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Abstract

This thesis proposes the design of redundant drive wire mechanism (RDWM: Redundant Drive
Wire Mechanism) for producing fast and precise motions. The RDWM is configured with
double actuator modules (DAMs: Double Actuator Modules) with two actuators for providing
high acceleration global and high precise local motions. In the thesis, the method to configure
RDWM using DAMs, the method to reduce the required number of actuators by introducing
velocity constraint module (VCM: Velocity Constraint Module) and the experiment of RDWM
prototype will be discussed.

First, a method to configure RDWM using DAM, a method to judge whether or not a
RDWM candidate can produce the resultant force needed to achieve required motions will be
shown. In the case of RDWM with DAMs is used for producing multi-directional motions, the
size of the wire matrix would become large as the number of actuators increases. This takes
time for judgment of the candidates. Therefore, it is necessary to introduce a simpler method
for judging RDWM candidates. This problem can be done by converting the wire matrix of
the candidate to new form then making the judgment using the essential part of the new form
wire matrix related to the global motion.

Second, by introducing VCM as the solution to reduce the required number of actuators, a
method to judge whether or not the candidates of RDWM with VCM can produce resultant
force needed to achieve required motions is shown. This judgment method has three steps: (1)
Static force analysis to check whether the resultant force for producing required motion can
be produced in the whole motion space. (2) Kinematic analysis to find the active constraint
space where the top plate can generate velocity. (3) Static force analysis to check whether the
resultant force for producing required motion can be produced in the active constraint space.
This study also clarifies the role of VCM in reducing the required number of actuators while
keeping the orientation of the top plate. In addition, because only the essential part of the new
form wire matrix is used in the judgment, the procedure will be simpler.

Third, based on the above two methods, numerical examples are shown where the method
to configure RDWM candidates and the method to reduce the required number of actuators are
applied. From the results of the numerical examples, the effectiveness of the proposed method
is verified and the role of VCM is confirmed.

Finally, the experimental results of the 1D RDWM prototype are shown. Based on the
results, the ability to produce global motion and local motion of RDWM is confirmed.
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Abstract in Japanese

本論文は、高速・高精度な動作を生成するための冗長駆動ワイヤ機構（RDWM: Redundant
Drive Wire Mechanism）の設計について述べたものである。この RDWM は、二つのアク

チュエータをもつダブルアクチュエータモジュール（DAM: Double Actuator Modules）に

より構成され、トッププレートの高速な広域動作とトッププレート上の精密な局所動作の

組み合わせにより、高速・高精度な動作を生成するものである。本論文では、DAM を用い

た RDWM の構成方法、速度拘束モジュール（VCM: Velocity constraint module）の導入に

よるアクチュエータ数の削減方法、および RDWM の試作機による動作実験について議論

される。

本論文では第一に、DAM を用いた RDWM の構成方法として、RDWM の候補が、必

要動作生成のための駆動力を発生できるかを判定する方法が示される。この際、多自由度

動作を生成する RDWM の候補においては、アクチュエータ数の増加に伴ってワイヤ行列

のサイズが大きくなり、妥当性の判定が複雑になる。このため、より簡単な判定方法を明

らかにすることが課題となる。そしてこの課題は、RDWM の候補のワイヤ行列を新しい

形態に変換し、そのワイヤ行列の広域動作対応成分を用いて妥当性を判定することにより

解決される。

第二に、VCM の導入によるアクチュエータ数の削減方法として、VCM を導入した

RDWM の候補が、必要動作生成のための駆動力を発生できるかを判定する方法が示され

る。この判定方法は、次の三つの手順：(1) 全空間を対象として、必要動作生成のための駆

動力を発生できるかを判定する静力学解析、(2) トッププレートが速度を生成できる能動拘

束空間を見い出す運動学解析、および、(3) その能動拘束空間を対象として、必要動作生成

のための駆動力を発生できるかを判定する静力学解析、により構成される。この議論では、

トッププレートの姿勢を固定しながら必要アクチュエータ数を削減するという VCM の役

割も明らかとなる。また、この判定方法では、ワイヤ行列の新しい形態における広域動作対

応成分のみが使用されるため、前述の判定方法と同様に、その判定方法は簡単化されている。

第三に、前述の二つの手法に基づき、RDWM の候補の判定方法、およびアクチュエー

タ数の削減方法を適用した数値例が示される。この数値例の結果により、提案手法の有効

性が検証され、また、VCM の役割が確認される。

最後に、１自由度の RDWM の試作機を用いた実験結果が示される。この実験結果によ

り、広域動作と局所動作を生成する RDWM の運動生成機能が確認される。
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Chapter 1

Introduction

1.1. Related Works

Wire driven mechanism has a variety of applications from its initial appearance with the
simple pulley system. There are the investigations on its application for moving heavy parts
to ships in the seaports [1] or for ship maintenance in the factory [2] where the platform is
suspended and can move around the ship so that the workers stand on the platform can do their
works. Its applications are then extended to the information broadcasting or entertainment;
for instance Skycam [3] for live broadcast of sport events and radio telescope [4, 5]. There are
also investigations of the application on human machine interaction; such as surgery systems,
rehabilitation systems [6–8]. With the emergence of biomimetics trend, robot hands with the
tendon driven concepts [9] with different approaches [10, 11] were studied and attained some
attractive results. Wire driven mechanism was also be used in ankle foot [12] which can be
applied in prosthetic leg for human or for the humanoid robots. Behind the results on the
applications that are easily to be observed, there are a lot of technical issues and problems that
are required to be solved. During its first appearance until now, there are numerous of studies
with the purpose to solve those technical aspects. Presented below is a review on the related
studies to my research in the field of wire driven mechanism.

The structure of wire mechanisms are often employed to configure fast mechanisms. Wire
mechanisms reduce the inertia of the top plate, enabling large acceleration motions. For exam-
ple, the wire driven method called “FALCON” was configured in a high-speed manipulator [13],
with a peak acceleration of 43 G. In this method, the redundant drive concept was applied in
a parallel mechanism to produce a large resultant force. The “NINJA” mechanism [14] was
rendered light-weight by arranging the motors on a base. Its top plate with six degrees of
freedom (DOF) was driven by four sub-arms with a parallel link structure. The design pa-
rameters of the mechanism were optimized while reducing the inertia of the top plate. In
experiments, the encoders computed that “NINJA” can accelerate to ≥ 100 G. The mecha-
nisms of “DELTA” [15] and “HEXA” [16] were based on similar concepts. Later, Nagai et
al. [17] introduced a high-speed parallel mechanism for electronic part mounters, known as
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“the constrained differential drive mechanism” (CDDM). They analyzed a typical four-DOF
pick-and-place motion and divided the trajectory into two regions, A and B. In region A,
high-precise motions were produced, whereas high-acceleration motions were produced in re-
gion B. Thereafter, they integrated CDDM and the virtual force redundancy (VFR) concept
into a high-speed parallel mechanism. Experimentally, this mechanism accelerate to ≥ 20 G.
Recently, a mechanism known as “the capturing robot” was introduced, which achieved accel-
erations of 100 G [18] by utilizing the spring energy in the pre-shaping dynamics of the link
fingers. However, high-acceleration motions were limited to one direction when moving to grasp
an object.

Accompanying with high acceleration motion of robot, high precise motion was also required
in most of the mechanisms [19–21]. By the time, the requirement of the accuracy motion is
much more strict. Generally in mechanical engineering, vibration affect a lot in the precise
motion, therefore many investigations on the vibration and methods to reduce or suppress the
vibration were conducted [22, 23]. Especially in field of wire driven mechanism, because wire
has elasticity or wire stiffness, researches on the affect of wire elasticity on the operation of the
mechanism were studied [24–26]. Then the study on the method to suppress vibration on wire
driven mechanism was investigated [27].

The configurations of mechanisms with separated parts for global and local motions have
also been studied. Osumi and colleagues [28, 29] installed a manipulator on the top plate.
In this mechanism, the top plate produced the global motion, whereas the changing pose of
the manipulator produced the local motion. Lampariello et al. [30] introduced their robot
named “KUKA,” which produces similar motions by two manipulators installed on a platform.
However, installing the actuators or manipulators on the top plate impacts a very high inertia
to the top plate, reducing the capability for high-acceleration global motions.

To judge whether wire tension can constrain the top plate and whether the conventional wire
mechanism can generate an omnidirectional resultant force, Cong Pham et al. [31,32] adopted
the force closure condition [33] in the workspace analysis. They proposed an algorithm that
determines the optimal workspace with the optimal tension factor value, thereby simplifying the
analysis. Related to workspace analysis, because workspace is a very important characteristic
of wire driven mechanism, there are lots of investigations on it [34–37]. Wire interference is one
of the topics related to workspace analysis; there is study in the collision between wires and
also between wires with the top plate or with the environment [38]; there is also study on the
permitting of collision between wires [39].

On the other hand, ways of changing the position and orientation of the top plate have also
been studied. Because a large translational motion is required while only a small rotational
motion is needed, the standard method is to maintain the translational motion while fixing the
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orientation of the top plate and installing an arm on it. Contour crafting construction system
for automated construction of civil structure has been getting the interests of some researchers
[40, 41]. A new method known as “contour crafting cartesian cable robot” (C4) has been
proposed [42,43], wherein the cables are mounted in pairs, and the two cables in each pair are
controlled to have the same length. A parallelogram is then formed by each pair of cables, the
corresponding crossbar and end-effector edge. By maintaining this parallelism, the orientation
of the top plate remains fixed and only translational motion is possible. The research [42]
presented the kinematics and statics of the proposed method while the research [43] presented
the dynamics and developed a controller of the system. Though the working principle is not
mechanical, it heavily depends on the controller. Realizing this idea, the research introduced
the design method of a cable-driven robot with translational motion focusing on the tension
condition in the cables then showed a prototype of the system [44]. Using a similar approach,
the designers of “Beta Bot” developed a mechanism with six cables and a spine in the middle
of the end effector [45]. The six cables were grouped into three pairs, and the two wires in
each pair were connected to one side of the end-effector. The other ends of the two wires were
then wound onto two pulleys driven by the same actuator. The two wires, together with the
line which connected the two contact points on the pulleys and the end-effector edge, formed
a parallelogram. The three parallelograms ensured that the end-effector would only perform
three translational motions, with no change in orientation. The design of “Beta Bot” halved the
number of actuators presented in [42]. In contrast to the idea of maintaining the parallelism of
wires to fix the orientation of the top plate as the above researches, the authors in [46] developed
a power assist device to help elderly patients and patients with disabilities in moving, without
using the parallelism of wires while fixing the orientation of the supporting element. The device
contained the upper part and the lower part. The upper part could produce the translational
motion in the horizontal only using a set A including three wires strung at the same length
and a set B including two wires strung at the same length. The lower part contained three
pairs of wires, two wires in a pair were reeled in and out to have the same length by the three
corresponding actuators put on the upper part. By using these three pairs of wires, the lower
part could move with three degrees of freedom in the vertical plane for the motions of standing
up and sitting down of the user. The lower part could also perform a rotation motion around
the vertical axis w.r.t the upper part using a connecting part between the upper part and the
lower part to help the user in changing the moving direction. Another approach changed the
orientation of the end-effector and installed arms on the top plate [28–30]. The orientation of
the end effector could be changed by changing the position of the arm. However, the placement
of the actuators on the top plate gave the mechanism high inertia. One way to reduce the
inertia of the top plate is to introduce a parallel module such as “DELTA” [15] or “HEXA” [16]
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into the the top plate of wire mechanism.

1.2. Background of the Research

Following the above investigation on the trending research topics in wire driven mechanism,
we began seeking a mechanism that yields high-acceleration motion, a mechanism that generates
both global and local motions with the reduction number of actuators, and a method for judging
the configurations of this wire driven mechanism. The frame of the research on this wire driven
mechanism has been presented in the patent [47]. Then, the redundant drive wire mechanism
(RDWM) with double actuator modules (DAMs) for realizing fast and precise motion has been
already proposed [48]. The DAM is a pair of actuators that control the length or tension of a
single wire, generating a large translational force that greatly accelerates the top plate. Because
the actuators are positioned outside of the top plate, the top plate develops low inertia and
achieves high-acceleration motions. In addition, precise-local motions are generated on the top
plate to perform tasks. When constructing an RDWM, it is necessary to judge whether the
mechanism can produce the resultant force in all directions. Since the number of actuators in
an RDWM is large, especially in the 3D case, the size of the wire matrix also becomes large:
at least eight in the planar case and 14 in the 3D case. This creates difficulties in judging the
configuration of the mechanism using the conventional method. In our approach [49], the wire
matrix is based on the structure of the DAM, and only the essential component is used to judge
the configuration of the RDWM.

To reduce the number of actuators, previously a velocity constraint module (VCM) was
introduced into RDWM [50]. The VCM applies the same velocities to different points of the
top plate, then constrains the orientation around a certain axis. This constraint is irrelevant to
the RDWM because the orientation of the end effector can be adjusted by a local mechanism.
The literature has confirmed the strong performance of VCM in the planar case, but the 3D
case requires further investigation. Moreover, methodologies for judging the RDWM candidates
remain insufficiently studied.

Therefore, [51, 52] investigated the reduction in the number of actuators by introducing
VCMs to RDWM in the 3D case, not merely in the planar case. [51] then discussed the judg-
ment procedure, which assessed whether RDWM candidate configurations generate the desired
motion space.

1.3. Objective of this Thesis

This thesis proposes a method to develop an RDWM for producing high acceleration motion
and high precise motion while reducing the number of actuators. It aims to propose a simple
method for checking RDWM candidates containing many wires whether the orientation of
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the top plate can be maintained with the reduction number of actuators. The experiments
presented in the thesis also verify the concept of producing global motion and local motions by
using DAMs.

As the beginning stage of the research on RDWM, this thesis is proceeded under the as-
sumption that wires are lines without masses, they contain no slack and possess ideal stiffness
without wire elasticity. In addition, the idle pulleys are considered points with zero radii and
there is no friction between wire and idle pulley. Later, those parameters of wire and idle pulley
will be strictly treated so that the mechanism can produce high acceleration and high precise
motions.

1.4. Organization of this Thesis

The organization of this thesis contains: the configuration of RDWM based on DAMs, the
introduction of VCM into RDWM to keep the orientation of the top plate while reducing the
number of actuators, the numerical examples on finding appropriate RDWM configurations
and the experiment of the 1D RDWM prototype.

In this beginning chapter, the related works to wire driven mechanism are introduced. Then,
the background on RDWM research, the objective and organization of the thesis are discussed.

In chapter 2, the basic concept of RDWM based on the industrial requirement is introduced.
After that, the problems to be solved will be discussed.

In chapter 3, an explanation on how to configure RDWM is discussed and a simple procedure
for checking RDWM is proposed to check RDWM candidates. First, a method for deriving the
wire matrix of an RDWM based on DAMs in normal expression is presented. Second, a new
method for judging candidate RDWMs is introduced, including a new form of wire matrix. The
proposed judgment of candidates uses the essential component of the new form which has the
size equal to only a quarter of the size of the wire matrix; hence, it makes finding and checking
candidate RDWMs easier and simpler.

In chapter 4, the method to keep the orientation of the top plate and reduce the number of
actuators are discussed. First, the basic structure and basic concept of RDWM using DAMs
with and without VCMs is introduced, then the technical problems of introducing VCMs into
RDWM are discussed. Second, the procedure with three steps for judging candidate RDWMs
using DAMs with and without VCMs is proposed. The essential component of the new form
of wire matrix is used in the judgment procedure makes it simpler and easier.

In chapter 5, the theories discussed in chapter 3 and 4 will be applied to find proper configu-
ration of RDWM that can produce the producible velocity space. The analysis of the numerical
examples of RDWM in 1D, 2D and 3D cases verifies the validity of the proposed methods in
judging RDWM candidates. These examples also confirm the role of the VCMs in reducing the
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number of actuators while keeping the orientation of the top plate.
In chapter 6, an experiment of the 1D RDWM prototype is presented. The experimental

result verifies the basic concept of RDWM in producing global motion and local motions by
using DAMs.

Chapter 7 summarizes the attained findings, gives suggestions for future works.
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Chapter 2

Basic Concept and Problem Statement

2.1. Basic Concept of RDWM
2.1.1 Pick and Place Motion in Industrial Application

Figure 2.1 shows that fast motion and high precise motion are not simultaneously required.
The pick-and-place motion can therefore be divided into two separate stages. In this figure, the
top plate can move an object from point P1 to P4 following the trajectory P1-P2-P3-P4. For
time reduction, all the motions in region B should be kept short. In contrast, all the motions
in region A must be precise.

2.1.2 Using DAMs for Producing High Acceleration and High Precise Motions

The concept of RDWM uses DAMs to produce high acceleration and high precise motions.
The DAM contains two actuators that move the top plate and rotate the local pulley, as
shown in figure 2.2. Actually, there is a research introduces about DAMs [9], however the
research focuses on the rotational motions to control their tendon-driven robotic hand without
any utilization of the translational motion for producing fast motion. In this proposed DAM,
when the two actuators rotate in the same direction, the translational motion is produced as
global motion. Then, when the two actuators rotate in different directions, local motion will
be produced by the rotation of the local pulley, this is utilized to perform precise motion. In
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Figure. 2.1: Pick and Place motion.

7



Actuator   1
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  -th Double Actuator 
 Module Base

Actuator   2

Local pulley

Figure. 2.2: Double actuators module.

this schematic figure, the points Ai1, Ai2, Bi1, Bi2 are shown as holes for making the figure to
be simple; however, in the real mechanism, some small pulley systems need to be introduced
into the DAM and into the top plate such that those points are the tangential points between
wires and the outlet pulleys. An example of the pulley system to reduce the affect of friction
is shown in figure 2.6. This system allows the wire to change its direction in response to the
posture of the top plate and therefore it helps to reduce the affect of friction.

The wire mechanism has the ability to move an object in a wide range of motions using
translational motion. To change the orientation of an object, only a small range of motion is
required. Translational motions are used to realize global fast motion only when the orientation
can be fixed. Local motions are then used to change the orientation of the manipulator and
realize precise motions. Figure 2.3 shows the structure of the simple 1D RDWM. It has the
basic features of RDWM: produce global motion with high acceleration to approach the target
and local motions with high precise motions for performing tasks. The high acceleration motion
can be produced by utilizing of DAMs then high precise motion can be attained by using high
gear ratio of ng =

Z2
Z1

between local pulley and finger.
A more complicated configuration of RDWM in 3D case is shown in figure 2.4. In this

mechanism, the top plate is controlled by fourteen wires in seven DAMs. It can move through
a large working space with fast motion and can also undertake specific tasks with highly precise
motion using the three fingers on the top plate. The three fingers can perform grasping tasks
using a common DOF, and can hold the object using two DOFs for each finger.
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Figure. 2.3: 1D RDWM.

Top plate

Fingers

Double actuator modules

Figure. 2.4: An image of the target wire mechanism.
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Figure. 2.5: Concept of RDWM with VCM.

2.1.3 Using VCMs for Reducing Number of Actuators and Keeping the Orienta-
tion of the Top Plate

When RDWM is extended to the 2D or 3D cases, the required number of actuators becomes
large. The VCM can be used to reduce the number of actuators in the wire mechanism. As a
consequence of using this module, the orientation of the top plate becomes fixed. An illustration
of a wire mechanism using the VCM is shown in figure 2.5. The required number of actuators
in this case is {(n − 1) + 1} × 2 = 6 (where n = 3 is the number of DOFs in the 2D case).
It requires only six units, reduced two units compared with the case where four DAMs, i.e.
eight actuators, are used for producing high acceleration motion. In the same way, the required
number of actuators is only eight in the 3D case. It reduces six units, compared with the case
where seven DAMs, i.e. fourteen actuators are used. The mechanism shown in figure 2.5 can
not only achieve high translational acceleration in any direction but can also create local motion
by the rotation of pulleys θ1, θ2, θ3, and θ4. Through these local motions, the robot can change
the orientation of the end-effector, as required when performing certain tasks.

2.1.4 Wire Outlet Module for Reducing Friction and Changing Wire Direction

When the top plate is moving in the 3D space, the wires can take any direction. A module
that can allow the wire to change its directions in response to the posture of the top plate is
therefore needed for the operation of RDWM. Figure 2.6 shows a design of this kind of module.
Using this structure, the output part that directs the wire to the actuator unit can produce the
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Actuator Pulley for 
local motion

Figure. 2.6: wire outlet system.

ϕx, ϕy rotations, changing the wire direction in response to the position of the top plate. As
the result of using this module, wire can easily be wound onto or out of the DAM and move
into or out of the top plate smoothly with small affect of friction.

2.2. Problem Statement

This thesis is interested in the problems arising when introducing DAMs or VCMs into
the configuration of wire driven mechanism (RDWM). Because using DAMs will double the
number of wires, this takes time for finding suitable candidates of RDWM. Therefore the first
problem arising from using DAMs is to look for a simple method for finding suitable RDWM
configurations.

The second problem, because of using DAMs, the number of actuators is doubled to the
number of actuator in typical wire driven mechanism with uni-wire. Therefore, this thesis
studied a mechanism which helps to reduce the required number of actuators called velocity
constraint module(VCM).

The third problem is a common one of wire driven mechanism. In general wire driven
mechanism or in RDWM using DAMs that moves in 3D space, wire are arranged in spatial
space, the orientation of the top plate is very easy to be changed even with small difference
in motor sides when it moves to new position. Then, the robot cannot perform precise tasks
after unexpected change in the orientation. In fact, with the current development of control
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engineering, the top plate orientation can be detected by some kinds of sensor and the changing
in orientation can be compensated in the control algorithm; however, this will increase the
production cost and burden to the control system. Therefore, it had better to mechanically fix
the orientation of the top plate and the precise tasks can be performed by some local motions
on the top plate. The VCM introduced for reducing the required number of actuators has
valuable characteristic to apply the same velocity to different points of the top plate. Therefore
it can be applied to maintain the orientation of the top plate.

The final problem comes from using VCM in RDWM to keep the orientation of the top plate.
It’s necessary to build up a judgment procedure for checking whether the RDWM candidates
can produce desired producible velocity space.

The next chapters of this thesis discuss methods to deal with the above problems.
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Chapter 3

How to Configure RDWM with DAMs

3.1. Wire Matrix and Problem Statement
3.1.1 The Derivation of the Normal Expression of Wire Matrix

In the i-th DAM shown in figure 2.2, BṗBij is the velocity of the wire end points on the top
plate w.r.t the base coordinate, BṗT is the velocity of the center of the top plate w.r.t the base
coordinate, Bω is the angular velocity of the top plate, and BpBij is the position of the wire
end points on the top plate w.r.t the base coordinate. The following relationships can then be
obtained:

BṗBij =
BṗT + Bω × BpBij, (3.1)

i=1,..., ND; j=1, 2.

The operator × in Eq. (3.1) represents the cross product of two vectors Bω and BpBij. The
wire velocities are given by

{
l̇i1 = BeT

i1
BṗBi1 + Riθ̇i,

l̇i2 = BeT
i2

BṗBi2 − Riθ̇i,
(3.2)

where l̇i1, l̇i2 are the wire velocities, Bei1, Bei2 are the wire vectors with unit length, Ri is the
radius of the pulley, and θ̇i is the angular velocity of the pulley.

Substituting Eq. (3.1) into Eq. (3.2) and applying the scalar triple product gives[
l̇i1
l̇i2

]
=

[ BeT
i1 (BpBi1 × Bei1)

T Ri
BeT

i2 (BpBi2 × Bei2)
T −Ri

] BṗT
Bω

θ̇i

 . (3.3)

Applying duality, the resultant force caused by Ti1 and Ti2 are: Bf i
Bni
ni

 =

 Bei1
Bei2

BpBi1 × Bei1
BpBi2 × Bei2

Ri −Ri

[
Ti1
Ti2

]
. (3.4)

When the wire mechanism containing ND DAMs is considered in the n directional space, the
relationship between the resultant force vector and the wire tension vector is given by

F = WT, (3.5)
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where: T =
[

T11 T12 T21 T22 ... TND1 TND2
]T
2ND×1

is the wire tension vector, F (=[
fx fy fz nx ny nz n1 ... nND

]T
(n+ND)×1

in the case of n = 6 ) is the resultant force
vector, W is the wire matrix defined as

W =

[
WG
WL

]
(n+ND)×2ND

. (3.6)

Here, the size of the wire matrix W is (n + ND)× 2ND, where (n + ND) is the number of rows
and includes n DOFs in the global motion space and ND DOFs in the local motion space. The
number of columns is 2ND, which is two times the number of DOFs in the local motion space.
The matrix W , which contains the matrix WG contributing to the resultant force exerted on
the top plate, and the matrix WL contributing to the local moments of the local pulleys. The
two matrices are as follows:

WG =

[ Be11 Be12 Be21 Be22
BpB11 × Be11 BpB12 × Be12 BpB21 × Be21 BpB22 × Be22
. . . BeND1 BeND2
. . . BpBND1 × BeND1

BpBND2 × BeND2

]
n×2ND

,
(3.7)

WL =


R1 −R1 0 0 . . . 0 0
0 0 R2 −R2 . . . 0 0
...

...
...

...
...

...
...

0 0 0 0 . . . RND −RND


ND×2ND

. (3.8)

3.1.2 Problem Statement

The matrix W with size (n + ND)× 2ND becomes very large when developing wire mecha-
nisms using a large number of DAMs to move in a multi-directional space. This is inconvenient,
making it difficult to judge whether the wire mechanism has a proper configuration using stan-
dard approaches. A method for dealing with large wire matrices is therefore necessary for
developing a multi-directional RDWM.

3.2. The Conversion of Wire Matrix to the New Expression

The proposed method consists of two procedures. The procedure for converting the wire
matrix by considering the sums and differences of the sets of two wire tensions of the DAMs
is described first. The procedure for judging a candidate mechanism using the components of
the wire matrix that relate the resultant forces and the combination of the sums of the sets of
two wire tensions of the DAMs is presented in the following section.

3.2.1 Procedure to Derive the Wire Matrix in Normal Form
Defining TpTCi, Ri, TpTDi and TpBij

Figure 3.1 shows the relations between the parameters of a DAM. Here, TpTCi is the position
vector of the center point C i of Bi1Bi2 w.r.t the top plate’s center OT; TpBi1 and TpBi2 are the
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Figure. 3.1: The set of force and moment equivalent to a set of wire tensions applied to a
DAM.

position vectors of Bi1 and Bi2 w.r.t OT; TpTDi is the position vector of Bi1 w.r.t C i, and it has
the norm equal to the pulley radius Ri. As shown in the figure, the three vectors TpBi1, TpTCi

and TpTDi create a triangle; the three vectors TpBi2, TpTCi and TpTDi also create a triangle;
therefore the below relations can be derived:{ TpBi1 = TpTCi +

TpTDi,
TpBi2 = TPTCi − TpTDi.

(3.9)

Set of Position BpT and Orientation BRT of the Top Plate

The initial position BpT and orientation BRT of the top plate can have an arbitrary value
inside the working space of the top plate.

Position of Wire End Points on the Top Plate

This is given by the following equation:

BpBij =
BpT + BRT

TpBij, (3.10)

where BRT is the rotational matrix from the base coordinate to the top coordinate.

Position of Wire End Points on the Frame

The positions of the wire end points on the frame BpAij need to be chosen so that the wire
vectors span the motion direction of the top plate.

Calculating the Wire Vectors Beij

The wire vectors can be derived from the following equation:

Beij =
BpAij − BpBij

∥BpAij − BpBij∥
. (3.11)
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Here, BpAij =
[BxAij

ByAij
BzAij

]T are the positions of the wire end points on the frame w.r.t
the base coordinate and BpBij =

[BxBij
ByBij

BzBij
]T represents the positions of the wire end

points on the top plate w.r.t the base coordinate. The symbol ∥.∥ in Eq. (3.11) represents the
Euclidean norm of a vector.

Checking if the Two Wires in a DAM Are in Parallel

Because the top plate can change its orientation when the system is operating, there will
have cases where the two wires in a DAM are twisted and contacted with each other, which
make bad affect to the operation of RDWM. This chapter assumes that the change of the
orientation of the top plate is small enough and the set of two wires of DAM can be treated to
be parallel. The method to fix the orientation of the top plate to ensure this assumption will
be discussed in the next chapter.

Derivation of the Wire Matrix in Normal Form

The derivation of the wire matrix in normal form is shown in Eqs. (3.6), (3.7), and (3.8).

3.2.2 Conversion of the Wire Matrix to New Form

With the structure of DAM shown in figure 3.1, the two wires in each DAM are in parallel
so the two wire vectors Bei1, Bei2 can be represented as one vector Bei with the same direction
at the center point C i. Then Bei can be derived as follows:

Bei =
Beij. (3.12)

The vectors BpTCi and BpTDi are derived from the position of points Bij as follows:{ BpTCi = (BpBi1 +
BpBi2)/2,

BpTDi = (BpBi1 − BpBi2)/2.
(3.13)

Then Eq. (4.1) becomes Bf i
Bni
ni

 =

 Bei 0
BpTCi × Bei BpTDi × Bei

0 Ri

[
Ti1 + Ti2
Ti1 − Ti2

]
. (3.14)

The expressions in Eqs. (3.5) and (3.6) can be converted into a new expression as

F = W ′T ′
. (3.15)

Here, T ′
=

[
TS TD

]T
2N×1

is the new expression of the wire tension vector;
TS =

[
(T11 + T12) . . . (TND1 + TND2)

]T
ND×1

is the vector of the sums of the sets of two wire
tensions of the DAMs and TD =

[
(T11 − T12) . . . (TND1 − TND2)

]T
ND×1

is the vector of the
differences of the sets of two wire tensions of the DAMs. The new expression of wire matrix
W ′ is given by

W ′
=

[
W ′

G WC
O W ′

L

]
(n+ND)×2ND

. (3.16)
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Inside the matrix W ,′ the matrix W ′

L contributes to producing local moments of pulleys on
the top plate while the set of matrices W ′

G and WC contributes to producing the resultant
force and resultant moment on the top plate. The contents of W ′

G, W ′

L, and WC are shown
below:

W ′
G =

[ Be1 Be2 . . . BeND
BpTC1 × Be1 BpTC2 × Be2 . . . BpTCND × BeND

]
n×ND

, (3.17)

W ′
L =


R1 0 . . . 0
0 R2 . . . 0
...

...
...

...
0 0 . . . RND


ND×ND

, (3.18)

WC =

[
O

pTD1 × Be1 pTD2 × Be2 . . . pTDND × BeND

]
n×ND

. (3.19)

O = [0]ND×ND
. (3.20)

The converted matrix W ,′ describes the geometrical meaning of the sums and differences
of the sets of two wire tensions of the DAMs. In figure 3.1, the set of wire tensions [Ti1, Ti2]

is equivalent to the set of force and moment [fi, nCi] derived from the sum (Ti1 + Ti2) and
difference (Ti1 − Ti2). The component BpTCi × Bei, which produces the moment at the center
of the top plate comes from the sum (Ti1 +Ti2) while the component BpTDi × Bei produces the
moment at the center of Bi1Bi2 from the difference (Ti1 − Ti2).

3.3. New Judgment Method for Checking A RDWM Candidate

The procedure for judging whether a candidate RDWM can produce the resultant forces
for achieving the required motions is discussed in this section. Figure 3.2(a) shows the wire
vectors on the top plate with four sets of DAMs. When two wires in the DAM are in parallel,
the two wire vectors Bei1 and Bei2 can be expressed as a common vector in the center of Bi1Bi2

labeled Bei as shown in figure 3.2(b).
In order to check the ability for producing force in any direction, it is not necessary to

evaluate the whole matrix W . Instead, matrix W is converted into matrix W .′Although the
two matrices are of the same size, this matrix is already divided into small components by Eq.
(3.16), and only the matrix W ′

G relating to the global motion needs to be checked for vector
closure condition. Note that neither of the matrix W nor the matrix W ′ is necessary to be
derived from now. What we need to do is to derive Bei and BpTCi then substitute them to
Eq. (3.17) to get matrix W ′

G for the process of judgment of a candidate. Matrix W ′

G has size
n × N with rows equal to the number of DOF n of the motion space and columns equal to the
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(a) Wire vectors on the top plate with DAMs. (b) The simple expression of wire vectors.

Figure. 3.2: Wire vectors on the top plate with DAMs and the simple expression.

number of DAMs N. This is a quarter of the size of the matrix W , making the judgment much
more convenient.

From the statics relationship between wire tensions and the resultant force in Eq. (3.5), the
new expression of statics relations is given by Eq. (3.15). The resultant force and moment on
the top plate are given by 

fx
fy
fz
nx
ny
nz

 =

[
W ′

Gf
W ′

Gm

]
TS +

[
O

WCnz

]
TD, (3.21)

where:

W ′
Gf =

[ Be1 Be2 . . . BeND

]
nf×ND

(3.22)

is the part of matrix W ′

G in Eq. (3.17) which is related to the resultant force on the top plate;

W ′
Gm =

[ BpTC1 × Be1 BpTC2 × Be2 . . . BpTCND × BeND

]
nm×ND

(3.23)

is the part of matrix W ′

G which is related to the resultant moment on the top plate;

O = [0]nf×ND (3.24)

is an nf × ND zero matrix;

WCnz =
[

pTD1 × Be1 pTD2 × Be2 . . . pTDND × BeND

]
nm×ND

(3.25)
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Figure. 3.3: Moment on the top plate.

is the non-zero part of matrix WC in Eq. (3.19). Here, nf + nm = n, where nf is the number of
DOFs under the resultant force, nm is the number of DOFs under the resultant moment and n
is the total number of DOFs of the whole motion space.

From Eq. (3.21), the resultant moment can be derived as

n = nS + nD. (3.26)

Here, n = [nx ny nz]
T is the resultant moment on the top plate, nS = W ′

GmTS is the moment
from the sum of the sets of two wire tensions of the DAMs, and nD = WCnzTD is the moment
from the difference of the sets of two wire tensions of the DAMs. Matrix W ′

Gm is the part of
matrix W ′

G related to the resultant moment while matrix WCnz is the non-zero part of matrix
WC.

Figure 3.3 shows the vector form of Eq. (3.26). Theoretically, because nS always has a
positive value and nD has much smaller value than nS, n always has a positive value and can
be produced in any direction. To check the ability for producing force in any direction, the
moment nS will be used; however, to produce global motion, the resultant moment n needs to
be in any direction.

To check whether a conventional wire mechanism can produce force in any direction, the
force closure condition is used for workspace analysis [31, 32]. On the other hand, the vector
closure condition is discussed in [13, 55] as a simpler way to evaluate the ability to produce
force in any direction of conventional wire mechanism. For developing RDWM, the modified
vector closure condition is expressed as follows:

In an n-dimension space, an RDWM with ND DAMs (ND ≥ n+1) is said to satisfy the
vector closure condition if the wire matrix of global motion W′

G satisfies the following two
conditions:

C1) rank(W ′

G) = n.
C2) There exists a vector TS > 0 that satisfies W ′

GTS = 0.
Any wire mechanism wherein matrix W ′

G satisfies the two conditions C1), C2) will satisfy
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the vector closure condition and the resultant force can be produced in any direction in the
motion space.

3.4. Discussion and Conclusion

This chapter discussed the new judgment method for RDWM candidates using DAMs. Be-
cause the normal form of wire matrix has large size, which is very inconvenient when developing
wire mechanism to move in a multi-direction space, it is converted to the new form. Then only
the essential component of the new form which is just a quarter of the size of the normal form
is needed for the judgment. This is very important as will be described in the next chapter,
the essential component will be used in the proposed judgment procedure of RDWM to make
it simpler and easier. Then, the numerical examples in chapter 5 will make clear and verify the
proposed method of using the essential component of the new form of wire matrix.
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Chapter 4

How to Keep the Orientation of the
Top Plate and Reduce the Number of
Actuators

4.1. Problem Statement
4.1.1 Basic Structure of RDWM

In the RDWM concept, the DAMs are used to achieve high-acceleration and high precise-
motions, and a 1DOF RDWM has been already proposed [48]. The DAM contains two actuators
that move the top plate and rotate the local pulley, as shown in figure 2.2. When the two
actuators rotate in the same direction, a global translational motion is produced. Conversely,
when the two actuators rotate in different directions, local pulley rotates to generate precise
local motion. As shown in figure 2.4, the top plate in RDWM is controlled by fourteen wires
in seven DAMs. The RDWM can move at high speed through a large working space and also
undertake specific tasks with high precise using the three fingers on its top plate. The fingers
perform grasping tasks using a common DOF and can hold the object using two DOFs for each
finger. The structure of a planar RDWM using four DAMs is shown in figure 5.4. Global,
high-acceleration motions of the top plate are achieved by applying a large translational force
to the mechanism. This force is the sum of the two wire tensions of each DAM. The difference
between the wire tensions of each DAM generates a torque for the corresponding local pulley,
enabling precise local motions of the top plate mechanism. The basic equations of the planar
RDWM using four DAMs are given below:

F = WT, (4.1)

l̇ = WTv, (4.2)

where: F = [ fx fy nz n1 n2 n3 n4 ]
T ∈ R7 is the resultant force vector. Here fx and fy are the

resultant forces in the X and Y directions, respectively, for global motion of the top plate; nz

is the resultant moment around the Z-axis for global motion of the top plate; and n1, n2, n3, n4

are torques on the four local pulleys. T = [T11 T12 T21 T22 T31 T32 T41 T42 ]
T ∈ R8 is the
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(a) VCM with single actuator module.
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Figure. 4.1: Velocity Constraint Modules.

wire tension vector, where Tij (i = 1, 2, 3, 4; j = 1, 2) is the tension on each wire, and l̇ =

[ l̇11 l̇12 l̇21 l̇22 l̇31 l̇32 l̇41 l̇42 ]
T ∈ R8 is the wire velocity vector, where l̇ij (i = 1, 2, 3, 4; j = 1, 2) is the

velocity of each wire. v = [ ṗx ṗy ϕ̇z θ̇1 θ̇2 θ̇3 θ̇4 ]
T ∈ R7 is the output velocity vector, where ṗx

and ṗy are the top plate’s velocities in the X and Y directions respectively, ϕ̇z is the top plate’s
angular velocity around the Z-axis, θ̇1, θ̇2, θ̇3 and θ̇4 are the local pulleys’ angular velocities, and
W ∈ R7×8 is the wire matrix, which can be derived from Eq. (3.6).

The basic equations of actuators are represented as follows:

l̇ = Jq̇, (4.3)

τ = JTT, (4.4)

where q̇ = [ q̇11 q̇12 q̇21 q̇22 q̇31 q̇32 q̇41 q̇42 ]
T ∈ R8 is the actuator velocity vector. Here q̇ij (i =

1, 2, 3, 4; j = 1, 2) is angular velocity of each actuator, and τ = [ τ11 τ12 τ21 τ22 τ31 τ32 τ41 τ42 ]
T ∈

R8 is the actuator torque vector, where τij (i = 1, 2, 3, 4; j = 1, 2) is the torque of each actuator.
J = diag.(N11,N12, ...,N42) ∈ R8×8 is a regular matrix of reduction ratios Nij (i = 1, 2, 3, 4; j =
1, 2) of actuator ijth which include the pulley radius information. J is actually the Jacobian
matrix between the wire and actuator velocities.

4.1.2 Basic Concept of RDWM with VCM

Figure 4.1(a) shows a VCM with a single actuator module. The VCM is characterized by
equality of the two wire velocities l̇i1 and l̇i2, which restricts the posture of the top plate around
the axis perpendicular to the plane containing the two wires. The VCM requires one fewer
actuator than driving the top plate in the same direction by two single wires.

Similarly, the VCM is combined with DAM to generate high acceleration motions is shown
in figure 4.1(b). Here, the two summation velocities l̇i and l̇i+1 are equal because l̇i1 = l̇(i+1)1
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Figure. 4.2: Basic concept of RDWM with VCM.

and l̇i2 = l̇(i+1)2. This configuration restricts the posture of the top plate around the axis
perpendicular to the plane containing the four wires. This VCM requires two fewer actuators
than driving the top plate in the same direction by two DAMs.

The above analysis shows that configuring VCMs on RDWM can reduce the required num-
ber of actuators. Moreover, the VCMs constraint the posture of the top plate. Therefore, we
can propose candidate RDWMs with VCMs that fix the posture of the top plate and allow
translational-only motions with fewer actuators than other configurations. However, this re-
search excludes the vibration of the mechanism and investigations on vibration suppression.
The wire is assumed as ideally stiffness with no wire elasticity.

Figure 4.2 shows the basic concept of RDWM with VCM. As shown in this figure, the top
plate can move at fast speed through a large working space, but its orientation is fixed by the
VCMs, which have parallel alignments of two sets of double wires. However, the orientation
of the top plate is intrinsically difficult to change, and the end point of the RDWM can be
reoriented by precise motions generated by the local mechanism in the proposed structure.

Figure 4.3 shows the proposed structure of the planar RDWM with a VCM. The structure
is governed by Eqs. (4.1) and (4.2) and the following basic equations of the actuators:

l̇ = Jvcq̇vc, (4.5)

τ vc = JT
vcT, (4.6)

where q̇vc = [ q̇11 q̇12 q̇21 q̇22 q̇31 q̇32 ]
T ∈ R6 is the actuator velocity vector. Here q̇ij (i =

1, 2, 3; j = 1, 2) is the angular velocity of each actuator. τ vc = [ τ11 τ12 τ21 τ22 τ31 τ32 ]
T ∈ R6 is

the actuator torque vector, where τij (i = 1, 2, 3; j = 1, 2) is the torque on each actuator, and
Jvc ∈ R8×6 is the Jacobian matrix between the wire and actuator velocities.
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Figure. 4.3: A planar RDWM with a VCM.
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In the numerical test cases (see later), the VCMs reduce the number of required actuator
units from 8 to 6 in the planar RDWM and from 14 to 8 in the 3D RDWM.

4.1.3 Technical Problems to be Solved

There is an important difference between Eqs. (4.3), (4.4) and Eqs. (4.5), (4.6). The latter
pair of equations expresses the constraint imposed by the VCMs. Unlike J, the matrix Jvc is
not regular because it contains the constraint; therefore, the wire tensions are interdependent.
The kinematics equations of the whole mechanism are derived from the set of Eqs. (4.2), (4.3)
and the set of Eqs. (4.2), (4.5) for the planar RDWM with DAMs and planar RDWM with
VCM, respectively:

Jq̇ = WTv, (4.7)

Jvcq̇vc = WTv, (4.8)

From Eq. (4.7), it is easily to derive q̇ = J−1WTv and the velocity of actuator unit q̇ can
be got because the matrix J ∈ R8×8 is a regular one and is invertible. However, considering
Eq. (4.8): it cannot be directly solved as Eq. (4.7) because the matrices Jvc ∈ R8×6 is not
regular and is not invertible. Therefore, the configuration of RDWM with VCM needs to use
a kinematical analysis based on convex analysis to solve the problem.

The RDWM candidates cannot be judged solely by checking the vector closure condition
(static force analysis). The space (directions and dimensions) of producible velocity of the top
plate must be found by kinematic analysis because the VCM excludes the velocity from certain
directions. In some cases, the space of producible velocity of the top plate can be intuited from
geometrical considerations (see figure 5.5) as mentioned in the subsection “Basic concept of
RDWM with VCM”. However, in more general cases, this space must be found by an analytical
method without relying on intuition. Whether the resultant global-motion force is generated
in the desired direction within the space of producible velocity must then be judged by static
force analysis. In stepwise fashion, these two analyses will find proper candidate RDWMs
with/without VCM. The kinematical analysis was conducted in our previous work [50] and [53]
based on [54], but more considered combined analysis is presented here.

4.2. Proposal of the Judgment Procedure to Find RDWM Config-
uration That Can Produce Desired Velocity

The judgment procedure contains three steps:
Step 1: Checking the vector closure condition.
Step2: Finding the producible velocity space by kinematical analysis (KA).
Step 3: Checking the vector closure condition within the producible velocity space by static
force analysis (SFA).
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Remark: The essential part of the new form of wire matrix which derived in chapter 3 can be
used for vector closure judgment for RDWM with both DAMs and VCMs in step 1.

4.2.1 Outline of the Procedure

To solve the technical problems discussed in the previous section, we propose the following
judgment procedure for finding RDWM candidates with/without VCM:

Step 1: Check the necessary condition for vector closure;
Step 2: Find the space of producible velocity (also called the active constraint space SAC)

by kinematical analysis;
Step 3: Check the vector closure condition within the space of producible velocity.
The above judgment procedure is applicable to RDWM candidates with and without VCM.

The contents of each step are described as below:
Using the vector closure condition, step 1 judges whether a resultant force in any direction

on the top plate covers the whole motion space. This is a necessary condition.
By kinematical analysis, step 2 derives the active and passive constraint spaces, in which

the top plate can and cannot acquire a velocity, respectively.
Using the vector closure condition, step 3 judges whether a resultant force in any direction

on the top plate covers the active constraint space derived in step 2.
The proposed judgment procedure can be demonstrated in simple planar configurations, as

illustrated in figure 5.4, 5.5 and 5.6.
Intuitively, the top plate in the planar RDWM using four DAMs shown in figure 5.4 can

move in the XOY plane and also rotate around the Z-axis. In step 1, the resultant force should
be produced in the X and Y directions and around the Z-axis. Step 2, the velocity of the top
plate should also be produced in the X and Y directions and around the Z-axis. In step 3,
the resultant force force in the static force analysis should again be producible in the X and Y
directions and around the Z-axis.

Intuitively the top plate in figure 5.5 can move in the XOY plane but the VCM forbids its
rotation around the Z-axis. In step 1, the resultant force should be produced in the X and Y
directions and around the Z-axis. The step 2 should restrict the velocity of the top plate to
the X and Y directions. In step 3, the static force analysis should restrict the resultant force
to the active constraint space (i.e., the X and Y directions).

Intuitively, the configuration of figure 5.6 cannot realize a positive resultant moment around
the Z-axis, so appears improper. Step 1 fails to obtain a producible resultant force in all
directions. In step 2, the velocity of the top plate should be producible in the X and Y
directions and around the Z-axis. However, similar to the step 1, step 3 cannot find a resultant
force that is produced in any direction.
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4.2.2 Details of Step 1: Checking the Necessary Condition for Holding the Vector
Closure

The vector closure condition [13, 55] is used as a necessary condition to judge whether the
resultant force can be produced in any direction through out the motion space of the mechanism.
For RDWM using DAMs, this condition needs to revised a little bit by using the essential part
of the new form of wire matrix which is related to the global motion W ′

G and was presented
as the main part of chapter 3. The contents of the revised condition is detailed again below:

In an n-dimension space, an RDWM with ND DAMs (ND ≥ n+1) is said to satisfy the
vector closure condition if the wire matrix of global motion W′

G satisfies the following two
conditions:

C1) rank(W ′

G) = n.
C2) There exists a vector TS > 0 that satisfies W ′

GTS = 0.
Any wire mechanism wherein matrix W ′

G satisfies the two conditions C1), C2) will satisfy
the vector closure condition and the resultant force can be produced in any direction in the
motion space. For checking the vector closure condition, it is sufficient to derive the matrix
W ′

G by Eq. (4.23) because this matrix alone contributes to the resultant force for producing
global motion of the top plate. The rank(W ′

G) in condition C1 defines the number of permitted
directions of the resultant forces. If rank(W ′

G) is full ( = n ) the resultant forces can be produced
in the whole motion space of the mechanism. In contrast, a partial rank(W ′

G) denotes that the
resultant force cannot be produced in one or more directions, so the mechanism configuration
should be eliminated. Under condition C2, the matrix W ′

G may not be regular because the
sizes of wire tension vector TS and the resultant force vector on the whole motion space F
may differ. In this case, the number of roots exceeds the number of equations. If the candidate
RDWM is feasible, a positive wire tension TS such that W ′

GTS = 0 will exist, meaning that
the resultant force can be produced in any direction throughout the whole motion space. Any
wire mechanism in which matrix W ′

G satisfies both C1 and C2 will satisfy the vector closure
condition, and the resultant force can be produced in any direction within the whole motion
space.

4.2.3 Details of Step 2: Find the Producible Velocity Space by Kinematical Anal-
ysis (KA)

The kinematical analysis judges the motion direction space of the RDWM candidates. This
procedure first derives the velocities of the DAMs and VCMs contributing to the top plate’s
velocity. The derived velocity sets are then combined into a complete set of the top plate’s
velocities, which is converted from face-form to span-form by convex theory [56–61]. The
conversion procedure is summarized in Appendix D, and is comprehensively solved by linear
programming in [61]. The kinematical analysis is detailed below:
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a. Set of top plate velocities contributed by the DAM without VCM

Assuming that the wire velocities satisfy -1[m/s] ≤ l̇ij ≤ 1[m/s], the DAM characteristic
yield the following inequalities: {

−1 ≤ l̇i1 ≤ 1,

−1 ≤ l̇i2 ≤ 1.
(4.9)

Eq. (4.9) implies that each wire can produce a non-zero velocity (either positive or negative).
The values “1” and “-1” are dummy values with no specific meaning. In matrix form, these
inequalities are expressed as:

ALdil̇di ≤ bLdi, (4.10)

where l̇di = [ l̇i1 l̇i2 ]T ∈ R2 is the wire velocity vector of DAM without VCM and:

ALdi =


−1 0
1 0
0 −1
0 1

 ∈ R4×2, bLdi =


1
1
1
1

 ∈ R4. (4.11)

The upper 2× 2 block of ALdi and the upper two rows of bLdi in Eq. (4.11) correspond to
the upper inequality related to l̇i1 in Eq. (4.9). Similarly, the lower 2 × 2 block of ALdi and
the lower two rows of bLdi in Eq. (4.11) correspond to the lower inequality related to l̇i2 in Eq.
(4.9).

Considering the kinematic equation l̇di = WT
Givdi, the set of top plate velocities contributed

by the DAM without VCM is given by

V di = {vdi|AVdivdi ≤ bVdi} , (4.12)

where the matrix AVdi in Eq. (4.12) is computed as

AVdi = ALdiWT
Gi,

and the matrix WGi related to the global motion of the top plate of the DAM without VCM
is given by

WGi =

[ Bei
Bei

BpBi1 × Bei
BpBi2 × Bei

]
∈ Rn×2; i = 1, . . .ND. (4.13)

with Bei =
Beij (j = 1, 2). Mathematically, the symbol “×” in this equation is the operator

to calculate the cross product of two vectors in R3 where each vector contains three elements
of X, Y and Z axes. However, in this paper, the symbol “×” is also used to calculate the
cross product of two vectors in R2 and the result of this product is a scalar. The detail of
its derivation is shown in Appendix A. Here, n is the number of global motion DOFs of the
top plate; n = 2 in the 1D mechanism, n = 3 in the planar mechanism and n = 6 in the 3D
mechanism.

28



b. Set of top plate velocities contributed by the DAM with VCM

Assuming that the wire velocities satisfy -1[m/s] ≤ l̇ij ≤ 1[m/s] and considering the charac-
teristic of VCM, we obtain the following inequalities:

−1 ≤ l̇i1 ≤ 1,

l̇i1 = l̇(i+1)1,

−1 ≤ l̇i2 ≤ 1,

l̇i2 = l̇(i+1)2.

(4.14)

Equation (4.14) implies that each wire can produce a non-zero velocity (either positive or
negative), so the values “1” and “-1” have no specific meaning. In matrix form, these inequalities
are expressed as

ALvml̇vm ≤ bLvm, (4.15)

where l̇vm = [ l̇i1 l̇i2 l̇(i+1)1 l̇(i+1)2 ]
T ∈ R4 is the wire velocity vector of DAM with VCM and:

ALvm =



−1 0 0 0
1 0 0 0
1 0 −1 0
−1 0 1 0
0 −1 0 0
0 1 0 0
0 1 0 −1
0 −1 0 1


∈ R8×4, bLvm =



1
1
0
0
1
1
0
0


∈ R8. (4.16)

In Eq. (4.16), the upper 2 × 4 block of ALvm and the first two row of bLvm correspond to the
first inequality related to l̇i1 in Eq. (4.14), and the second 2×4 block of ALvm and the third and
fourth rows of bLvm correspond to the first equality related to l̇i1, l̇(i+1)1 in Eq. (4.14). Similarly,
the third 2× 4 block of ALvm and the fifth and sixth rows of bLvm in Eq. (4.16) correspond to
the second inequality related to l̇i2 in Eq. (4.14), and the last 2× 4 block of ALvm and the final
two rows of bLvm correspond to the second equality related to Eq. (4.14).

Considering the kinematic equation, l̇vm = WT
GVmvvm, the set of top plate velocities con-

tributed by the DAM with VCM is given by

V vm = {vvm|AVvmvvm ≤ bVvm} , (4.17)

where the matrix AVvm in Eq. (4.17) is computed as

AVvm = ALvmWT
GVm,

and the matrix WGVm related to the global motion of the top plate of the DAM with VCM is
given by

WGVm =

[ Bek
Bek

Bek
Bek

BpBk1 × Bek
BpBk2 × Bek

BpB(k+1)1 × Bek
BpB(k+1)2 × Bek

]
∈ Rn×4; (4.18)

k = ND + 2m − 1;m = 1, . . .NV.

with Bek =
Bekj = e(k+1)j (j = 1, 2). Here, k is the ordering number of DAM without VCM

when considering a DAM with VCM contains two DAMs without VCM.
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c. Face form of the producible velocity space

Combining all velocity sets of the top plate contributed by all modules, the face form of the
producible velocity space of the top plate is given by

V = {v|AVv ≤ bV} , (4.19)

where the velocity matrices of velocity of the top plate are defined as

AV = ALWT
G, (4.20)

bV = [ bT
Ld1 . . . bT

LdND
bT

Lv1 . . . bT
LvNV

]T, (4.21)

where, the subscripts Lv and Ld denote the components belong to DAM with and without
VCM; the subscripts NV and ND are the number of DAM with and without VCM, respectively.

The matrix AL is defined as

AL = bdiag.(ALd1, . . . , ALdND , ALv1, . . . , ALvNV), (4.22)

where bdiag.(X1,X2, . . . , XP) denotes a block-diagonal matrix constructed from the sub-
matrices X1, X2, . . . , XP on its diagonal.

The contribution of matrix WG to the resultant force on the top plate is given by:

WG = [WG1 . . . WGND WGV1 . . . WGVNV ]T ∈ Rn×2(ND+2NV) (4.23)

where WGi and WGVm are obtained from Eqs. (4.13) and (4.18).

d. Span form of the producible velocity space

The face form of the producible velocity space does not clarify the directions and number of
dimensions of the generated velocities. For this purpose, the face form Eq. (4.19) is converted
to the following span form:

V =

{
β∑

t=1

λtvt|
β∑

t=1

λt ≤ 1, λt ≥ 0, t ∈ [1, β]

}
, (4.24)

using the method proposed in [61]. The results for all vertices are represented in the following
matrix A:

A = [v1 ...... vβ], (4.25)

where β is the number of vertices.
Yoshikawa [62] mentioned the concepts of active and passive closure which are critically

important for analyzing grasping and manipulation by robotic hands and the constraining
mechanisms such as fixtures and vises. Passive and active closure refer to the ability of fixing
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and manipulating objects, respectively. In our research, the active constraint space SAC is
defined as the space covered by the top plate velocities and movements. Conversely, the passive
constraint space SPC is the space wherein the top plate cannot move. Mathematically, these
spaces are defined as follows:

SAC = R (A) ,SPC = S⊥
AC = N

(
AT) . (4.26)

4.2.4 Details of Step 3: Check the Vector Closure Condition within the Pro-
ducible Velocity Space by Static Force Analysis (SFA)

The above mentioned kinematical analysis step obtains the active and passive constraint
spaces (SAC and SPC, respectively). However, although the vector closure condition is a nec-
essary condition in step 1, this judgment is made over the whole motion space. Consequently,
whether the resultant force can be produced in any direction within the active constraint space
SAC is not confirmed. Therefore the SFA is used as the sufficient condition for judging RDWM
candidates. The SFA procedure is detailed below.

First, the whole motion space coordinate is converted to the producible velocity space
coordinate.

The static force relation between FG and T is given by:

FG = WGT, (4.27)

In the 2D case, FG = [ fx fy nz ]
T ∈ R3 is the resultant force vector that produces the global

motion, T = [T11 T12 T21 T22 T31 T32 T41 T42 ]
T ∈ R8 is the wire tension vector and the matrix

WG is given by Eq. (4.23):

WG = [WG1 WG2 WGV1 ]
T ∈ R3×8, (4.28)

The matrices WGi and WGV1 are derived from Eqs. (4.13) and (4.18), respectively:

WGi =

[ Bei
Bei

BpBi1 × Bei
BpBi2 × Bei

]
∈ R3×2, i = 1, 2,

WGV1 =

[ Be3
Be3

Be3
Be3

BpB31 × Be3
BpB32 × Be3

BpB41 × Be3
BpB42 × Be3

]
∈ R3×4

Introducing the coefficient matrix α, which represents the tension forces of the DAMs with
VCMs under passive constraints, we obtain

T31
T32
T41
T42

 = α

[
T310
T320

]
,α =


α31 0
0 α32

1− α31 0
0 1− α32

 ∈ R4×2, (4.29)

where T3i0, i = 1, 2 are the independent tensions in the DAM with VCMs. Later, these
tensions will be separated into two dependent wire tensions. α3i and (1 − α3i) should be zero
or positive.
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Introducing the constraint matrix C , which relates the set of all the wire tensions to the
set of all independent wire tensions as follows:

T = CTC, (4.30)

C =

[
E4 0
0 α

]
∈ R8×6;Tc = [T11 T12 T21 T22 T310 T320 ]

T ∈ R6

Substituting Eq. (4.30) into Eq. (4.27), the static force under the passive constraints imposed
by the VCMs is given by

FG = WGCTC, (4.31)

where
WGC = [WG1 WG2 WGC1 ]

T ∈ R3×6, (4.32)

with
WGC1 =

[
Be3 Be3{

α31BpB31 + (1− α31)BpB41
}
× Be3

{
α31BpB31 + (1− α31)BpB41

}
× Be3

]
∈ R3×2.

In constrast, the producible global velocity, that is, the translational velocity ṗ in the global
motion space, is determined by kinematical analysis as follows:

vG = CPṗ, (4.33)

where, vG = [ ṗT ϕ̇T ]T ∈ R3, ṗ ∈ R2. The producible velocity matrix CP, which relates the
translational velocity ṗ and the global motion velocity vG is defined as follows:

CP =

 1 0
0 1
0 0

 ∈ R3×2.

As the velocity relation is dual to the static force relation, the resultant force for global
motion in the velocity producible space is given by:

f = CT
PFG, (4.34)

Substituting FG in Eq. (4.31) into Eq. (4.34), the static force relation between f and TC is
obtained as:

f = CT
PWGCTC, (4.35)

Note that the moments in FG, which include the coefficients α3i will be disappeared.
The same result can be obtained through Eqs. (4.34), (4.27) and (4.30):

f = WCVCTC, (4.36)

where WCVC is the matrix of resultant force on the top plate in the constraint space. It is
derived as follows:

WCVC = CT
PWGC , (4.37)
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In the general case, let us suppose that the RDWM includes ND DAMs without VCMs and
NV DAMs with VCMs. Then we have FG = [ f T nT ]T ∈ Rn, where f ∈ Rp and n ∈ Rn−p,
(here,(n, p)=(2, 1) in 1D, (3, 2) in 2D and (6, 3) in 3D). FG is the resultant force vector that
produce global motion, T = [T11 T12 . . . TND1 TND2 T(ND+1)1 T(ND+1)2 T(ND+2)1 T(ND+2)2 . . .

T(ND+2NV−1)1 T(ND+2NV−1)2 T(ND+2NV)1 T(ND+2NV)2 ]
T ∈ R2(ND+2NV) is the wire tension vector.

The matrix WG is given by Eq. (4.23):

WG = [WG1 . . . WGND WGV1 . . . WGVNV ]T ∈ Rn×2(ND+2NV), (4.38)

where the matrices WGi and WGVm are obtained from Eqs. (4.13) and (4.18).
Again introducing the coefficient matrix α, which represents the tension forces of the DAMs

with VCMs under passive constraints, we obtain
Tk1
Tk2

T(k+1)1
T(k+1)2

 = αm

[
Tk10
Tk20

]
,αm =


αk1 0
0 αk2

1− αk1 0
0 1− αk2

 ∈ R4×2 (4.39)

where k = ND + 2m − 1;m = 1, . . . ,NV.
Here, Tku0, u = 1, 2 are the independent tensions in the DAM with VCMs, which later

separate into two dependent wire tensions, T(k+u−1)1,T(k+u−1)2, and αku (0 ≤ αku ≤ 1, u = 1, 2)
is the coefficient that distributes the wire tensions Tku0 into two dependent wire tensions.

Introducing the constraint matrix C , which relates the set of all the wire tensions to the
set of all independent wire tensions as follows:

T = CTTC, (4.40)

where TC = [T11 T12 . . . TND1 TND2 T(ND+1)10 T(ND+1)20 T(ND+3)10 T(ND+3)20 . . . T(ND+2NV−1)10

T(ND+2NV−1)20 ]
T ∈ R2(ND+NV) is the vector of independent wire tensions.

Here,
C = bdiag.(E2ND , α1, . . . , αNV) ∈ R2(ND+2NV)×2(ND+NV) (4.41)

E2ND ∈ R2ND×2ND is the identity matrix.
Substituting Eq. (4.40) into Eq. (4.27), the static force relation under the passive constraints

imposed by the VCMs is given by
FG = WGCTC, (4.42)

where
WGC = [WG1 . . . WGND WGC1 . . . WGCND ]T ∈ Rn×2(ND+2NV), (4.43)

here
WGi =

[ Bei
Bei

BpBi1 × Bei
BpBi2 × Bei

]
∈ Rn×2i = 1, . . .ND,
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WGCm =

[ Bek
Bek{

αk1
BpBk1 + (1− αk1)

BpB(k+1)1

}
× Bek

{
αk2

BpBk2 + (1− αk2)
BpB(k+1)2

}
× Bek

]
∈ Rn×2, (k = ND + 2m − 1;m = 1, . . .NV).

Again, the producible global velocity (translational velocity ṗ in the global motion space)
is derived from kinematical analysis:

vG = CPṗ, (4.44)

where, vG = [ ṗT ϕ̇
T
]T ∈ Rn, ṗ ∈ Rp. The producible velocity matrix CP, which relates the

translational velocity ṗ and the global motion velocity vG is defined as follows:

CP =

[
Ep×p

O(n-p)×p

]
∈ Rn×p,

((n, p)=(2, 1) in 1D, (3, 2) in 2D and (6, 3) in 3D).
As the velocity relation is dual to the static force relation, the resultant force for global

motion in the velocity producible space is given by:

f = CT
PFG, (4.45)

Substituting FG in Eq. (4.42) into Eq. (4.45), the static force relation between f and TC is
obtained as:

f = CT
PWGCTC, (4.46)

Note that the moments in FG, which include the coefficients αkbu will be disappeared.
The same result can be obtained through Eqs. (4.45), (4.27) and (4.40):

f = WCVCTC, (4.47)

w where WCVC is the matrix of resultant force on the top plate in the constraint space. It is
derived as follows:

WCVC = CT
PWGC , (4.48)

Second, Eq. (4.36) or Eq. (4.47) will be used in SFA for judging whether the resultant
force can be produced in any direction within the active constraint space SAC. The procedure
is described below.

C1) Find rank(WCVC).
C2) Find a vector TC > 0 that satisfies WCVCTC = 0.
The rank(WCVC) in Condition C1 defines the number of directions where the resultant

forces are produced in the active constraint space SAC. If rank(WCVC) is full, the resultant
forces can be produced in any direction in SAC. In contrast, if rank(WCVC) is not full, the
resultant force (and hence the velocity of the top plate) will be forbidden in one or more
directions. In this case, the SFA fails and the RDWM candidate should be eliminated. Under
condition C2, the matrix WCVC is non-regular because the sizes of the wire tension vector in
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the constraint coordinate TC and the resultant force vector in the active constraint space f
are mismatched. Consequently, the number of roots exceeds the number of equations. If the
candidate RDWM configuration is feasible, we can find a positive value of the wire tension TC

satisfying WCVCTC = 0. If the RDWM candidate passes the SFA, the resultant force can be
produced in any direction within the active constraint space.

The proposed procedure with three steps specify the necessary and sufficient conditions
for judging the RDWM candidates, respectively. If a candidate RDWM satisfies the above
procedure, it can generate the desired motions. Hence, the proposed judgment determines
proper configurations of the RDWM.

4.3. Discussion and Conclusion

This chapter discussed the method for developing a wire driven mechanism wherein the top
plate can generate the desired producible velocity space with the reduction number of actuators.
It explained the basic concept of using VCM in RDWM for keeping the top plate’s orientation
with the reducing number of actuators. Then it proposed the judgment procedure with three
steps to check if the RDWM candidates using VCM can produce the desired velocity. Using
just the essential component of the new form of wire matrix in the 1st step of the judgment
procedure will make it simpler and easier. The numerical examples in the next chapter will
make clear and verify the proposed method of using the essential component as well as the
validity of the judgment procedure for RDWM.
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Chapter 5

Numerical Examples

5.1. Introduction

This chapter applies the proposed theories presented in chapter 3 and chapter 4 for finding
the proper configuration of RDWM that produces the velocity in a specific space. Assuming
that the designer would like to develop a wire driven mechanism for the aim of producing high
speed and high precise motion in which the top plate can move in the producible velocity space.
The DAMs will be used for producing high speed global motion and high precise local motion
as the concept of RDWM presented in chapter 3. Then for producing velocity in a specific
space as well as for reducing the number of actuators, the designer will introduce the VCMs
into the configuration of the mechanism as discussed in chapter 4. The examples presented in
the next sections illustrate how to apply DAMs and VCMs in RDWM as well as how to use
the proposed judgment method for finding the proper configuration RDWM that can generate
the producible velocity space.

5.2. Proper Configuration of the 1D Wire Mechanism with One
VCM

The 1D wire mechanism with one VCM is shown in figure 5.1. Here, the top plate under
the gravity force will be suspended by one VCM. The gravity force p = mg has any positive
value which depends on the mass of the top plate m under the acceleration of gravity g. For
the purpose of simplifying, let’s assume that the gravity force has the magnitude p = 1 [N].

Positions of wire end points on the top plate w.r.t the top plate coordinate.

TpB1 = [−6 10]T , TpB2 = [6 10]T ,
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Figure. 5.1: 1D wire mechanism with one VCM.
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Set of positions BpT and orientations BRT of the top plate

BpT = [50 50]T , BRT =

[
1 0
0 1

]
∈ R2×2.

Positions of wire end points on the top plate

From Eq. (3.10):
BpB1 = [44 60]T , BpB2 = [56 60]T

Position of wire end points on the frame

The following positions of the wire end points on the frame are shown as follows:

BpA1 = [44 90]T , BpA2 = [56 90]T .

Calculating the wire vectors Bei

The wire vectors Bei were calculated by Eq. (3.11).

Be1 = Be2 = [0 1]T

Necessary condition check (Step 1)

In step 1, the matrix WG that contributes to the resultant force on the top plate is given
by Eq. (4.23) with only one VCM contain two wires as follows:

WG =

 0 0
1 1
−6 6

 ∈ R3×2. (5.1)

The first row of WG above has all zero elements so the top plate cannot move in X direction.
Then, WG can be written again as follows:

WG =

[
1 1
−6 6

]
∈ R2×2. (5.2)

For checking vector closure condition, the gravity force on the top plate is introduced. Then
the matrix W̃G contains the gravity component is shown as follows:

W̃ =

[
1 1 −1
−6 6 0

]
∈ R2×3. (5.3)

Correspond to the matrix W̃G is a vector T̃ = [T1 T2 p ]T ∈ R3 which contains the wire
tensions T1,T2 and the gravity force p. It is easily seen that:

i) rank(W̃) = 2.
ii) The vector T̃0 = [ 0.5 0.5 1 ]T ∈ R3 > 0 satisfies W̃T̃0 = 0.

Therefore, this 1D wire mechanism satisfies step 1 and the analysis proceeds to the step 2 as
follows.

38



KA (Step 2)

The matrices of contribution of VCM to the velocity of the top plate is given as follows:

AL =

 −1 0
1 0
1 1

−1 1

 ∈ R4×2, bL =

 1
1
0
0

 ∈ R4. (5.4)

The matrices of top plate velocities AV and bV are given by Eqs. (4.20) and (4.21), respectively.
The result are given below:

AV =

 −1 6
1 −6
0 12
0 −12

 ∈ R4×2, bV =

 1
1
0
0

 ∈ R4. (5.5)

From the above AV, bV, the convex sets mentioned in Eqs. (4.19) and (4.24) can be solved.
The vertex sets in matrix A, the active constraint space SAC and passive constraint space SPC

of the 1D wire mechanism are found by Eqs. (4.25) and (4.26). The result are shown below.

A =

[
−1 1
0 0

]
∈ R2×2 (5.6)

SAC = R
([

1
0

])
,SPC = R

([
0
1

])
. (5.7)

Eq. (5.7) shows that in this case, the active constraint space SAC produced by the top plate
allows motion in the Y direction and the orientation is fixed around the Z-axis.

SFA (Step 3)

The matrix W̃CVC that relates the wire tension vector in the constraint coordinate is
derived from Eq. (4.48) then it is used for SFA. The contents of the matrix W̃CVC are given
below:

W̃CVC =
[
1 1 −1

]
∈ R1×3, (5.8)

W̃CVC contains some of the elements of matrix W̃G. We then have:
i) rank(W̃CVC) = 1.
ii) The vector T̃0 = [ 0.5 0.5 1 ]T ∈ R3 > 0 satisfies W̃CVCT̃0 = 0.
The above analysis reveals that W̃CVC is a full-ranked matrix. Moreover, there is a vector

T̃0 that satisfies W̃CVCT̃0 = 0. Consequently, this wire mechanism satisfies step 3 and the
resultant force can be produced in any direction within the active constraint space SAC.

Because it passes all three of the judgment steps, this wire mechanism is a proper configu-
ration that achieves the desired active constraint space SAC in Y direction.
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Figure. 5.2: The mechanism does not satisfy the 1st point of the step 1.

5.3. Proper Configuration of the Planar RDWM with Fixed Ori-
entation Around the Z-axis while Maintaining Translational
Motion in the X and Y Directions

Suppose a planar RDWM wherein the desired active constraint space SAC is the XOY
plane and the passive constraint space SPC is the orientation around the Z-axis of the top plate
is required. Various configurations of the planar RDWM are proposed and assessed by the
judgment procedure developed in chapter 4. All length-based parameters in this analysis are
in [cm].

5.3.1 First configuration: The Mechanism Does Not Satisfy the 1st Point of Step
1

A planar RDWM does not satisfy the 1st point of the step 1 of the judgment procedure is
shown in figure 5.2. Here, the unit of the values of parameters related to length are assumed
to be [cm]. The processes for deriving the matrix W ′

G2 and the judgment procedure are shown
below:
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Defining TpTCi, Ri, TpTDi and TpBij

Select the parameters for the mechanism in figure 5.2 as follows:

TpTC1 = [−6 − 10]T , TpTC2 = [6 − 10]T ,
TpTC3 = [6 10]T , TpTC4 = [−6 10]T .

Radii of the pulleys: R1 = R2 = R3 = R4 = 2.

TpTD1 = [−2 0]T , TpTD2 = [−2 0]T ,
TpTD3 = [2 0]T , TpTD4 = [2 0]T .

Position of wire end points on the top plate w.r.t the top plate coordinate:

TpB11 = [−8 − 10]T , TpB12 = [−4 − 10]T ,
TpB21 = [4 − 10]T , TpB22 = [8 − 10]T ,
TpB31 = [8 10]T , TpB32 = [4 10]T ,
TpB41 = [−4 10]T , TpB42 = [−8 10]T .

Set of position BpT and orientation BRT of the top plate

BpT = [50 50]T , BRT =

[
1 0
0 1

]
. (5.9)

Position of wire end points on the top plate

From Eq. (3.10), we have:

BpB11 = [42 40]T , BpB12 = [46 40]T ,
BpB21 = [54 40]T , BpB22 = [58 40]T ,
BpB31 = [58 60]T , BpB32 = [54 60]T ,
BpB41 = [46 60]T , BpB42 = [42 60]T .

Position of wire end points on the frame

The DAMs are arranged on the frame such that the positions of the wire end points on the
frame are as below:

BpA11 = [42 20]T , BpA12 = [46 20]T ,
BpA21 = [54 20]T , BpA22 = [58 20]T ,
BpA31 = [58 90]T , BpA32 = [54 90]T ,
BpA41 = [46 90]T , BpA42 = [42 90]T .

Calculating the wire vectors Beij

The wire vectors Beij can be calculated using Eq. (3.11), and the results are shown below:

Be11 = Be12 = Be21 = Be22 = [0 − 1]T ,
Be31 = Be32 = Be41 = Be42 = [0 1]T .
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Checking if the two wires in the DAMs are in parallel

With this configuration, the two wires in the DAMs are in parallel.

Derivation of the matrix W ′

G2

From Eqs. (3.6) and (3.16) with n=3, ND=4, it is easy to see that the matrices W 2 and
W ′

2 have size 7× 8. As mentioned in the chapters 3 and 4, both of them will not be used in the
proposed judgment method. For reference, those matrices can be seen in Eqs. (C.1) and (C.4)
of the Appendix C, only the matrix W ′

G2 will be used for the judgment and it is derived as
follows:

From Eq. (3.12), the vectors Bei can be derived as:

Be1 = Be2 = [0 − 1]T ,
Be3 = Be4 = [0 1]T ,

From Eq. (3.13), the vectors BpTCi can be derived as:

BpTC1 = [44 40]T , BpTC2 = [56 40]T ,
BpTC3 = [56 60]T , BpTC4 = [44 60]T .

Then the wire matrix W ′

G2 from Eq. (3.17) becomes:

W ′

G2 =

 0 0 0 0
−1 −1 1 1
6 −6 6 −6


3×4

, (5.10)

The matrix W ′

G2 has size 3× 4, with the row is equal to the number of DOFs in the planar
global motion space and the column given by the four DOFs in the local motion space. It is
about a quarter of the size of the wire matrix W 2. The matrix W ′

G2 will then be applied in
the step 1 of the judgment procedure as follows:

Necessary condition check (Step 1)

Easily to see in this case that rank(W ′

G2) = 2, it is smaller than the number of dimension
space of this wire mechanism(=3). Therefore, this mechanism can only realize the motion
in two dimensions and it cannot realize motion in the remaining one. The first row of W ′

G2

corresponds to the resultant force in X direction, and all the elements of the row are zero, which
causes the rank(W ′

G2) to reduce one. The resultant force in X direction is zero so the motion
in X direction can not be realized. This mechanism does not satisfy the 1st point which also
means it does not satisfy the vector closure condition as the necessary condition. Therefore, the
mechanism fails step 1, so the judgment procedure is terminated and this RDWM candidate is
eliminated.
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Figure. 5.3: The mechanism does not satisfy the 2nd point of the step 1.
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5.3.2 Second configuration: The Mechanism does not satisfy the 2nd point of Step
1

A planar RDWM does not satisfy the 2nd point of the step 1 of the judgment procedure
is shown in figure 5.3. Here, the unit of the values of parameters related to length are also
assumed to be [cm]. The processes for deriving the matrix W ′

G2 and the judgment procedure
are shown below:

Defining TpTCi, Ri, TpTDi and TpBij

Select the parameters for the mechanism in figure 5.3 as follows:
TpTC1 = [16 − 20]T , TpTC2 = [20 − 10]T ,
TpTC3 = [−4 20]T , TpTC4 = [−16 20]T .

Radii of the pulleys: R1 = R2 = R3 = R4 = 2.

TpTD1 = [−2 0]T , TpTD2 = [0 − 2]T ,
TpTD3 = [2 0]T , TpTD4 = [2 0]T .

Position of wire end points on the top plate w.r.t the top plate coordinate:
TpB11 = [14 − 20]T , TpB12 = [18 − 20]T ,
TpB21 = [20 − 12]T , TpB22 = [20 − 8]T ,
TpB31 = [−2 20]T , TpB32 = [−6 20]T ,
TpB41 = [−14 20]T , TpB42 = [−18 20]T .

Set of position BpT and orientation BRT of the top plate

BpT = [50 50]T , BRT =

[
1 0
0 1

]
. (5.11)

Position of wire end points on the top plate

From Eq. (3.10), we have:

BpB11 = [64 30]T , BpB12 = [68 30]T ,
BpB21 = [70 38]T , BpB22 = [70 42]T ,
BpB31 = [48 70]T , BpB32 = [44 70]T ,
BpB41 = [36 70]T , BpB42 = [32 70]T .

Position of wire end points on the frame

The DAMs are arranged on the frame such that the positions of the wire end points on the
frame are as below:

BpA11 = [64 0]T , BpA12 = [68 0]T ,
BpA21 = [118 2]T , BpA22 = [118 6]T ,
BpA31 = [48 100]T , BpA32 = [44 100]T ,
BpA41 = [36 100]T , BpA42 = [32 100]T .
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Calculating the wire vectors Beij

The wire vectors Beij can be calculated using Eq. (3.11), and the results are shown below:

Be11 = Be12 = [0 − 1]T , Be21 = Be22 = [4/5 − 3/5]T ,
Be31 = Be32 = Be41 = Be42 = [0 1]T .

Checking if the two wires in the DAMs are in parallel

With this configuration, the two wires in the DAMs are in parallel.

Derivation of the matrix W ′

G2

From Eqs. (3.6) and (3.16) with n=3, ND=4, it is easy to see that the matrices W 2 and
W ′

2 have size 7× 8. Similarly to the previous example, those matrices can be seen in Eqs.
(C.9) and (C.12) of the Appendix C for reference, only the matrix W ′

G2 will be used for the
judgment and it is derived as follows:

From Eq. (3.12), the vectors Bei can be derived as:

Be1 = [0 − 1]T , Be2 = [4/5 − 3/5]T ,B e3 = Be4 = [0 1]T .

From Eq. (3.13), the vectors BpTCi can be derived as:

BpTC1 = [66 30]T , BpTC2 = [70 40]T ,
BpTC3 = [46 70]T , BpTC4 = [34 70]T .

Then the wire matrix W ′

G2 from Eq. (3.17) becomes:

W ′

G2 =
1

5

 0 4 0 0
−5 −3 5 5
−80 −20 −20 −80


3×4

, (5.12)

Similarly to the previous example, the matrix W ′

G2 related to the global motion in this
case also equals just a quarter of the normal wire matrix W 2. The matrix W ′

G2 will then be
applied in the step 1 of the judgment procedure as follows:

Necessary condition check (Step 1)

Easily to see in this case that rank(W ′

G2) = 3. It equals to the number of dimension space
of the wire mechanism(=3) so it satisfies the 1st point of vector closure condition. However
considering the 3rd row of W ′

G2, this row corresponds to the resultant moment. It has all
elements with negative values so with any positive wire tension T0, the resultant moment will
be produced only negative value. Therefore no wire tension T0 satisfies W ′

G2T0 = 0. This
mechanism does not satisfy the 2nd point which also means it does not satisfy vector closure
condition as the necessary condition. Therefore, the mechanism fails step 1, so the judgment
procedure is terminated and this RDWM candidate is eliminated.
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Figure. 5.4: A planar RDWM using DAMs.
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5.3.3 Third configuration: planar RDWM with four DAMs

A planar RDWM with DAMs is shown in figure 5.4. Here, the unit of the values of param-
eters related to length are assumed to be [cm]. The processes for deriving the matrix W ′

G2 and
the judgment procedure are shown below:

Defining TpTCi, Ri, TpTDi and TpBij

TpTC1 = [−10 − 6]T , TpTC2 = [10 − 6]T ,
TpTC3 = [6 10]T , TpTC4 = [−6 10]T .

The pulley radii are R1 = R2 = R3 = R4 = 2.

TpTD1 = [0 2]T , TpTD2 = [0 − 2]T ,
TpTD3 = [2 0]T , TpTD4 = [2 0]T .

Position of wire end points on the top plate w.r.t the top plate coordinate:
From Eq. (3.9):

TpB11 = [−10 − 4]T , TpB12 = [−10 − 8]T ,
TpB21 = [10 − 8]T , TpB22 = [10 − 4]T ,
TpB31 = [8 10]T , TpB32 = [4 10]T ,
TpB41 = [−4 10]T , TpB42 = [−8 10]T .

Set of positions BpT and orientations BRT of the top plate

BpT = [50 50]T , BRT =

[
1 0
0 1

]
∈ R2×2.

Positions of wire end points on the top plate

From Eq. (3.10):

BpB11 = [40 46]T , BpB12 = [40 42]T ,
BpB21 = [60 42]T , BpB22 = [60 46]T ,
BpB31 = [58 60]T , BpB32 = [54 60]T ,
BpB41 = [46 60]T , BpB42 = [42 60]T .

Position of wire end points on the frame

The following positions of the wire end points on the frame were ensured by appropriately
arranging the DAMs on the frame:

BpA11 = [10 23.5]T , BpA12 = [10 19.5]T ,
BpA21 = [90 19.5]T , BpA22 = [90 23.5]T ,
BpA31 = [58 90]T , BpA32 = [54 90]T ,
BpA41 = [46 90]T , BpA42 = [42 90]T .
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Calculating the wire vectors Beij

The wire vectors Beij were calculated by Eq. (3.11).
Be11 = Be12 = [−4/5 − 3/5]T ,
Be21 = Be22 = [4/5 − 3/5]T ,
Be31 = Be32 = [0 1]T ,
Be41 = Be42 = [0 1]T .

Checking if the two wires in the DAMs are in parallel

With this configuration, the two wires in the DAMs are in parallel.

Derivation of the matrix W ′

G

From Eqs. (3.6) and (3.16) with n=3, ND=4, it is easy to see that the matrices W 2 and
W ′

2 have size 7× 8. Similarly to the previous examples, those matrices can be seen in Eqs.
(C.17) and (C.20) of the Appendix C for reference, only the matrix W ′

G2 will be used for the
judgment and it is derived as follows:

From Eq. (3.12), the vectors Bei can be derived as:

Be1 = [0 1]T , Be2 = [−4/5 − 3/5]T ,B e3 = [4/5 − 3/5]T , Be4 = [0 1]T

From Eq. (3.13), the vectors BpTCi can be derived as:
BpTC1 = [40 44]T , BpTC2 = [60 44]T ,
BpTC3 = [56 60]T , BpTC4 = [44 60]T .

Then the matrix W ′

G2 from Eq. (3.17) becomes:

W ′

G2 =
1

5

 −4 4 0 0
−3 −3 1 1
6 −6 30 −30


3×4

, (5.13)

Similarly to the previous examples, the matrix W ′

G2 related to the global motion in this case
also equals just a quarter of the normal wire matrix W 2. The matrix W ′

G2 will then be applied
in the step 1 of the judgment procedure as follows:

Necessary condition check (Step 1)

From the expression in the judgment of a candidate section, only the matrix that contributes
to global motion W ′

G2 is needed to check the vector closure condition. Using the matrix of
global motion from Eq. (5.13), we have:

i) rank(W ′

G2) = 3.
ii) With TS2 =

[
5 5 3 3

]T
> 0, easy to get W ′

G2TS2 = 0.
The above analysis shows that rank(W ′

G2) equals to the number of dimension spaces of
the wire mechanism. As there is a vector TS2 that satisfies W ′

G2TS2 = 0, the matrix W ′

G2
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satisfies the vector closure condition and the mechanism can produce the resultant force in any
direction within its motion space. The results mean that the planar RDWM with four sets of
DAMs in this example has the same structure as that of a conventional wire mechanism with
four sets of single actuator modules, where each wire is equivalent to a set of two wires for each
DAM in the planar RDWM, when judging the vector closure condition. Therefore, this planar
RDWM candidate satisfies step 1 and the analysis proceeds to the step 2 as follows.

KA (Step 2)

In step 2, the matrix WG2 that contributes to the resultant force on the top plate is given
by Eq. (4.23) as follows:

WG2 =
1

5

 −4 −4 4 4 0 0 0 0
−3 −3 −3 −3 5 5 5 5
14 −2 2 −14 40 20 −20 −40

 ∈ R3×8. (5.14)

The matrix of total contribution of DAMs to the velocity of the top plate is given by Eq. (4.22):

AL = bdiag.(ALd1, ALd2, ALd3, ALd4) ∈ R16×8. (5.15)

Eq. (4.11) presents the contents of ALd1, ALd2, ALd3, ALd4 and bLd1, bLd2, bLd3, bLd4. The
matrices of top plate velocities AV and bV are given by Eqs. (4.20) and (4.21), respectively.
The result are given below:

AV =
1

5



4 3 −14
−4 −3 14
4 3 2

−4 −3 −2
−4 3 −2
4 −3 2

−4 3 14
4 −3 −14
0 −5 −40
0 5 40
0 −5 −20
0 5 20
0 −5 20
0 5 −20
0 −5 40
0 5 −40



∈ R16×3, bV =



1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1



∈ R16. (5.16)

From the above AV, bV, we solve the convex sets mentioned in Eqs. (4.19) and (4.24). The
vertex sets in matrix A, the active constraint space SAC and passive constraint space SPC of
the planar RDWM with four sets of DAM are found by Eqs. (4.25) and (4.26). The result are
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shown below.

A =

 −1.25 1.25 −1.1875 −0.5 0.5 1.1875 0.5 −0.5 −0.8125 0.8125
0 0 0 −1 1 0 −1 1 0 0
0 0 −0.125 0 0 0.125 0 0 0.125 −0.125

 ∈ R3×10

(5.17)

SAC = R (E3) ,SPC = ∅. (5.18)

Eq. (5.18) shows that in this case, the active constraint space SAC produced by the top plate
allows motion in the X, and Y directions and the rotation around the Z-axis.

SFA (Step 3)

The above KA revealed that the active constraint space SAC is the whole motion space
of the mechanism. Therefore, the matrix WCVC which relates the wire tension vector to the
resultant force vector in the constraint coordinates is exactly the matrix WG in Eq. (5.14).
Then, similar to step 1, we easily observe that:

i) rank(WCVC) = 3.
ii) The wire tension vector TC0 = [ 5 5 5 5 3 3 3 3 ]T ∈ R8 > 0 satisfies WCVCTC0 = 0.
The matrix WCVC is full-ranked in the above analysis. Moreover, there is a vector TC0

that satisfies WCVCTC0 = 0. Therefore, this RDWM candidate passes step 3 and the resultant
force can be produced in any direction within the active constraint space SAC.

As this configuration of planar RDWM does not contrain the velocity, velocities can be
generated in any direction (step 2). Consequently, the contents of step 3 are identical to those
of step 1.

Therefore, to find proper configurations of a RDWM without VCM, only step 1 is enough.
However, not only step 1 but also steps 2, 3 are necessary for the case of RDWM with VCM
as revealed next.

5.3.4 Fourth configuration: planar RDWM with two DAMs and one DAM with
a VCM

We now propose a planar RDWM configured with two DAMs without VCMs and one DAM
with a VCM (see figure 5.5). This configuration is identical to the planar RDWM with four
DAMs in the last example, except that the top two DAMs are replaced by a DAM with a VCM.

The values of the parameters TpTCi, Ri, TpTDi, TpBij, BpT, BRT and BpBij were those
assigned to the planar RDWM with four DAMs.
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Figure. 5.5: A planar RDWM with a VCM.
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Positions of wire end points on the frame

The following positions of the wire end points on the frame were ensured by appropriately
arranging the DAMs and VCM on the frame:

BpA11 = [10 23.5]T , BpA12 = [10 19.5]T ,
BpA21 = [90 19.5]T , BpA22 = [90 23.5]T ,
BpA31 = [58 85]T , BpA32 = [54 90]T ,
BpA41 = [46 85]T , BpA42 = [42 90]T .

Calculating the wire vectors Beij

The wire vectors Beij calculated by Eq. (3.11), were identical to those of the planar RDWM
with four DAMs.

Derivation of the matrix W ′

G

From Eqs. (B.1) and (B.4) with n=3, ND=2 and NV=1, it is easy to see that the matrices
W 2 and W ′

2 have size 7× 8. Similarly to the previous examples, those matrices can be seen in
Eqs. (C.25) and (C.28) of the Appendix C for reference, only the matrix W ′

G2 will be used
for the judgment and it is derived as follows:

From Eq. (3.12), the vectors Bei can be derived as:

Be1 = [0 1]T , Be2 = [−4/5 − 3/5]T ,B e3 = [4/5 − 3/5]T , Be4 = [0 1]T

From Eq. (3.13), the vectors BpTCi can be derived as:

BpTC1 = [40 44]T , BpTC2 = [60 44]T ,
BpTC3 = [56 60]T , BpTC4 = [44 60]T .

Then the matrix W ′

G2 from Eq. (B.5) becomes:

W ′

G2 =
1

5

 −4 4 0 0
−3 −3 1 1
6 −6 30 −30


3×4

, (5.19)

Similarly to the previous examples, the matrix W ′

G2 related to the global motion in this case
also equals just a quarter of the normal wire matrix W 2. The matrix W ′

G2 will then be applied
in the step 1 of the judgment procedure as follows:

Necessary condition check (Step 1)

The matrix W ′

G2 of this configuration is given by Eq. (5.19) and step 1 proceeds as described
for the configuration of RDWM with four DAMs.
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KA (Step 2)

The matrix WG of this configuration is given by Eq. (5.14). Then, the matrix of total
contributions of the DAMs and VCM to the top plate’s velocity is given by Eq. (4.22):

AL = bdiag.(ALd1, ALd2, ALv ) ∈ R8×4. (5.20)

Here the contents of ALd1, ALd2, ALv and bLd1, bLd2, bLv are shown in Eqs. (4.11) and (4.16).
The matrices of top plate’s velocities AV, bV are obtained from Eqs. (4.20) and (4.21), and the
results are shown below:

AV =
1

5



4 3 −14
−4 −3 14
4 3 2

−4 −3 −2
−4 3 −2
4 −3 2

−4 3 14
4 −3 −14
0 −5 −40
0 5 40
0 0 60
0 0 −60
0 −5 −20
0 5 20
0 0 60
0 0 −60



∈ R16×3, bV =



1
1
1
1
1
1
1
1
1
1
0
0
1
1
0
0



∈ R16. (5.21)

From the above AV, bV, we solve the convex sets mentioned in Eqs. (4.19) and (4.24). The
vertex sets in matrix A, the active constraint space SAC and the passive constraint space SPC

of the planar RDWM with two DAMs and one DAM with a VCM are obtained by Eqs. (4.25)
and (4.26) and are respectively given by

A =

 −1.25 1.25 −0.5 0.5 0.5 −0.5
0 0 −1 1 −1 1
0 0 0 0 0 0

 ∈ R3×6, (5.22)

SAC = R

 1 0
0 1
0 0

 ,SPC = R

 0
0
1

 . (5.23)

Equation (5.23) indicates that the top plate can move in the X and Y directions but its
orientation is fixed around the Z-axis. Therefore, this configuration satisfies the step 2 and the
analysis proceeds to step 3.

SFA (Step 3)

The matrix WCVC that relates the wire tension vector in the constraint coordinate is
derived from Eq. (4.48) then it is used for SFA. The contents of this matrix are given below:

WCVC =
1

5

[
−4 −4 4 4 0 0
−3 −3 −3 −3 5 5

]
∈ R2×6, (5.24)
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WCVC contains some of the elements of matrix WG. We then have:
i) rank(WCVC) = 2.
ii) The wire tension vector TC0 = [ 3 2 3 2 3 3 ]T ∈ R6 > 0 satisfies WCVCTC0 = 0.
The above analysis reveals that WCVC is a full-ranked matrix. Moreover, there is a vector

TC0 that satisfies WCVCTC0 = 0. Consequently, this RDWM candidate satisfies step 3 and
the resultant force can be produced in any direction within the active constraint space SAC.

Because it passes all three of the judgment steps, this planar RDWM candidate with two
DAMs and one DAM with a VCM is a proper configuration that achieves the desired active
constraint space SAC in X and Y directions. This configuration requires two fewer actuators
than the planar RDWM with four DAMs.

5.3.5 Fifth configuration: improper planar RDWM with two DAMs and one
DAM with a VCM

Figure 5.6 shows an improper planar RDWM with two DAMs and one DAM with a VCM.
This configuration has the same modules as configuration 2, but the modules arrangement is
inappropriate.

Defining TpTCi, Ri, TpTDi and TpBij

TpTC1 = [16 − 20]T , TpTC2 = [20 − 10]T ,
TpTC3 = [−4 20]T , TpTC4 = [−16 20]T .

The pulley radii are: R1 = R2 = R3 = R4 = 2.

TpTD1 = [−2 0]T , TpTD2 = [0 − 2]T ,
TpTD3 = [2 0]T , TpTD4 = [2 0]T .

The position of the wire end points on the top plate w.r.t the top plate coordinate were calcu-
lated by Eq. (3.9):

TpB11 = [14 − 20]T , TpB12 = [18 − 20]T ,
TpB21 = [20 − 12]T , TpB22 = [20 − 8]T ,
TpB31 = [−2 20]T , TpB32 = [−6 20]T ,
TpB41 = [−14 20]T , TpB42 = [−18 20]T .

Set of positions BpT and orientations BRT of the top plate

BpT = [50 50]T , BRT =

[
1 0
0 1

]
∈ R2×2.
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Figure. 5.6: Improper planar RDWM configuration with two DAMs and one VCM.
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Positions of wire end points on the top plate

From Eq. (3.10):

BpB11 = [64 30]T , BpB12 = [68 30]T ,
BpB21 = [70 38]T , BpB22 = [70 42]T ,
BpB31 = [48 70]T , BpB32 = [44 70]T ,
BpB41 = [36 70]T , BpB42 = [32 70]T .

Positions of wire end points on the frame

The positions of the wire end points on the frame were ensured by appropriately arranging
the DAMs and VCMs on the frame:

BpA11 = [64 0]T , BpA12 = [68 0]T ,
BpA21 = [118 2]T , BpA22 = [118 6]T ,
BpA31 = [48 95]T , BpA32 = [44 100]T ,
BpA41 = [36 95]T , BpA42 = [32 100]T .

Calculating the wire vectors Beij

The wire vectors Beij calculated by Eq. (3.11) are shown below:

Be11 = Be12 = [0 − 1]T ,
Be21 = Be22 = [4/5 − 3/5]T ,
Be31 = Be32 = [0 1]T ,
Be41 = Be42 = [0 1]T .

Derivation of the matrix W ′

G

From Eqs. (B.1) and (B.4) with n=3, ND=2 and NV=1, it is easy to see that the matrices
W 2 and W ′

2 have size 7× 8. Similarly to the previous examples, those matrices can be seen in
Eqs. (C.33) and (C.36) of the Appendix C for reference, only the matrix W ′

G2 will be used
for the judgment and it is derived as follows:

From Eq. (3.12), the vectors Bei can be derived as:

Be1 = [0 − 1]T , Be2 = [4/5 − 3/5]T ,B e3 = [0 1]T , Be4 = [0 1]T

From Eq. (3.13), the vectors BpTCi can be derived as:

BpTC1 = [16 − 20]T , BpTC2 = [20 − 10]T ,
BpTC3 = [−4 20]T , BpTC4 = [−16 20]T .

Then the matrix W ′

G2 from Eq. (B.5) becomes:

W ′

G2 =
1

5

 0 4 0 0
−5 −3 5 5
−80 −20 −20 −80

 ∈ R3×4. (5.25)
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Similarly to the previous examples, the matrix W ′

G2 related to the global motion in this case
also equals just a quarter of the normal wire matrix W 2. The matrix W ′

G2 will then be applied
in the step 1 of the judgment procedure as follows:

Necessary condition check (Step 1)

In step 1, the matrix W ′

G2 of contributions to the resultant force exerted on the top plate
will be used for judgment. It is easily determined that although rank(W ′

G2) = 3 (satisfying the
necessary condition C1), this configuration fails C2. The resultant moments around the Z-axis
(third row of matrix W ′

G2) are all negative, meaning that any positive wire tension vector will
produce a clockwise moment. Therefore, the mechanism fails step 1, so the judgment procedure
is terminated and this RDWM candidate is eliminated.

5.4. Proper Configuration of 3D RDWM with Fixed Orientations
Around X-, Y-, and Z-axes while Maintaining Translational
Motions in the X, Y and Z Directions

Similar to the previous example, we now develop a 3D RDWM wherein the desired active
constraint space SAC enables motions of the top plate in the X, Y and Z directions, and the
passive constraint space SPC prohibits orientation of the top plate around the three axes. We
propose two 3D configurations and apply the judgment procedures in chapter 4 to determine
whether the mechanisms can produce the desired active constrained motion space. As before,
the unit of all length-related parameters is [cm].

5.4.1 First configuration: 3D RDWM with seven DAMs

A 3D RDWM with DAMs is shown in figure 5.7. Here, the unit of the values of parameters
related to length are assumed to be [cm]. Because of space limitations, the DAMs are not shown;
only the end points of the wires on those modules are shown, with the important representative
vectors. The processes for deriving the matrix W ′

G3 and the judgment procedure are shown
below:

Defining TpTCi, Ri, TpTDi, and TpBij

TpTC1 = [−10 − 6 10]T , TpTC2 = [10 − 6 10]T ,
TpTC3 = [6 10 10]T , TpTC4 = [−6 10 10]T ,
TpTC5 = [−10 6 − 10]T , TpTC6 = [0 − 10 − 10]T ,

TpTC7 = [10 6 − 10]T .
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DAM

Top plate

Frame

Figure. 5.7: A 3D RDWM using DAMs.

The pulley radii are: R1 = R2 = R3 = R4 = R5 = R6 = R7 = 2.

TpTD1 = [0 2 0]T , TpTD2 = [0 − 2 0]T ,
TpTD3 = [2 0 0]T , TpTD4 = [2 0 0]T ,
TpTD5 = [0 2 0]T , TpTD6 = [−2 0 0]T ,

TpTD7 = [0 − 2 0]T .

The positions of the wire end points on the top plate w.r.t the top plate coordinate were
calculated by Eq. (3.9):

TpB11 = [−10 − 4 10]T , TpB12 = [−10 − 8 10]T ,
TpB21 = [10 − 8 10]T , TpB22 = [10 − 4 10]T ,
TpB31 = [8 10 10]T , TpB32 = [4 10 10]T ,
TpB41 = [−4 10 10]T , TpB42 = [−8 10 10]T ,
TpB51 = [−10 8 − 10]T , TpB52 = [−10 4 − 10]T ,
TpB61 = [−2 − 10 − 10]T , TpB62 = [2 − 10 − 10]T ,
TpB71 = [10 4 − 10]T , TpB72 = [10 8 − 10]T .

Sets of position BpT and orientations BRT of the top plate

BpT = [50 50 50]T , BRT =

 1 0 0
0 1 0
0 0 1

 ∈ R3×3.
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Positions of wire end points on the top plate

From Eq. (3.10):

BpB11 = [40 46 60]T , BpB12 = [40 42 60]T ,
BpB21 = [60 42 60]T , BpB22 = [60 46 60]T ,
BpB31 = [58 60 60]T , BpB32 = [54 60 60]T ,
BpB41 = [46 60 60]T , BpB42 = [42 60 60]T ,
BpB51 = [40 58 40]T , BpB52 = [40 54 40]T ,
BpB61 = [48 40 40]T , BpB62 = [52 40 40]T ,
BpB71 = [60 54 40]T , BpB72 = [60 58 40]T .

Positions of wire end points on the frame

The positions of the wire end points on the frame were ensured by appropriately arranging
the DAMs on the frame:

BpA11 = [10 46 100]T , BpA12 = [10 42 100]T ,
BpA21 = [90 42 100]T , BpA22 = [90 46 100]T ,
BpA31 = [58 90 100]T , BpA32 = [54 90 100]T ,
BpA41 = [46 90 100]T , BpA42 = [42 90 100]T ,
BpA51 = [10 58 0]T , BpA52 = [10 54 0]T ,
BpA61 = [48 10 0]T , BpA62 = [52 10 0]T ,
BpA71 = [90 54 0]T , BpA72 = [90 58 0]T .

Calculating the wire vectors Beij

The wire vectors Beij were calculated by Eq. (3.11) and are listed below:

Be11 = Be12 = [−3/5 0 4/5]T ,
Be21 = Be22 = [3/5 0 4/5]T ,
Be31 = Be32 = [0 3/5 4/5]T ,
Be41 = Be42 = [0 3/5 4/5]T ,
Be51 = Be52 = [−3/5 0 − 4/5]T ,
Be61 = Be62 = [0 − 3/5 − 4/5]T ,
Be71 = Be72 = [3/5 0 − 4/5]T .

Checking if the two wires in the DAMs are in parallel

With this configuration, the two wires in the DAMs are in parallel.

Derivation of the matrix W ′

G

From Eqs. (3.6) and (3.16) with n=6, ND=7, it is easy to see that the matrices W 3 and
W ′

3 have size 13× 14. Similarly to the previous examples, those matrices can be seen in Eqs.
(C.41) and (C.44) of the Appendix C for reference, only the matrix W ′

G3 will be used for the
judgment and it is derived as follows:
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From Eq. (3.12), the vectors Bei can be derived as:

Be1 = [−3/5 0 4/5]T , Be2 = [3/5 0 4/5]T ,
Be3 = [0 3/5 4/5]T , Be4 = [0 3/5 4/5]T ,
Be5 = [−3/5 0 − 4/5]T , Be6 = [0 − 3/5 − 4/5]T ,
Be7 = [3/5 0 − 4/5]T .

From Eq. (3.13), the vectors BpTCi can be derived as:

BpTC1 = [40 44 60]T , BpTC2 = [60 44 60]T ,
BpTC3 = [56 60 60]T , BpTC4 = [44 60 60]T .
BpTC5 = [40 56 40]T , BpTC6 = [50 25 40]T ,

BpTC7 = [60 56 40]T .

Then the matrix W ′

G3 from Eq. (3.17) becomes:

W ′

G3 =
1

5


−3 3 0 0 −3 0 3
0 0 3 3 0 −3 0
4 4 4 4 −4 −4 −4

−24 −24 10 10 −24 10 −24
10 −10 −24 24 −10 0 10
−18 18 18 −18 18 0 −18


6×7

, (5.26)

The matrix W ′

G3 has size 6× 7, where the number of rows is equal to the six DOFs in the 3D
global motion space and the number of columns is equal to the seven DOFs in the local motion
space. It is about a quarter of the size of the wire matrix W 3. The matrix W ′

G3 will then be
applied in the step 1 of the judgment procedure as follows:

Necessary condition check (Step 1)

From the expression in the judgment of a candidate section, only the matrix that contributes
to global motion W ′

G3 is needed to check the vector closure condition. Using the matrix of
global motion from Eq. (5.26), we have:

i) rank(W ′

G3) = 6.
ii) With TS3 =

[
5 5 12 12 5 24 5

]T
> 0, easy to get W ′

G3TS3 = 0.
The above analysis shows that rank(W ′

G3) equals to the number of dimension spaces of the
wire mechanism. As there is a vector TS3 that satisfies W ′

G3TS3 = 0, the matrix W ′

G3 satisfies
the vector closure condition and the mechanism can produce the resultant force in any direction
within its motion space. The results mean that the 3D RDWM with seven sets of DAMs in
this example has the same structure as a conventional wire mechanism with seven sets of single
actuator modules, wherein each wire in the conventional wire mechanism is equivalent to a set
of two wires of each DAM in the 3D RDWM, in judgment with the vector closure condition.
Therefore, this 3D RDWM candidate satisfies step 1 and the analysis proceeds to step 2 as
follows.
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KA (Step 2)

Step 2 analyzes the following matrix WG of contributions to the resultant force on the top
plate. This matrix, obtained from Eq. (4.23) is given by:

WG3 =
1

5


−3 −3 3 3 0 0 0 0 −3 −3 0 0 3 3
0 0 0 0 3 3 3 3 0 0 −3 −3 0 0
4 4 4 4 4 4 4 4 −4 −4 −4 −4 −4 −4

−16 −32 −32 −16 10 10 10 10 −32 −16 10 10 −16 −32
10 10 −10 −10 −32 −16 16 32 −10 −10 −8 8 10 10
−12 −24 24 12 24 12 −12 −24 24 12 6 −6 −12 −24


∈ R6×14.

(5.27)

From Eq. (4.22), the matrix of total VCM contributions to the velocity of the top plate is given
by:

AL = bdiag.(ALd1, ALd2, ALd3, ALd4, ALd5, ALd6, ALd7 ) ∈ R14×7. (5.28)

The contents of ALdi and bLdi are shown in Eq. (4.11). The matrices of the top plate’s
velocity AV and bV were then obtained by Eqs. (4.20) and (4.21). The result shown below:

AV =
1

5



3 0 −4 16 −10 12
−3 0 4 −16 10 −12
3 0 −4 32 −10 24

−3 0 4 −32 10 −24
−3 0 −4 32 10 −24
3 0 4 −32 −2 24

−3 0 −4 16 10 −12
3 0 4 −16 −10 60
0 −3 −4 −10 32 −24
0 3 4 10 −32 24
0 −3 −4 −10 16 −12
0 3 4 10 −16 12
0 −3 −4 −10 −16 12
0 3 4 10 16 −12
0 −3 −4 −10 −32 24
0 3 4 10 32 −24
3 0 4 32 10 −24

−3 0 −4 −32 −10 24
3 0 4 16 10 −12

−3 0 −4 −16 −10 12
0 3 4 −10 8 −6
0 −3 −4 10 −8 6
0 3 4 −10 −8 6
0 −3 −4 10 8 −6

−3 0 4 16 −10 12
3 0 −4 −16 10 −12

−3 0 4 32 −10 24
3 0 −4 −32 10 −24



∈ R28×6, bV =



1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1



∈ R28. (5.29)
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From the AV, bV in the above Eq. (5.29), the convex set in Eqs. (4.19) and (4.24) can
be solved. The results includes the vertex sets in matrix A (sized 6 × 172). Then, the active
constraint space SAC, the passive constraint space SPC of the 3D RDWM with seven DAM sets
are obtained by Eq. (4.26). The result is shown below:

SAC = R (E6) ,SPC = ∅. (5.30)

Equation (5.30) means that in this configuration, the active constraint space SAC produced
by the top plate allows motions of the top plate in the X, Y, and Z directions and also rotations
around all three axes.

SFA (Step 3)

The above KA reveals that the active constraint space SAC is the whole motion space of the
mechanism. Therefore, the matrix WCVC which relates the wire tension vector to the resultant
force vector in the constraint coordinates is exactly the matrix WG3 . Then, similar to step 1,
we can easily determine that this RDWM candidate satisfies step 3 and generates a resultant
force in any direction within the active constraint space SAC.

5.4.2 Second configuration: 3D RDWM with four sets of DAMs with VCMs

Finally, we configure a 3D RDWM with four sets of DAMs each with a VCM (see figure
5.8). The processes for deriving the matrix W ′

G3 and the judgment procedure are shown below:

Defining TpTCi, Ri, TpTDi, and TpBij

TpTC1 = [−6 − 9 6]T , TpTC2 = [6 − 9 − 6]T ,
TpTC3 = [9 − 6 6]T , TpTC4 = [9 6 − 6]T ,
TpTC5 = [6 9 6]T , TpTC6 = [−6 9 − 6]T ,
TpTC7 = [−9 6 6]T , TpTC8 = [−9 − 6 − 6]T .

The pulley radii are given by R1 = R2 = R3 = R4 = R5 = R6 = R7 = R8 = 2
√
2.

TpTD1 = [−2 0 2]T , TpTD2 = [−2 0 2]T ,
TpTD3 = [0 − 2 2]T , TpTD4 = [0 − 2 2]T ,
TpTD5 = [2 0 2]T , TpTD6 = [2 0 2]T ,
TpTD7 = [0 2 2]T , TpTD8 = [0 2 2]T .
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VCM

Frame

Top plate

Figure. 5.8: 3D RDWM with four VCMs.

The positions of the wire end points on the top plate w.r.t the top plate coordinate were
calculated by Eq. (3.9):

TpB11 = [−8 − 9 8]T , TpB12 = [−4 − 9 4]T ,
TpB21 = [4 − 9 − 4]T , TpB22 = [8 − 9 − 8]T ,
TpB31 = [9 − 8 8]T , TpB32 = [9 − 4 4]T ,
TpB41 = [9 4 − 4]T , TpB42 = [9 8 − 8]T ,
TpB51 = [8 9 8]T , TpB52 = [4 9 4]T ,
TpB61 = [−4 9 − 4]T , TpB62 = [−8 9 − 8]T ,
TpB71 = [−9 8 8]T , TpB72 = [−9 4 4]T ,
TpB81 = [−9 − 4 − 4]T ,T pB82 = [−9 − 8 − 8]T .

Sets of positions BpT and orientations BRT of the top plate

BpT = [50 50 50]T , BRT =

 1 0 0
0 1 0
0 0 1

 ∈ R3×3.
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Positions of wire end points on the top plate

From Eq. (3.10):

BpB11 = [42 41 58]T , BpB12 = [46 41 54]T ,
BpB21 = [54 41 46]T , BpB22 = [58 41 42]T ,
BpB31 = [59 42 58]T , BpB32 = [59 46 54]T ,
BpB41 = [59 54 46]T , BpB42 = [59 58 42]T ,
BpB51 = [58 59 58]T , BpB52 = [54 59 54]T ,
BpB61 = [46 59 46]T , BpB62 = [42 59 42]T ,
BpB71 = [41 58 58]T , BpB72 = [41 54 54]T ,
BpB81 = [41 46 46]T , BpB82 = [41 42 42]T .

Positions of wire end points on the frame

The positions of the wire end points on the frame were ensured by appropriately arranging
the VCMs on the frame:

BpA11 = [21.5 0 17]T , BpA12 = [25.5 0 13]T ,
BpA21 = [33.5 0 5]T , BpA22 = [37.5 0 1]T ,
BpA31 = [100 83 78.5]T , BpA32 = [100 87 74.5]T ,
BpA41 = [100 95 66.5]T , BpA42 = [100 99 62.5]T ,
BpA51 = [78.5 100 17]T , BpA52 = [74.5 100 13]T ,
BpA61 = [66.5 100 5]T , BpA62 = [62.5 100 1]T ,
BpA71 = [0 17 78.5]T , BpA72 = [0 13 74.5]T ,
BpA81 = [0 5 66.5]T , BpA82 = [0 1 62.5]T .

Calculating the wire vectors Beij

The wire vectors Beij calculated by Eq. (3.11) are shown below:

Be11 = Be12 = Be21 = Be22 = [−1/3 − 2/3 − 2/3]T ,
Be31 = Be32 = Be41 = Be42 = [2/3 2/3 1/3]T ,
Be51 = Be52 = Be61 = Be62 = [1/3 2/3 − 2/3]T ,
Be71 = Be72 = Be81 = Be82 = [−2/3 − 2/3 1/3]T .

Derivation of the matrix W ′

G

From Eqs. (B.1) and (B.4) with n=6, NV=4, it is easy to see that the matrices W 3 and
W ′

3 have size 14× 16. Similarly to the previous examples, those matrices can be seen in Eqs.
(C.49) and (C.52) of the Appendix C for reference, only the matrix W ′

G3 will be used for the
judgment and it is derived as follows:

From Eq. (3.12), the vectors Bei can be derived as:

Be11 = Be12 = Be21 = Be22 = [−1/3 − 2/3 − 2/3]T ,
Be31 = Be32 = Be41 = Be42 = [2/3 2/3 1/3]T ,
Be51 = Be52 = Be61 = Be62 = [1/3 2/3 − 2/3]T ,
Be71 = Be72 = Be81 = Be82 = [−2/3 − 2/3 1/3]T .
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From Eq. (3.13), the vectors BpTCi can be derived as:
TpTC1 = [−6 − 9 6]T , TpTC2 = [6 − 9 − 6]T ,
TpTC3 = [9 − 6 6]T , TpTC4 = [9 6 − 6]T ,
TpTC5 = [6 9 6]T , TpTC6 = [−6 9 − 6]T ,
TpTC7 = [−9 6 6]T , TpTC8 = [−9 − 6 − 6]T .

Then the matrix W ′

G3 from Eq. (B.5) becomes:

W ′

G3 =
1

3


−1 −1 2 2 1 1 −2 −2
−2 −2 2 2 2 2 −2 −2
−2 −2 1 1 −2 −2 1 1
30 6 −18 18 −30 −6 18 −18
−18 −18 3 −21 18 −18 −3 21
3 −21 30 6 3 −21 30 6

 ∈ R6×8. (5.31)

The matrix W ′

G3 has size 6× 8, where the number of rows is equal to the six DOFs in the
3D global motion space and the number of columns is equal to the seven DOFs in the local
motion space. It is about a quarter of the size of the wire matrix W 3. The matrix W ′

G3 will
then be applied in the step 1 of the judgment procedure as follows:

Necessary condition check (Step 1)

From the expression in the judgment of a candidate section, only the matrix that contributes
to global motion W ′

G3 is needed to check the vector closure condition. Using the matrix of
global motion from Eq. (5.26), we have:

i) rank(W ′

G3) = 6.
ii) The wire tension vector TS0 = [ 5 35 10 70 5 35 10 70 ]T ∈ R8 > 0 satisfies W ′

G3TS0 = 0.
Therefore, this 3D RDWM candidate satisfies step 1 and the analysis proceeds to step 2.

KA (Step 2)

Step 2 analyzes the following matrix WG3 of contributions to the resultant force on the top
plate. This matrix, obtained from Eq. (4.23) is given by:

WG3 =
1

3


−1 −1 −1 −1 2 2 2 2 1 1 1 1 −2 −2
−2 −2 −2 −2 2 2 2 2 2 2 2 2 −2 −2
−2 −2 −2 −2 1 1 1 1 −2 −2 −2 −2 1 1
34 26 10 2 −24 −12 12 24 −34 −26 −10 −2 24 12
−24 −12 12 24 7 −1 −17 −25 24 12 −12 −24 −7 1
7 −1 −17 −25 34 26 10 2 7 −1 −17 −25 34 26

−2 −2
−2 −2
1 1

−12 −24
17 25
10 2

 ∈ R6×16.

(5.32)
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From Eq. (4.22), the matrix of total VCM contributions to the top plate’s velocity is given by:

AL = bdiag.(ALv1, ALv2, ALv3, ALv4 ) ∈ R16×8. (5.33)

The contents of ALvm and bLvm are shown in Eq. (4.16). The velocity matrices of the top
plate AV and bV, obtained by Eqs. (4.20) and (4.21) are given by:

AV =
1

3



1 2 2 −34 24 −7
−1 −2 −2 34 −24 7
0 0 0 24 −36 24
0 0 0 −24 36 −24
1 2 2 −26 12 1

−1 −2 −2 26 −12 −1
0 0 0 24 −36 24
0 0 0 −24 36 −24

−2 −2 −1 24 −7 −34
2 2 1 −24 7 34
0 0 0 −36 24 24
0 0 0 36 −24 −24

−2 −2 −1 12 1 −26
2 2 1 −12 −1 26
0 0 0 −36 24 24
0 0 0 36 −24 −24

−1 −2 2 34 −24 −7
1 2 −2 −34 24 7
0 0 0 −24 36 24
0 0 0 24 −36 −24

−1 −2 2 26 −12 1
1 2 −2 −26 12 −1
0 0 0 −24 36 24
0 0 0 24 −36 −24
2 2 −1 −24 6 −34

−2 −2 1 24 −6 34
0 0 0 36 −24 24
0 0 0 −36 24 −24
2 2 −1 −12 −1 −26

−2 −2 1 12 1 26
0 0 0 36 −24 24
0 0 0 −36 24 −24



∈ R32×6, bV =



1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1



∈ R32. (5.34)

Solving the convex set in Eqs. (4.19) and (4.24) with the above AV and bV, the vertex sets
in matrix A of the 3D RDWM with four sets of VCM are calculated as:

A =



0 1.5 6 −6 −0 −1.5 1.5 −1.5
−1.5 −0.75 −4.5 4.5 1.5 0.75 −0.75 0.75
0 1.5 0 −0 0 −1.5 −1.5 1.5
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

 ∈ R6×8. (5.35)

As the previous examples, step 2 derives the active constraint space SAC and the passive
constraint space SPC of the 3D RDWM using four sets of DAMs with VCMs by Eq. (4.26).
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The result is shown below:

SAC = R
([

E3
O3

])
,SPC = R

([
O3
E3

])
. (5.36)

Equation (5.36) shows that the configured 3D RDWM can move in the X, Y and Z directions
but cannot rotate around the X-, Y- and Z-axes. Therefore, this configuration satisfies step 2
and the analysis proceeds to step 3.

SFA (Step 3)

The matrix WCVC which relates the wire tension vector to the resultant force vector in the
constrained coordinate is derived from Eq. (4.48) and subjected to SFA. The content of this
matrix are shown below:

WCVC =
1

3

 −1 −1 2 2 1 1 −2 −2
−2 −2 2 2 2 2 −2 −2
−2 −2 1 1 −2 −2 1 1

 ∈ R3×8, (5.37)

The matrix WCVC contains some of the elements of matrix WG. We then have:
i) rank(WCVC) = 3.
ii) The wire tension vector TC0 = [ 7 1 14 2 5 3 6 10 ]T ∈ R8 > 0 satisfying WCVCTC0 = 0.
The above analysis shows that WCVC is a full- ranked matrix. Moreover, as there exists a

vector TC0 satisfying WCVCTC0 = 0, this RDWM candidate satisfies step 3 and the resultant
force can be produced in any direction within the active constraint space SAC. Because it passes
all three steps of the judgment procedure, the four sets of DAMs with VCMs form a proper 3D
RDWM configuration that generates the desired active constraint space SAC in the X, Y and
Z directions. This configuration requires six fewer actuators than the 3D RDWM with seven
DAMs.

5.5. Discussion and Conclusion

This chapter applied the proposed methods in chapters 3 and 4 for finding the appropriate
RDWM configuration by analyzing some examples of the RDWM candidates. The numeri-
cal examples showed the advantages of the proposed judgment method in checking RDWM
candidates. It specially showed the effects in the case of dealing with the multi-dimension
mechanisms as the 3D cases in the last two examples. In the case where seven DAMs without
VCM are used, we only have to deal with a 6× 7 matrix instead of a 13× 14 one. Then, in the
case where four DAMs with VCMs are used, we only have to deal with a 6×8 matrix instead of
a 14× 16 one. By this reduction of matrix size, the number of equalities which are required to
be solved in step 1 is halved; therefore, the procedure will be simpler and easier. This will let
the designers to focus on thinking about arranging the configurations and then they can check
those configurations with faster, simpler and easier way. The numerical examples also verified
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that the VCMs effectively reduce the number of actuators while maintaining the orientation of
the top plate. Especially, in the 3D RDWM configured with four sets of DAMs with VCMs,
the sets of tensions in the four directions generate translational forces in any direction on the
top plate, enabling global translational motions in 3D space.
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Chapter 6

Experiment of the 1D RDWM

6.1. Objective of the Experiment

This experiment is set up with the objective to verify how global motion and local motions
can be produced by using DAMs. This experiment will be the initial step to experimentally
investigate the 3D RDWM.

6.2. Experiment Set Up
6.2.1 Configuration of the 1D RDWM

Figure 6.1 shows the overview of the 1D RDWM experimental prototype, the motions of
the top plate and two fingers are controlled by four motors. Based on this overview, the 1D
RDWM experimental prototype is developed and presented as follows:

Figure 6.2 shows the frame of the 1D RDWM which was fabricated by SK Machinery Ltd.
Co utilizing their drum unit products. It contains the two DAMs in two sides. A cross bar
connects the two DAMs. In the top of the cross bar is a linear rail where the top plate in
figure 6.3 will move and perform task on the top of it. In the DAMs, each motor is directly
connected to drum using coupling without through any gearbox. The motors in figure 6.4 (a)
are controlled by the servo-amplifiers put in the Servo-Amp cabinet shown in figure 6.4 (b).

When the two motors in one DAM rotate in the same direction, the pulling force will move
the top plate. In the other hand, when the two motors rotate in different directions, the pulling
force will not be produced; instead, the motion of wire will make the internal pulley on the top
plate to rotate, the movement will be transmitted to the finger through gearing system. Hence,
the fingers are rotated by the different rotation directions of motors on each DAM. Table 6.1
describes detail of the mechanical parameters of the 1D RDWM prototype.

6.2.2 Kinematics relation

Kinematics relation between wire velocity and actuator velocity:

l̇ = Jmq̇m, (6.1)
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Figure. 6.1: Overview of the 1D RDWM experimental prototype.

Table 6.1 Mechanical parameters.
No. Parameter Notation Value Unit
1. Drum radius rd 0.03 [m]
2. Internal pulley radius rp 0.02 [m]
3. Gear ratio ng -72/32
4. Top plate mass m 0.18 [kg]
5. Motor inertia Jm 0.164 × 10−4 [kgm2]
6. Coupling inertia Jc 0.0073 × 10−4 [kgm2]
7. Drum inertia Jdr 1.144 × 10−4 [kgm2]
8. Motor-drum unit inertia Jmdr 1.3153 × 10−4 [kgm2]

Kinematics relation between wire velocity and output velocity:

l̇ = J tẊ, (6.2)

Kinematics relation between actuator velocity and output velocity:

q̇m = JẊ, (6.3)

l̇ = [ l̇1 l̇2 l̇3 l̇4 ]T ∈ R4 is the wire velocity vector, where l̇i is each wire velocity; q̇m =

[ q̇m1 q̇m2 q̇m3 q̇m4 ]
T ∈ R4 is the actuator velocity vector, where q̇mi is each actuator velocity;

Ẋ = [ ẋ θ̇1 θ̇2 ]
T ∈ R3 is the output velocity vector, where ẋ is the top plate’s velocity in the X

direction, θ̇1 and θ̇2 are the finger’s angular velocities, respectively.
Here,

J = J -1
mJ t, (6.4)

Jm = rdE4×4, (6.5)
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Figure. 6.2: 1D RDWM experimental prototype frame.
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Figure. 6.3: Top plate.

(a) DAM. (b) Servo-Amp cabinet.

Figure. 6.4: DAM and Servo-Amp cabinet.
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Figure. 6.5: Electronic interface diagram.

J t =


1 rpng 0

−1 rpng 0
1 0 rpng

−1 0 rpng

 ∈ R4×3. (6.6)

Inverse kinematic relation:
Ẋ = J+q̇m, (6.7)

Here, J+ is the Pseudo-Inverse matrix of J.

6.2.3 Specification of the control system

Table 6.2 shows all the components and their specification of the 1D RDWM prototype
control system. The electronic interface diagram shown in figure 6.5 describes the connection
of those components.

Table 6.2 Specification of the control system
No. Component Specification
1. Host PC Sony VAIO, core-i7, 2.1 Ghz, Ram 8GB
2. Target PC Dell, pentium 4, dual core, 2.4 Ghz, Ram 1GB
3. DA board Contec 12-24(PCI)
4. CNT board Contec 32-8M(PCI)
5. Servo-Amplifier Mitsubishi MR-J4-40A
6. Servo motor HG-MR-43BK
7. Software MATLAB Simulink xPC target 2012b

6.2.4 Control Diagram of the 1D RDWM

[64–67] described the basic control methods which are used in actuators and robotics. More
suitable control methods had been discussed for wire driven mechanism [9, 13]. PID control
method was used for the cable driven parallel robot with the internal force concept to ensure
all cables are in tension [68]. In the effort to control this 1D RDWM prototype, a torque
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(Eq. 6.3) (Eq. 6.7)
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I-PD control 2 Motor 2
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Motor 3

Motor 4

I-PD control 3

I-PD control 4

Figure. 6.6: 1D RDWM control system.

control driver with PD control method was used, however vibration from motors cannot be
removed. Therefore, a control method based on I-PD control combining with speed control
driver (SCD) will be presented. The experimental result discussed in the later part (subsection
6.3) shows that vibration of the top plate and fingers could be reduced a lot. Figure 6.6 shows
the control system of the 1D RDWM using speed control driver and a control method based
on I-PD control. By the input variable is the trajectory Xd, it’s easily to get rotation of each
motor qmdi to realize the desired trajectory by using the kinematics relation shown in Eq.
6.3. The desired motor rotations qmdi will be sent to the I-PD control to calculate the desired
voltage signal vmdi. The difference between this desired voltage signal with the feedback voltage
from encoder will be the command signal that sent to the speed control driver to rotate the
motor with the proper value for realizing the desired trajectory. The rotation of each motor
will contribute to the motions of the top plate and fingers. The real motions of the top plate
and fingers can be checked and compared with the desired trajectory by detecting the encoder
signals and using the inverse kinematics relation in Eq. 6.7. Then, the problem of control the
motions of top plate and fingers become the problem to control the motion of four motor-drum
units.
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Figure. 6.7: Motor-drum unit control system.

6.2.5 Controlling of Motor-Drum Unit Using Speed Control Driver and a Control
Method Based on I-PD Control

Figure 6.7 shows the control diagram for each motor-drum unit using speed control driver
and a control method based on I-PD control. The command signal of this control method is
shown as follows:

vcmdi =
KIi

s (qmdi(s) − qmi(s))− (KPi + KDis)qmi(s) − kgsqmi(s), (6.8)

where, the encoder feedback constant is derived by equation Kg =
10

nm
2π
60

[Vs/rad], here nm is the
max motor speed. Normally, the dynamics information of a mechanism including motor units
are unknown. Therefore they should be experimentally identified [69], then the way to derive
the proper feedback gains of the control method should be considered using those identified
dynamics information so that the mechanism can perform accuracy motions. In this stage of
the research, the aim does not deeply focus on identifying dynamics information or deriving
proper feedback gains but simply verifies how global motion and local motions can be produced
by using DAMs. For the purpose to demonstrate how the mechanism works, the feedback gains
of the control method are selected to be KIi= 2.5 [V/rads], KPi= 0.9 [V/rad], KDi= 0.0045
[Vs/rad], (i = 1, . . . , 4). Then they will be used in the Matlab control diagram shown in figure
6.8. The experiment is proceeded under some conditions as follows:

Table 6.3 Experiment conditions
No. Item Condition
1. Wire ideal stiffness, without elasticity, mass
2. Load on fingers very small (≈ 0)
3. Sampling time ts 0.001 (s)

6.3. Result and Discussion

The experiment results in figure 6.9 and figure 6.10 show us how global motion and local
motions can be produced although the motions are slow and imprecise.
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Figure. 6.8: Control Diagram in Matlab.
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Figure. 6.9: Finger rotations.

Figure. 6.10: Top plate motion.
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Figure. 6.11: Motor rotations.

The result of the finger motions is shown in figure 6.9. It’s easy to see that the fingers begin
to rotate for picking the object quite well; there are some vibrations of fingers which come from
the motor sources in the grasping stage. However, the fingers rotate to release the object earlier
than the trajectory.

The result of the motion of the top plate is shown in figure 6.10. It’s easy to see that the
top plate begins to move and approaches the desired position earlier than the trajectory.

Figure 6.11 shows the motor rotations to realize the global motion of the top plate and
local motion of the fingers. In the picking stage (from beginning to second 2nd)and dropping
stage (from second 4th to second 6th), only local motions of fingers are produced so just small
rotation of motors are required. In the other hand, to realize the global motion the top plate
in the moving stage (from second 2nd to second 4th), large rotation of motors are required.

The imprecise performances of the mechanism may come from two reasons. First of all, the
dynamics information of the mechanism including the motor-drum units are not yet identified.
Second, the feedback gains are selected as example values, without any proper method to derive
them.

Therefore, for the mechanism to produce precise motions, first, the dynamics information
should be identified. Second, a suitable method to derive proper values of feedback control
gains should be used.
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Chapter 7

Conclusion

7.1. Conclusion

This PhD thesis studied the design of redundant drive wire mechanism(RDWM) with veloc-
ity constraint modules(VCMs) to reduce the number of actuator for producing fast and precise
motions. A DAM can contribute to fast motions of the top plate of an RDWM by providing
large resultant forces on it, and can produce precise motions of the local mechanisms mounted
on the top plate by providing moments to them. However, using DAMs will increase the num-
ber of actuators; meanwhile, to change the orientation of the top plate for performing tasks is
unnecessary. Therefore, the orientation of the top plate should be fixed; then the local motions
of fingers on the top plate will be used for tasks. To realize the RDWM with those ideas, some
technical issues are investigated for designing of RDWM as follows.

In chapter 3, the issue of dealing with large size wire matrix was discussed. As presented
in this chapter, designing an RDWM is challenging because DAMs require a large wire matrix
to relate the resultant forces and wire tensions, which is used in the vector closure condition.
Therefore, this chapter discussed ways of dealing with the vector closure condition of RDWM
candidates for investigating the validity of the structure of the candidates. The main results
reported in this chapter are summarized as follows:

1. The ability of a candidate RDWM to produce resultant forces in any direction can be
judged by checking whether the vector closure condition holds for the part of the wire
matrix that relates the resultant forces and the combination of the sums of the sets of
two wire tensions of the DAMs. This method shows its effect when dealing with multi-
dimension RDWM which contains many wires. By using just the essential part and
ignoring the whole big size wire matrix, the judgment process becomes very simple, fast
and convenient for designers.

2. It is found out that an RDWM has the same structure as a conventional wire mechanism
with single actuator modules, where each wire is equivalent to a set of two wires for each
DAM in the RDWM, when judging the vector closure condition.
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In chapter 4, a method to reduce the required number of actuators for RDWM by introducing
VCMs into its configuration was addressed. The concept of the research is producing the top
plate with fast-translational motion for moving through large working space while fixing its
orientations by using VCMs. Instead of changing the orientation of the whole top plate, the
orientation of the end point of top plate can be changed largely to produce precise motion
by local mechanism. This chapter also proposed a procedure that judges whether an RDWM
configuration is appropriate for generating the target motions. The main results are summarized
below:

1. A procedure for judging candidate RDWMs was introduced. Similar to a conventional
wire mechanism, an RDWM must generate a resultant force in any direction over the
whole motion space. The VCMs must then constrain the orientation of the top plate by
judging the producible velocity space of the top plate. Because the top plate moves in a
restricted region of the space, it must produce a resultant force in any direction within
this space. Each of these requirements is tested in one step of the proposed three-steps
judgment procedure.

2. The essential component of the new form of wire matrix which described in chapter 3 is
used for step 1 of the judgment procedure which makes the procedure to be much more
simple even when dealing with RDWM with many wires.

In chapter 5, the validity of utilizing just the essential component of the new form of
wire matrix in the judgment procedure for RDWM candidates presented in chapter 4 was
confirmed in numerical examples of 1D, 2D and 3D configurations. The examples clarified
that using the essential component of the new form of wire matrix will reduce the burden of
mathematical computation for the judgment method. They also verified that VCMs effectively
reduce the number of actuators while maintaining the orientation of the top plate. Moreover,
in the 3D RDWM configured using four sets of DAMs with VCMs, the sets of tensions in the
four directions generate translational forces in any direction on the top plate, enabling global
translational motions in 3D space.

In chapter 6, an experiment prototype of the 1D RDWM is set up and the experiment result
was shown. The result verified the RDWM’s concept on utilizing DAMs for producing global
and local motions although those motions are not fast and imprecise.

7.2. Future works:

The research on RDWM is just at its initial stage with the investigations on the theory and
designing methodology. There are many of works could be done for the future:

Firstly, in the current state of the research, wire is considered to possess ideal stiffness,
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without the elasticity. Therefore the vibration behavior of the top plate which comes from the
real wire with elasticity will not occurred. However, because wire has elasticity, vibration of
the top plate can occur and makes bad affect to the operation of the mechanism in producing
accuracy motions. An investigation on vibration from the wire elasticity and some methods for
vibration suppression could be one of the future work.

Secondly, the proposed theory and methodology should be applied to set up the 2D and
3D experiment prototypes to verify the validity of using DAMs and VCMs in the structure of
RDWM for producing high acceleration and high precise motions with the reduction number
of actuators.

Thirdly, all the dynamics information of the 1D RDWM mechanism needs to be precisely
identified, then an appropriate controller with the method to derive proper feedback gains
should be developed to control the wire tension. Force sensors or strain gauge could be used
to detect wire tension as the feedback signal. Then, some other kinds of sensors like accelera-
tion sensor, laser sensor, vision sensor could be introduced into the prototype to improve the
accuracy of the performance. After that those investigations could be applied for the 2D or 3D
RDWM prototypes.
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Appendix A

List of notations and symbols

Table A.1 List of notations and symbols
Notations Description Locations
or symbols

BpBij, BṗBij position/ velocity of wire end points on Eq. (3.1)
the top plate w.r.t the base coordinate.

BṗT velocity of the center of the top plate Eq. (3.1)
w.r.t the base coordinate.

Bω angular velocity of the top plate Eq. (3.1)
Beij wire vectors with unit length Eqs. (3.3, 3.7, 3.11)
l̇ij wire velocity Eq. (3.3)
Ri radius of local pulley Eq. (3.3)
θ̇i angular velocity of local pulley Eq. (3.3)
F resultant force vector Eq. (3.5)
T wire tension vector Eq. (3.5)
W wire matrix Eqs. (3.5, 3.6)
ND number of DAMs Eq. (3.6)
n number of global motion DoFs of the top plate Eqs. (3.6, 4.13, 4.18)

WG matrix of resultant force on the top plate Eqs. (3.7, 4.23)
WL matrix of local moments on the local pulleys Eq. (3.8)
Aij wire end point on the frame Chapters 3, 4.
Bij wire end point on the top plate Chapters 3, 4.
C i center of AijBij Chapters 3, 4.
W ′ new form of wire matrix Eqs. (3.15, 3.16)
T ′ new form of wire tension vector Eq. (3.15)

W ′

G the essential part of new form of wire matrix Eqs. (3.16, 3.17)
W ′

L new form of local moment matrix Eqs. (3.16, 3.17)
WC contribution to produce resultant force on top plate Eqs. (3.16, 3.19)
TS vector of sums of wire tension in DAM Sections 3.2.2, 3.2.3.
TD vector of differences of wire tension in DAM Sections 3.2.2, 3.2.3.

W ′

Gf part of W ′

G that related to resultant force Eqs. (3.21, 3.22)
W ′

Gm part of W ′

G that related to resultant moment Eqs. (3.21, 3.23)
WCnz non-zero part of matrix WC Eqs. (3.21, 3.25)

nf number of DoFs under resultant force Eq. (3.22)
nm number of DoFs under resultant moment Eqs. (3.23, 3.25)
n resultant moment on the top plate Eq. (3.26)
nS moment from sums of wire tensions on DAMs Eq. (3.26)
nD moment from differences of wire tensions on DAMs Eq. (3.26)
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× The cross product of two vectors in R3. Eqs. (3.3, 3.7, 4.13, 4.18)
For two vectors in R2, the result of this
product is a scalar as follows:
give a = [a1 a2]

T, b = [b1 b2]
T; then:

a × b =

 a1 a2
b1 b2

 = a1b2 − a2b1.

q̇, q̇m actuator velocity vector Eqs. (4.3, 4.7, 6.1)
l̇ wire velocity vector Eqs. (4.2, 4.3, 4.5, 6.1, 6.2)
v output velocity vector Eqs. (4.2, 4.7, 4.8)
τ motor torque vector Eq. (4.4)
J Jacobian matrix of mechanism without VCM Eqs. (4.3, 4.4, 4.7)

Jvc Jacobian matrix of mechanism with VCM Eqs. (4.5, 4.6, 4.8)
q̇vc actuator velocity vector Eqs. (4.5, 4.8)
τvc motor torque vector of mechanism Eq. (4.6)

with VCMs
Subscripts:

Ld denote component belongs to DAM. Eqs. (4.21, 4.22, 4.23)
Lv denote component belongs to VCM. Eqs. (4.21, 4.22, 4.23)
ND number of DAM without VCM. Eqs. (4.21, 4.22, 4.23)
NV number of DAM with VCM. Eqs. (4.21, 4.22, 4.23)
k ordering number of DAM without Eq. (4.18)

VCM contains in DAM with VCM.
WGi matrix of global motion from DAM Eq. (4.23)

without VCM.
WGVm matrix of global motion from DAM Eq. (4.23)

with VCM.
SAC, SPC active and passive constraint space. Eq. (4.26)

CP producible global velocity matrix. Eqs. (4.33, 4.44, 4.48)
WCVC Matrix of resultant force on the Eqs. (4.37, 4.48)

top plate in the constraint space.
f resultant force in the velocity Eqs. (4.34, 4.36, 4.46)

producible space
Ẋ output velocity vector Eqs. (6.2, 6.3)
Jm actuator Jacobian matrix Eqs. (6.1, 6.4, 6.5)
J t top plate Jacobian matrix Eqs. (6.2, 6.4, 6.6)
J whole Jacobian matrix Eqs. (6.3, 6.4)

J+ Pseudo-Inverse matrix of J Eq. (6.7)
rp internal pulley radius Eq. (6.6)
rd drum radius Eq. (6.5)
ng gear ratio Eq. (6.6)
kg encoder constant Eq. (6.8)

vmdi voltage command signal Eq. (6.8)
KIi integral feedback gain Eq. (6.8)
KPi proportional feedback gain Eq. (6.8)
KDi derivative feedback gain Eq. (6.8)
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Appendix B

Derivation of the Normal Form and
New Form Wire Matrix for RDWM
based on DAMs with and without
VCM

The method to derive the normal form and new form wire matrix for RDWM based on
DAMs with VCMs is similar to the method that was applied for RDWM based on DAMs
without VCM when considering DAMs with VCMs contain two DAMs without VCM. The
results of those matrices are presented as follows:

B.1. Normal Form of Wire Matrix of RDWM contains DAMs with
and without VCMs

The whole wire matrix of the RDWM contains DAMs with and without VCMs is defined
as

W =

[
WG
WL

]
∈ R(n+ND+2NV)×2(ND+2NV), (B.1)

where, the matrix W contains the matrix WG of contributions to the resultant force on the
top plate. WG is given by:

WG = [WG1 . . . WGND WGV1 . . . WGVNV ]T ∈ Rn×2(ND+2NV), (B.2)

here WGi and WGVm are obtained from Eqs. (4.13) and (4.18); and the matrix WL of
contributions to the local moments of the local pulleys is given by:

WL =


R1 −R1 0 0 . . . 0 0
0 0 R2 −R2 . . . 0 0
... ... ... ... ... ... ...
0 0 0 0 . . . RN −RN

 ∈ R(ND+2NV)×2(ND+2NV) (B.3)
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B.2. New Form of Wire Matrix of RDWM contains DAMs with
VCMs

The new expression of wire matrix W ′ is given by

W ′
=

[
W ′

G WC
O W ′

L

]
∈ R(n+ND+2NV)×2(ND+2NV), (B.4)

Inside the matrix W ,′ the matrix W ′

L contributes to producing local moments of pulleys on
the top plate while the set of matrices W ′

G and WC contributes to producing the resultant
force and resultant moment on the top plate. The contents of W ′

G, W ′

L, and WC are shown
below:

W ′

G =

[ Be1
Be2 . . . BeND

Be1
Be1

BpTC1 × Be1
BpTC2 × Be2 . . . BpTCND × BeND

BpTC1 × Be1
BpTC1 × Be1

. . . BeNV
BeNV

. . . BpTC(2NV−1) × BeNV
BpTC2NV × BeNV

]
∈ Rn×(ND+2NV),

(B.5)

W ′

L =


R1 0 . . . 0
0 R2 . . . 0
... ... ... ...
0 0 . . . RND+2NV

 ∈ R(ND+2NV)×(ND+2NV), (B.6)

WC =

[
O

pTD1 × Be1 pTD2 × Be2 . . . pTDND × BeND
BpTD1 × Be1

BpTD1 × Be1

. . . BpTD(2NV−1) × BeNV
BpTD2NV × BeNV

]
∈ Rn×(ND+2NV),

(B.7)

O = [0](ND+2NV)×(ND+2NV) . (B.8)
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Appendix C

Normal Form and New Form Wire
Matrix of Each Mechanism

The normal form of wire matrix W is derived from Eq. (3.6) in the case of RDWM contains
DAMs without VCM or from Eq. (B.1) in the case of RDWM contains DAMs with VCM; then
the new form of wire matrix W ′ is derived from Eq. (3.16) in the case of RDWM contains
DAMs without VCM or from Eq. (B.4) in the case of RDWM contains DAMs with VCM. The
results of those matrices for each mechanism discussed in chapter 5 are shown as follows:

C.1. Proper Configuration of the Planar RDWM with Fixed Ori-
entation Around the Z-axis while Maintaining Translational
Motion in the X and Y Directions

C.1.1 First configuration: The Mechanism Does Not Satisfy the 1st Point of Step
1

The normal form of wire matrix

W 2 =

[
WG2

WL2

]
∈ R7×8, (C.1)

where:

WG2 =

 0 0 0 0 0 0 0 0
−1 −1 −1 −1 1 1 1 1
8 4 −4 −8 8 4 −4 −8

 ∈ R3×8, (C.2)

WL2 =


2 −2 0 0 0 0 0 0
0 0 2 −2 0 0 0 0
0 0 0 0 2 −2 0 0
0 0 0 0 0 0 2 −2

 ∈ R4×8. (C.3)

The new form of wire matrix

W ′
2 =

[
W ′

G2 WC2
O W ′

L2

]
∈ R7×8, (C.4)
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where:

W ′

G2 =

 0 0 0 0
−1 −1 1 1
6 −6 6 −6


3×4

, (C.5)

WC2 =

 0 0 0 0
0 0 0 0
2 2 2 2


3×4

, (C.6)

W ′

L2 = 2E4×4, (C.7)

O = [0]4×4 , (C.8)

C.1.2 Second configuration: The Mechanism does not satisfy the 2nd point of
Step 1

The normal form of wire matrix

W 2 =

[
WG2

WL2

]
∈ R7×8, (C.9)

where:

WG2 =
1

5

 0 0 4 4 0 0 0 0
−5 −5 −3 −3 5 5 5 5
−70 −90 −12 −28 −10 −30 −70 −90

 ∈ R3×8. (C.10)

WL2 =


2 −2 0 0 0 0 0 0
0 0 2 −2 0 0 0 0
0 0 0 0 2 −2 0 0
0 0 0 0 0 0 2 −2

 ∈ R4×8. (C.11)

The new form of wire matrix

W ′
2 =

[
W ′

G2 WC2
O W ′

L2

]
∈ R7×8, (C.12)

where:

W ′

G2 =
1

5

 0 4 0 0
−5 −3 5 5
−80 −20 −20 −80

 ∈ R3×4, (C.13)

WC2 =
1

5

 0 0 0 0
0 0 0 0
10 8 10 10

 ∈ R3×4, (C.14)
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W ′

L2 = 2E4×4, (C.15)

O = [0]4×4 . (C.16)

C.1.3 Third configuration: planar RDWM with four DAMs
The normal form of wire matrix

W 2 =

[
WG2

WL2

]
∈ R7×8, (C.17)

where

WG2 =
1

5

 −4 −4 4 4 0 0 0 0
−3 −3 −3 −3 5 5 5 5
14 −2 2 −14 40 20 −20 −40

 ∈ R3×8. (C.18)

WL2 =


2 −2 0 0 0 0 0 0
0 0 2 −2 0 0 0 0
0 0 0 0 2 −2 0 0
0 0 0 0 0 0 2 −2

 ∈ R4×8. (C.19)

The new form of wire matrix

W ′
2 =

[
W ′

G2 WC2
O W ′

L2

]
∈ R7×8, (C.20)

where:

W ′

G2 =
1

5

 −4 4 0 0
−3 −3 5 5
−6 −6 30 −30

 ∈ R3×4, (C.21)

WC2 =
1

5

 0 0 0 0
0 0 0 0
8 8 10 10

 ∈ R3×4, (C.22)

W ′

L2 = 2E4×4, (C.23)

O = [0]4×4 . (C.24)
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C.1.4 Fourth configuration: planar RDWM with two DAMs and one DAM with
a VCM

The normal form of wire matrix

W 2 =

[
WG2

WL2

]
∈ R7×8, (C.25)

where:

WG2 =
1

5

 −4 −4 4 4 0 0 0 0
−3 −3 −3 −3 5 5 5 5
14 −2 2 −14 40 20 −20 −40

 ∈ R3×8. (C.26)

WL2 =


2 −2 0 0 0 0 0 0
0 0 2 −2 0 0 0 0
0 0 0 0 2 −2 0 0
0 0 0 0 0 0 2 −2

 ∈ R4×8. (C.27)

The new form of wire matrix

W ′
2 =

[
W ′

G2 WC2
O W ′

L2

]
∈ R7×8, (C.28)

where:

W ′

G2 =
1

5

 −4 4 0 0
−3 −3 5 5
−6 −6 30 −30

 ∈ R3×4, (C.29)

WC2 =
1

5

 0 0 0 0
0 0 0 0
8 8 10 10

 ∈ R3×4, (C.30)

W ′

L2 = 2E4×4, (C.31)

O = [0]4×4 . (C.32)

C.1.5 Fifth configuration: improper planar RDWM with two DAMs and one
DAM with a VCM

The normal form of wire matrix

W 2 =

[
WG2

WL2

]
∈ R7×8, (C.33)
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where:

WG2 =
1

5

 0 0 4 4 0 0 0 0
−5 −5 −3 −3 5 5 5 5
−70 −90 −12 −28 −10 −30 −70 −90

 ∈ R3×8. (C.34)

WL2 =


2 −2 0 0 0 0 0 0
0 0 2 −2 0 0 0 0
0 0 0 0 2 −2 0 0
0 0 0 0 0 0 2 −2

 ∈ R4×8. (C.35)

The new form of wire matrix

W ′
2 =

[
W ′

G2 WC2
O W ′

L2

]
∈ R7×8, (C.36)

where:

W ′

G2 =
1

5

 0 4 0 0
−5 −3 5 5
−80 −20 −20 −80

 ∈ R3×4, (C.37)

WC2 =
1

5

 0 0 0 0
0 0 0 0
10 8 10 10

 ∈ R3×4, (C.38)

W ′

L2 = 2E4×4, (C.39)

O = [0]4×4 . (C.40)

C.2. Proper Configuration of 3D RDWM with Fixed Orientations
Around X-, Y-, and Z-axes while Maintaining Translational
Motions in the X, Y and Z Directions

C.2.1 First configuration: 3D RDWM with seven DAMs
The normal form of wire matrix

W 3 =

[
WG3

WL3

]
∈ R13×14, (C.41)
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where:

WG3 =
1

5


−3 −3 3 3 0 0 0 0 −3 −3 0 0 3 3
0 0 0 0 3 3 3 3 0 0 −3 −3 0 0
4 4 4 4 4 4 4 4 −4 −4 −4 −4 −4 −4

−16 −32 −32 −16 10 10 10 10 −32 −16 10 10 −16 −32
10 10 −10 −10 −32 −16 16 32 −10 −10 −8 8 10 10
−12 −24 24 12 24 12 −12 −24 24 12 6 −6 −12 −24


∈ R6×14.

(C.42)

WL3 =



2 −2 0 0 0 0 0 0 0 0 0 0 0 0
0 0 2 −2 0 0 0 0 0 0 0 0 0 0
0 0 0 0 2 −2 0 0 0 0 0 0 0 0
0 0 0 0 0 0 2 −2 0 0 0 0 0 0
0 0 0 0 0 0 0 0 2 −2 0 0 0 0
0 0 0 0 0 0 0 0 0 0 2 −2 0 0
0 0 0 0 0 0 0 0 0 0 0 0 2 −2


∈ R7×14. (C.43)

The new form of wire matrix

W ′
3 =

[
W ′

G3 WC3
O W ′

L3

]
∈ R13×14, (C.44)

where:

W ′

G3 =
1

5


−3 3 0 0 −3 0 3
0 0 3 3 0 −3 0
4 4 4 4 −4 −4 −4

−24 −24 10 10 −24 10 −24
10 −10 −24 24 −10 0 10
−18 18 18 −18 18 0 −18

 ∈ R6×7, (C.45)

WC2 =
1

5


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
8 −8 0 0 −8 0 8
0 0 −8 −8 0 −8 0
6 6 6 6 6 6 6


∈

R6×7, (C.46)

W ′

L3 = 2E7×7, (C.47)

O = [0]7×7 . (C.48)
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C.2.2 Second configuration: 3D RDWM with four sets of DAMs with VCMs
The normal form of wire matrix

W 3 =

[
WG3

WL3

]
∈ R14×16, (C.49)

where:

WG3 =
1

3


−1 −1 −1 −1 2 2 2 2 1 1 1 1 −2 −2
−2 −2 −2 −2 2 2 2 2 2 2 2 2 −2 −2
−2 −2 −2 −2 1 1 1 1 −2 −2 −2 −2 1 1
34 26 10 2 −24 −12 12 24 −34 −26 −10 −2 24 12
−24 −12 12 24 7 −1 −17 −25 24 12 −12 −24 −7 1
7 −1 −17 −25 34 26 10 2 7 −1 −17 −25 34 26

−2 −2
−2 −2
1 1

−12 −24
17 25
10 2

 ∈ R6×16.

(C.50)

WL3 = 2
√
2



1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 −1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 −1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 −1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 −1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 −1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1


∈ R8×16.

(C.51)

The new form of wire matrix

W ′
3 =

[
W ′

G3 WC3
O W ′

L3

]
∈ R14×16, (C.52)

where:

W ′

G3 =
1

3


−1 −1 2 2 1 1 −2 −2
−2 −2 2 2 2 2 −2 −2
−2 −2 1 1 −2 −2 1 1
30 6 −18 18 −30 −6 18 −18
−18 −18 3 −21 18 −18 −3 21
3 −21 30 6 3 −21 30 6

 ∈ R6×8. (C.53)
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WC3 =
2

3


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
2 2 −3 −3 −2 −2 3 3
−3 −3 2 2 3 3 −2 −2
2 2 2 2 2 2 2 2

 ∈ R6×8, (C.54)

W ′

L3 = 2
√
2E8×8, (C.55)

O = [0]8×8 . (C.56)
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Appendix D

Conversion from face form to span
form

The face form is converted to span form as shown below:

V = {v|AVv ≤ bV} , (D.1)

=

{
β∑

t=1

λtvt|
β∑

t=1

λt ≤ 1, λt ≥ 0, t ∈ [1, β]

}
, (D.2)

Equations (D.1) and (D.2) express the face form with linear inequality sets and the span form
with the vertex sets, respectively. The face and span forms are conceptualized in panels (a) and
(b) respectively in Fig. D.1, and the conversion is performed by the method proposed in [61].

A

A

A

bv
v

v

v

v

v

T

T

(a) Face form.

v

v

1

2

∑ λt=1

λ2

vλ1

(b) Span form.

Figure. D.1: Conversion from face form to span form.
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