Prynilly- = Hgnz langi = Hjibllg—1 (5.28)
i<j N i<j Nt
where
A cos¢ (R) (R) (R)
TN ji nasing Ngz 0 ZNgi YN
Up,ji = UNGi | > 0= v . , Hj; = y](\][{., —z](f) 0 ;(;5\17{) ,(5.29)
- nysing @ ® o wm o
ZN,ji Nji Ynji —Tnji O

n,sing

and, Qqa, ;, denotes the error covariance of the estimates iy ji.

The Euler-angle estimation by the parameters of Euler’s principal rotation theorem
under Z-Y-X sequence is as follows. First of all, the multiple vectors 7y ;; and j;; are

normalized as shown in Eq. (5.23) as follows:

"L BB (BT Ui

o . . LT
N.,jir YN ji> N,ji] » UNji = ||a]zH = [xN,jivyN,jinN,ji] ) (5'30)

and mapped on the X-Y ,X-Z,and Y-Z planes to estimate the rotation angles in the se-

quence.

Then the parameters é(Z, v), é(Y, B), and é(X, a) for the rotations around Z-axis, Y-

axis and X-axis are estimated by the least-squares method in the sequence, respectively.
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Eq. (5.28) is developed and expressed by the quadratic form of 6 as follows:

S i - Hifll

1<j
=D (angi — Hif) Qg | (in i — Hyif)
1<j
Nr
:Z(U’JTV]zQil ﬂN,Jl_a%Jng]},’ﬂHjle GTHT N, uN,jz GTHT 1\1] H_]’Le)
1<j
OSSR M0 - 3 (k05
1<J z<]
Ny
_QTZ HT 1 U N,ji +Z AT,szuN ” ,_]’L) (5.31)

1<j 1<J
Eq. (5.31) is differenciated by 6,
Z Hj)0 — 2 Z o A1) = 0, (5.32)
1<j 1<J

and finally the estimate g is obtained by the weighted least squares method as follows:

-1

0= | D5 Quy, His) | D (HGQG, i) (5.33)
1< i<j

Then each rotation matrix f(Z, o, n), f(Y, ¢,n), and f‘(X, ¢,n) in Eq. (5.26), respec-
tively, is derived through Eq. (5.27) from the parameter §. Finally, Euler angles v, 8, o

in Eq. (5.24) are obtained from each rotation matrix of Eq. (5.26) in the Z-Y-X sequence.

5.4 Experiments

5.4.1 Baseline Vectors Estimation

The measurement equation of the baseline-vector estimations in Eq. (5.4) is derived
from the equation of the DD-PPP. The both equations estimate the DD-based integer am-

biguities by Kalman filter. For the PPP method, when the estimated integer ambiguities

ngl

Liupu, CORVErge to the fixed integers, the unknown antenna positions are approaching to
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the real positions. As a preliminary experiment, we have checked the integer ambiguities
(TA) convergence by the two antenna DD-PPP positioning. Fig. 5.2 shows the IA conver-
gence in the two cases, (1) the synchronous processes of two receivers by a common clock,
and (2) the asynchronous processes by the individual clocks. The experiments by the both
processes are conducted at the same time for 10-minutes. The IA convergence of the pro-
cess (1) takes approximately 200 epochs which is half of the process (2). The base clock
is TCXO and the frequency accuracy is 26 MHz 0.5 ppm. In the case of (2), the different
clock with the fluctuation £0.5 ppm are supplied to the two receivers, and the DD-based
TA estimations based on the observables obtained by the shifted clocks could cause the
delay of the IA convergence. We consider that the process (2) could cause the delay of
the position convergences, and use the process (1) for the baseline-vector estimations.

The GPS observation data obtained by the experiment shown in Table4.1 are used for

14.0
120 (1) Common clock .
. e PRN22 e PRN25 e PRN26

8.0 PRN29 PRN31 === PRN32 | —

6.0 o~
<

IA convergence
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[eNeoNeNoe)

1 1 L

'6.0 T T T T T 1
101 201 401 501 601
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Figure 5.2: Integer Ambiguity convergence of DD-PPP
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Fs3

Figure 5.3: Reference and baseline vectors on ENU coordinates

Table 5.1: Six vectors on the reference and the body frame

Reference frame Body frame

E[m] | N[m] | Um] Efm] | Nm] [ Um|
If91 1 0 0 ug; | 0.799 | -0.015 | -0.006
I'f31 1 1 0 ug; | 0.812 | 0.783 | -0.003
I'f41 0 1 0 ug; | 0.013 | 0.797 | 0.000
I'f39 0 1 0 ug2 | 0.012 | 0.798 | 0.002
I'f 42 -1 1 0 ug2 | -0.786 | 0.812 | 0.006
I'f43 -1 0 0 ugs | -0.799 | 0.014 | 0.003

the baseline-vector estimation. The four antennas ANT-1,2, 3,4 are located at the corners

of a square board (see Fig.4.1). The receivers connected to the ANT-1 and ANT-2, or

ANT-3 and ANT-4 are synchronized by a common clock, respectively. The coordinates

of the antennas’ reference positions in the WGS84 system are listed in Table 4.2, and the

positioning error applying the relative positioning method is less than a few centimeters.

In general, in order to estimate three-dimensional body attitude, the reference frame

and the body frame are defined. The attitude is obtained by the rotation from the ref-
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erence frame to the body frame. In the case of four antennas, as shown in Fig.5.3,
there are six baseline vectors based on the number of two-antenna pairs. The red vectors
TF21,7Tf,31,Tf,41, Tf,32, T f42, 743 show the reference vectors of the reference frame, and ide-
ally located along the axes of the ENU coordinates. The green vectors us1, us1, 441, U32, U2, Uls
show the baseline vectors of the body frame on the ENU coordinates, and are fixed to
the body of the square board. We apply the ENU (ENU: East, North, and Height(Up))
coordinates to the both frame. The ANT-1 position is the origin of the ENU coordinates.
Table 5.1 shows the six reference vectors 7y j; on the reference frame, and the six baseline
vectors uj; calculated from the relative positioning in Table 4.2. The reference vectors are
reference values on the local tangent plane, namely the EN plane. The vectors’ values are
approximately the same, and the rotational angles of the corresponding vectors are less

than a few degrees.

Fig.5.4 shows the six baseline vectors ua1,us1,uq1,us2,uq2,us3 estimated by Eq. (5.4)
and the vector ug; updated by the vector length constraint in Eq. (5.9) on the EN plane.
The measurement time is 20 minutes (1200 epochs). All estimates without constraints are
gradually converged to the real positions which are the end points of the baseline vectors
(green arrows). The ENU root-mean-square (RMS) errors of the baseline-vector estimates
after 1200 epochs are approximately 10cm as shown in Table5.2. On the contrary, ug;
(C) is converged adjacent to the real position in several epochs after the estimation start.
Furthermore, when the IA fixed values are forced to utilize for the baseline-vector estima-
tion in Eq. (5.4), the ENU RMS errors of the estimates are approximately less than 1cm

after setting the values as shown in Table 5.2.
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Figure 5.4: Baseline-vector estimation

Table 5.2: RMS errors of estimated baseline vectors

| ENU RMS errors [m)] | ug1 | usy | u41 | PED) | u42 | u43 |
| After 1200 epochs | 0.0966 | 0.0873 | 0.0538 | 0.1118 | 0.0919 | 0.0724 |
| After set IA fixed values | 0.0106 | 0.0040 | 0.0058 | 0.0072 | 0.0075 | 0.0053 |

5.4.2 Euler Angle Estimation

Fig. 5.5 shows the estimation results of Euler angles from the reference frame to the
body frame obtained in Eq. (5.24). The error covariance Qg ,, in Eq. (5.33) is supposed to
be the (3 x 3) identity matrix. (a) utilizes only ug; baseline-vector estimates, (b) utilizes
six baseline-vector estimates, and (c¢) utilizes only ug; updated by constraints to estimate
Euler angles. The rotation angles between the two frames obtained in Table 5.1, namely
a few degrees, are utilized to correct the Euler-angle estimation results. One vector ugg
estimates only two rotation angles v, 8 in the Z-Y sequence in Table5.3. (a) shows that
the angles 7, 8 are approximately 10 degrees even after 1200 epochs. On the contrary,

(b) shows that all rotation angles are estimated by six baseline vectors and gradually
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converged as time goes by, and less than 5 degrees in approximately 600 epochs, and less
than 2 degrees in approximately 1200 epochs. (c) shows that the rotation angle v in the
X-Y plane is less than 2 degrees in several epochs, because the wug; vector is precisely
estimated by the constraints, and converge to the fixed point around the real position on
the EN coordinates. However, the upward errors of the vector is not small, therefore the

rotation angle £ is more than 20 degrees.

The baseline-vector estimates are gradually converged to the real positions, however,
it takes approximately 20 minutes. The improvements of the vector positions are caused
by improving the estimation of the integer ambiguities Ngiluzul in Eq. 5.5 with the lapse
of time. When the fixed integer ambiguities are used as the initial values for the vector
estimations, the more precise accuracy is obtained than usual. The Euler-angle estimation
by six baseline vectors are worse than one vector just after the estimation, however, the
better rotation angle estimates are obtained with the lapse of time. It is high possibility

for Euler angles to be more precise for shorter time as the number of baseline vectors is

increased.

5.5 Concluding Remarks

We have presented a novel baseline-vector estimation algorithms based on the double-
difference (DD) positioning method, namely DD-PPP, and applied a novel update algo-
rithm based on the vector length constraints. GPS data are applied to the coupled GR
equations for multiple antennas in the case of unknown positions. The experiments for
the baseline-vector estimations among four antennas in the static situation for 20 minutes
have been carried out. The six baseline vectors are estimated at a time, and the vectors’

positions gradually converge to the real positions. When the vector length constraints are



107

applied, the positions can be reached adjacent to the real position in several epochs.

We have obtained Euler angles from the reference frame to the body frame by the
least-squares method of six baseline vectors through the parameters of Euler’s principal
rotation theorem. The experiments for Euler-angle estimation by utilizing the vectors have
been carried out for 20 minutes. Euler angles by six baseline vectors are more precisely
estimated compared with one vector, and gradually converged to less than 2 degrees in
approximately 1200 epochs.

In general, GNSS receivers for vehicles need higher availability, therefore higher sensi-
tivity are achieved by longer correlation time. However, the longer correlations cause the
broad correlation peaks, and the tendency of worse positioning accuracy or positioning
fluctuations as a result. The fluctuations directly cause the worse absolute positioning
accuracy, however, the offsets toward the same direction at two antennas contribute the
improvement of the baseline-vector accuracy. When the two receivers are operated by
the synchronized clock, the receiver-related offset difference are reduced, and the vector
accuracy are expected to be improved.

Presently the DD-based algorithms for PPP and VPPP provide the positioning accu-
racy in sub-meter error level, and has the potential capability for estimating the baseline
vectors, namely the position differences between two antennas. When DD-PPP/VPPP
positioning performance would be improved, Euler angles by multiple baseline vectors
would be more precise. Furthermore, we find that the higher estimated accuracy of inte-
ger ambiguities in DD-PPP can provide the higher accuracy of baseline vectors. In the

future, we will apply integer ambiguity resolution methods to DD-PPP methods.
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Table 5.3: Baseline vectors for Euler-angle estimations

| Estimated Euler-angles |

Baseline vectors for the estimation

v (Z - axis) o1, TF31, T,41s TF,32, Tf,42, Tf,43
5 (Y — axis) Ifo1, Tf43
a (X —axis) If a1, Tf,32
50.0
T 400 |(a)u2l a (X-axis) |
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Figure 5.5: Euler-angle estimation




Chapter 6

Conclusions

The advanced GNSS positioning researches of sub-meter-level accuracy for automotive
applications have been considered. In this chapter, the main findings and contributions
obtained in this thesis are summarized, and recommendations are made for future research

and for users of the methods.

The novel GNSS regression (GR) models for single difference (SD)/double difference
(DD) based precise point positioning (PPP) have been derived in Chapter 2. The math-
ematical models of three types of raw measurements, namely C/A code pseudoranges,
carrier-phase pseudoranges, and Doppler shift frequencies, are utilized as the basic equa-
tions for positioning. For comparison, the coupled PPP GR equations for multiple anten-
nas are shown. The SD/DD-PPP GR models for L1 observables of multiple antennas are

derived based on the mathematical models of SD/DD observables.

In order to improve observable reliability for positioning, the methods for detecting
and correcting observable outliers of Doppler-aided positioning have been proposed in
Chapter 3. A Doppler-aided Kalman filter positioning for single-frequency receivers are
formulated from PPP GR models, and reproduced the real receiver’s positioning error by

Doppler bias under open sky environments. The chi-squared tests by the existing inno-

109
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vation based detection (IBD) method and a novel measurement based detection (MBD)
method are applied to detect the bias. The exclusion or the estimation correction methods
combined with the detection methods are proposed, and shows the correction results of
the positioning errors. The MBD and exclusion method provides the best performance
among three combination methods, because it is less affected by the false detections of
Doppler observables and has the smaller response delays at the start and end points of
the bias-injected period. Furthermore, the MBD-method can be applied to the detection
of not only Doppler outliers but also C/A code pseudorange outliers or carrier-phase cycle

slips.

In order to achieve the sub-meter level positioning, the improved Very PPP (VPPP)
algorithms based on the minimum mean square (MMS) methods by geometric distance
constraints among multiple antennas have been derived, and applied to the PPP or the
DD-PPP in Chapter 4. The experiments of four antennas (receivers) are carried out in a
static situation. DD-VPPP has the smallest root-mean-square (RMS) errors among four
positioning methods, namely PPP and VPPP of without DD (WOD) and DD-methods
when two antennas are used. The total improvement ratio from the PPP to the DD-VPPP
is approximately 84 %. The experiments of the 24-hours static positioning by using four
low-end single-frequency GPS antennas are carried out. The two antenna DD-PPP/VPPP
achieve less than 40-cm positioning errors on horizontal east-north (EN) coordinate after
ten seconds (epochs). DD-VPPP are approximately less than half on EN coordinate,
and less than 1/4 on east-north-up (ENU) coordinates compared with the u-blox NEO-
MS8N positioning. The improvement ratios of the averaged RMS errors from DD-PPP to

DD-VPPP are approximately improved from 82 % to 66 % on EN coordinates.

The GR models for baseline-vector estimation with vector length constraints, and the
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Euler-angle estimation algorithms based on the vectors have been derived in Chapter
5. The experiments for the baseline-vector estimates among four antennas in the static
situation are carried out. During 20 minutes, six baseline vectors among four antennas
are estimated at a time, and the vectors’ positions are gradually approaching the real
positions. The Euler-angle estimation from the reference frame to the body frame by the
least-squares method of six baseline vectors through the parameters of Euler’s principal
rotation theorem are conducted. Euler angles by six baseline vectors are more precisely
estimated compared with one vector, gradually converged to less than 2 degrees after 1200

epochs.

Recommendations

Future studies to improve the methods described in this thesis can be recommended.

The innovation processes of the extended Kalman filter are stated to be effective to
detect the observable outliers in Chapter 3. We consider that Robust Kalman filter meth-
ods can be applied for GNSS observable outliers as a next step, because it is reported to

be effective to reduce the impacts of observable spike noises [9], [10].

The ENU RMS errors of SPP methods are stated to be approximately 2.0 m at Table 4.9
in Chapter 4. The position ul,u2 estimation by Kalman filter positioning utilizes SPP
results as initial values. The SPP fluctuations cause the fluctuations of the DD-PPP/DD-
VPPP positioning. When the relative positioning values close to the real positions are
used as the initial values, the positioning errors are reduced to less than 0.5 m from ap-
proximately 1.5 m of SPP initial values. The ionosphere delay parameters of Quasi-Zenith
Satellite System (QZSS) are stated to be effective to improve SPP results, and additionally

Satellite Based Augmentation System (SBAS) or International GNSS Service (IGS) pa-
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rameters broadcasted from GNSS satellites can contribute to improve SPP. Furthermore,
in order to get more precise initial positions of the antennas ul,u2, the receivers on the
vehicles can utilize the last positions just before the stop, and the positions specified by the
auxiliary sensors, namely gyro or altitude sensors, or the positions transmitted through
communication means from reference stations.

The static positioning by DD-PPP/VPPP are stated to achieve approximately 50-cm
RMS errors in Chapter 4. We consider the kinematic positioning of the DD-PPP/VPPP
by using multiple antennas as a next step. PPP kinematic positioning algorithms by single
antenna has been developed, and Singer models are applied as the state equations. Fur-
thermore, the individual PPP kinematic positioning of two antennas (receivers) has been
improved through VPPP-updating method by geometric distance constraints between two
antennas. In the case of DD-PPP, we consider that the multiple unknown antenna posi-
tions are treated in a unified manner in the Kalman filter algorithms.

DD-PPP/VPPP methods are stated to have the unknown parameters of the multiple
antennas’ positions and the double-difference integer ambiguities which are estimated by
the Kalman filter. Even though the fixed integer ambiguities and the small variances of
them are set as the initial values, DD-PPP positioning results have offset values from the
real antenna positions. The fixed integer values are obtained by the relative positioning
in the static situation. While the baseline-vector estimates are more precisely obtained
by the usage of the fixed integer ambiguities, because the offset values of two antennas
can be canceled. It therefore can be effective for improving the attitude estimation among

multiple antennas to converge the integer ambiguities to the fixed values in shorter time.
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Appendix A

DD-PPP/VPPP Equations for

Three or Four Antenna

Let us define the (ns — 1) x 1 vectors as follows:

~51 521

PCA 0, ‘I)Lmjm

~MNs — . ns = .

pC’A,ji - . ’ (I)Ll,ji = : y
~fsl = fsl
PC Ay L1y

also define 3 x (ns — 1) matrix

s — .ﬁsi]: 3><(ns—

51
9;" = gﬁj" gﬁj

Measurement equation for antennas of uy,uy and us (n,

Ns — Ms Ns n
yugugul - Cugugulnuguzul +v

122

S
uzu2uUl?
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NEY s
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fsl
Ll,uju;
1). (A.2)

= 3) is as follows:
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eMy = | digy + Yy —diy Fdisy —dly —di 0T - 0T . (A.6)
Then the measurement equation for four antennas of uy, -+ ,ug (n, = 4) is as follows:
yZZU3u2u1 = C’Z}Zugugul T]ZZU3”LL21L1 + Ugjuyuulv (A7)
where
C e 1 [T ()t ]
CA21 renT rig T ) )
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O 0 O O
0] O O O
1 12
05\44) = dpoy + digy + dpgy, 05\44) = —dioy + digy + dpgo,
13 14
05\44) = —dp3) — dizy + dpg, 05\44) = —dpy — dpyp — dig,
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Appendix B

Kalman Filter Estimation
Methods

Kalman filter was officially announced by Rudolf E. Kalman in 1960, and is the op-
timum filter which successively estimates system states on the basis of the following four
conditions: (1) Linearity of system equations, (2) White noises of systems and observable
noises, (3) Gaussian of noises, and (4) Least square norm.

Kalman filter is also based on the discrete-time system theory, and we consider linear

stochastic system models as follows:
(State equation): x(t+ 1) = Fx(t) + Gw(t), (B.1)
(Observation equation): y(t) = H(t)x(t) + v(t), (B.2)
where
x(t) € R™: State vector, y(t) € RP: Observation vector,

w(t) € R": System-noise vector, v(t) € RP: Observation-noise vector,

Fe RY™ GeR"™", H(t) € RF*™: Coeflicient matrix.

Eq. (B.1) shows a stochastic process of z(t). Eq.(B.2) is equivalent with a linear-

regression equation for unknown parameter estimation. The equations of Kalman filter
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are as follows:

(System equations)
2(t+ 1]t) = Fa(t|t) (B.3)
B(tt) = 2(tt — 1) + K1) |y(t) — HO)a(tt — 1)] (B.4)
(Covariance matrix of estimation errors)

P(t+1|t) = FP(t|t)FT + GQ(t)G™ (B.5)
P(t|t) = P(t|t — 1) — K(t)H(t)P(t]t — 1) (B.6)

(Kalman gain)
K(t) = P(tlt — WH () [H@) Pt - DE () + R (B.7)

(Innovation process)
v(t) = y(t) — H(t)a(tt — 1) (B.8)
M(t) = H(t)P(t|t — 1)HT (t) + R(t) (B.9)

(Initial condition)

#(0] —1) = #(0), P(0] —1) = £(0) (B.10)

where R(t) is an observation-noise covariance matrix, and ((¢) is a system-noise covari-
ance matrix. v(t) is a Gaussian white noise process with zero mean, and independent
between epochs. M (t) is a covariance matrix of v(t).

The Kalman filtering process has two steps. One is the update step of Egs. (B.4) and
(B.6). The other is the prediction step of Egs.(B.3) and (B.5). The initial conditions
generated by SPP are input into the update step. The observables y(¢) and R(t) are input
into the update step, and Q(t) is input into the prediction step every epoch, respectively.

GNSS observation equations are nonlinear functions, therefore extended Kalman filter
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is utilized for state estimation. In general, nonlinear system models are as follows:

(State equation): x(t + 1) = fi(x(t)) + w(t), (B.11)

(Observation equation): y(t) = h¢(x(t)) + v(t). (B.12)

The nonlinear functions f; and h; are expanded by Taylor series around the estimate values

z(t[t) and Z(t|t — 1), respectively, as follows:

fi(z(t) = fu@ (L) + Fu(z(t) — 2(t[t) + -+, (B.13)
he(2()) = he(@(t]t — 1) + Hy(a(t) — 2t — 1) + - | (B.14)
where
s Of ~ o Ohy
Fi= <ax<t>>m(tt> - M= <ax<t>>m(ﬂt_n ‘ (519

The terms greater than the first-order term of Taylor series in Egs. (B.13) and (B.14) are

negligible. Then, they are input into Egs. (B.11) and (B.12), respectively, as follows:

2(t+ 1) = Fa(t) + w(t) + fi(@(t]) — B (t|t), (B.16)
y(t) = Hyx(t) + v(t) + he(2(tt — 1)) — Hiz(t]t — 1). (B.17)

Then, we obtain linearized system models as follows:

Ft+1) = a(t+1) — L&) + Baltl) = Bat) + w(t), (B.18)

G(t) = y(t) — he(@(t]t — 1)) + Hi@(tt — 1) = Hiz(t) +o(t). (B.19)

We consider that H, = C,, and the state equation (¢t + 1) = z(t) in a static observation

environment of GNSS signals, Egs. (2.120)-(2.125) are derived as extended Kalman filter.



Appendix C

Antennas’ Height Constraints for
DD-VPPP

If we can assume that the heights of two antennas are approximately same. Namely, the

local East, North, Up (ENU) coordinates of antennas’ positions u; and ug are described

by
Ul U2
uy = Ul,N y U2 = U2 N ) (Cl)
ui,u U2 u

respectively. Then we assume that

ULU = U27U7 (02)

or
do1 = ||u2 ey — ur || + €dsy s (C.3)
a1 =0 = (’UQ,U — Ul,U) + €ass (04)

where eg,,, €4,, are assumed as zero mean Gaussian white noises such as

€az ~ N(0, rea21)’ €az ~ N(0, rea21)'

129



130

Then the constraint (or the so-called pseudo-observation) updates the CPDF of the state

vector 7 as follows:

p(77t|Yt7 d21,t7 a21,t)

= Ko(Y", da1,)p(me|Y")p(dar g, aziglme).- (C.5)

Then we have

p(dar s, aztelne) = N exp{ - ldn — |[uz.en — ul’ENH]Q}
e V27T 4y, 274y,
1 [ag1 — (ug,u — u1,v)]?
X ————exp { — : : } C.6
V2T gy, 274, ( )

Therefore, p(n:|Y", da1 +,a21¢) in Eq. (C.5) is expressed as follows:

1

. _ t
pme|Y", do1 e, an1p) = Ko(Y", dor e, aze) (2m)" /25, |12

1 . - X
xcexp { = [ — g TS, 3y e — )}
1 {  [ugen — ul,ENHP}

2r4,,

L { - =l By o

2740,

The power term of the exponential in Eq. (C.6) can be expressed by the quadratic form of

the state vector n as follows:

[da1 — [Jug,ex — w1 pn][]?
27“d21
1 9 9
= 2rd {dgl + HUQ,EN - uLENH — 2d21HU2,EN — U’LENH}
21
1 9 T
— o {d21 + (u2pn — w1 En) (U2,en — U1 EN) — 2da1||ug px — ul,ENH}
21
1 { d3 1 1 . .
= — + U U gy — — U UpN — —U Ug px + —u Uy g
2 Ty, Ty 2,EN Y2,EN Ty, 2,EN “1,EN Ty, 1,EN “2,EN Ty, 1,EN “1,EN

T T
—Co1eNU2 T CQl,ENul}v (C.8)
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||t2, en — ﬁl,ENH2

= HrZFLEN(U'Q,EN — U1 EN),
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T
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Finally, we have the expression of the quadratic form:

1 [da1 — [Jugex — upex|[]?

T
2d21K’21,E1\'

2

Tday

~ 1 Ty T d%l
- 5 17 27EN77 + CMQ’ENT’ + r Y
da21
where
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Tagy DEN Tagy DEN
1 1
Ty, DEN Ty, DEN
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T = T T T
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214y,
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(C.10)

(C.11)

,(C.12)

(C.13)

(C.14)
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where

roBu —rBu | 0 0 _
~ By By |0 0 00
= 0 0 0 0> Bu=|0 0
0 0
0 0 0 0

(C.15)

Then we have the following quadratic form for the power term of the CPDF of Eq. (C.5):
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Then the update estimated vector 77 and error covariance matrix f]n of 17 based on the

minimum mean square estimate are given by

y _ “1,e—
n= (Zn 1+ My px + M2,U) (En !
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Appendix D

Baseline Vector Estimation for
Three or Four Antennas

Let us define the (ns — 1) x 1 vectors as follows:

21

-1 521
PCA a0, q’m,ajm NLl,ujui
- : Pl = : s ;
pC’A,ji - : ’ (I)Ll,ji - : ) NLl,ji = : , (Dl)
~fis1 5 sl sl
PC Ay L1,a;0; L1,uju;
also define 3 x (ns — 1) matrix
ns _ 21 nsl | .
g = [ Gar o gan |0 3% (ns = 1), (D.2)
Measurement equation for antennas of uj,us and uz (n, = 3) is as follows:
mn _ n, MNs Ns
yugs,uzqu — Cu251u31u32 1L;1U31u32 + ng,ugulﬂ (DS)

133



In this case, we have

M;

(97131

nsi)T

(gﬂsz
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— T T T T T
Mz = [ Tl T TG 0 e 0 ) (DG)
Then the measurement equation for four antennas of uy,- - ,ug (n, = 4) is as follows:
Ns _ Ns Ns Ns
yU4u3u2u1 - U21U31U41U32U42U43 DU2]1 U] U441 U32U42U43 + UU4U3’LL2U1 ’ (D7)
where
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S
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N - (g"s) Ml n + v,
PN 21 1 N
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Tiaa 0 0
0 0 0 0
0 0 0 0
CMy = _02;1 _C;l:n _c?:u _021;2 _CELQ —021;3 0t .- 0f |. (D.IO)



Appendix E

Rotation Matrix by Euler’s
Principal Rotation Theorem

Let us define the rotation angle ¢ and the normal vector n between two normalized

baseline vectors s,t:
s = (20,0, 20), t=(z1,1,21). (E.1)

According to the Euler’s principal rotation theorem, the position of s is moved to the
position of t by the rotation of the angle ¢ around the normal vector which is called Euler
axis. cos¢ is obtained from the inner product of two vectors s, t, and the normal vector

n is obtained from the outer product of two vectors s,t.

cosp =s -t
= zoT1 + Yoy1 + 2021, (E.2)
T sxt
n=— Ny, Ny, N =
N T
1

= -7(%21 — 20Y1, 201 — ToZ1, ToY1 — yoxl)-

sing
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From Eq.(E.2)-(E.3), we have following equations:

cos¢p = xox1 + Yoy1 + 2021, (E.4)
ngsing = yoz1 — 20y1, (E.5)
nysing = 2or1 — To21, (E.6)
n.sing = Toy1 — Yor1- (E.7)

Transforming Eq.(E.4)-(E.7), (x1,y1, 21) are expressed by (2o, %0, 20),(nz, Ny, 1), and ¢:

1 = ToCoSP + ZoNySing — yon,sing, (E.8)
Y1 = YoCOSP — 2oNgSing + xgn,sing, (E.9)
21 = 20COSQ + YonzSing — xon,sing. (E.10)

Eq.(E.8)-(E.10) are expressed by matrix form as follows:

cos¢

x1 0o 0 20 —wo npsing

U1 = 1| y—2 0 =z z_ . (E.ll)
Ny sing

21 20 Yo —zo O )
n,sing

When we obtain two baseline vectors s,t, we estimate the parameters (ng,n,,n,),coso,

and sing. Then we derive the rotation matrix in Eq.(5.26) by the estimates.
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